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Institutional datasets of large-scale assessments (LSAs) typically contain a set
of multiple imputations known as plausible values (PVs) that serve as a proxy
for measures of latent proficiency. These are a set of draws from the posterior
distribution of latent proficiency that account for measurement error. The PVs
are typically drawn from a conditioning model that also includes information
from covariates. The advantage of using PVs is that they can be readily used to
provide estimates of population quantities of interest at the individual and
group levels in secondary analysis of institutional datasets. In this study, the
suitability of the PV methodology for secondary multilevel analyses is investi-
gated. 1t is theoretically shown that consistent estimates for multilevel regres-
sion effects are obtained, even when using a single-level conditioning model for
the PVs. However, when ignoring the hierarchical structure in the data in con-
structing PVs, simulation studies showed that the statistical inference is biased
and that Type-1 errors, standard errors, and confidence intervals are invalid.
The implications for school-level analyses in LSAs are discussed in light of the
results.

Keywords: plausible value methodology, single-level conditioning model; multilevel con-
ditioning model

Introduction

The goal of (international) large-scale assessments (LSAs) like National
Assessment of Educational Progress (NAEP), Programme for International
Student Assessment (PISA) PISA, and Trends in International Mathematics and
Science Study (TIMSS) TIMSS are not only to measure the skills assessed but
also to collect background information of examinees so that it can be linked to
proficiency. LSAs typically achieve broad coverage of the targeted content
domain by partitioning the total pool of test items into blocks or clusters of
items. Then, each examinee receives only one or more of these blocks that
constitute the total assessment pool.
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PVs in Multilevel models

Traditional estimates of student proficiency exclude relationships with stu-
dent background variables, and subsequently relating those estimates to exami-
nee explanatory variables will result in bias of relevant statistics (Adams et al.,
1997; Mislevy, 1991; Von Davier et al., 2009). In an LSA, the estimation pro-
cedure of examinee proficiency includes its relationship with covariate informa-
tion. Therefore, in any secondary analysis, the resulting proficiency estimates
can be used to explore relationships with background variables. This estimation
technique is based on a latent regression model in which the proficiency vari-
able (also referred to as an ability or person parameter) is related to background
variables. In a simultaneous estimation procedure (e.g., marginal maximum
likelihood or Markov chain Monte Carlo [MCMC]) the latent regression para-
meters are estimated together with the item response theory (IRT) model para-
meters. The method is further formalized by using plausible values (PVs),
which are drawn from the posterior distribution of examinee proficiency given
item response data and background variables. The PVs are supposed to capture,
for instance, the most likely level of proficiency, the standard error, and the
relationship with background variables—a set of PVs represents draws of the
marginal posterior distribution of a proficiency parameter. PVs were first devel-
oped for the analyses of NAEP, by Mislevy and colleagues (Mislevy, 1991;
Mislevy, Beaton, et al., 1992; Mislevy, Johnson, & Muraki, 1992) based on
Rubin’s work on multiple imputations (Rubin, 1978, 1987).

The PV methodology is based on a conditioning model, which is the posterior
distribution of the proficiency variable and combines the IRT measurement
component and the latent regression of the proficiency variable. This condition-
ing model determines the information that can be expected to be included in the
PVs. It is well known through simulation studies (Mislevy, 1991) that biased
estimates of regression effects are found for explanatory variables that are not
included in the conditioning model for constructing the PVs. Obviously, the PVs
do not contain information about the relationship between proficiency and any
missing predictor variables in the latent regression model. In this paper, it is
shown theoretically under a (nonlinear) IRT model that unbiased estimates of
regression effects can be expected when the corresponding explanatory variables
are included in the conditioning model through the latent regression model.
Furthermore, it is shown that when the conditioning model includes the predic-
tor variables but ignores a hierarchical structure of the data (i.e., multilevel data
design), unbiased estimates of the regression effects can still be expected.

The Optimal Conditioning Model

Thus, even within a multilevel design, unbiased estimators of regression
effects can be constructed using PVs from a single-level conditioning model
(SLCM) given that the corresponding predictor variables are included. This
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result may indicate that an SLCM, which does not account for any hierarchy in
the data, is sufficient for the construction of PVs to analyze relationships
between proficiency and background variables in a secondary analysis.
However, it has been reported in the literature that the statistical inference can
be biased and that Type-1 errors, standard errors, and confidence intervals are
invalid. Rutkowski et al. (2010) discussed the most important features of inter-
national LSAs. They remarked that under a stratified multistage sampling
design—most international LSAs use this design—simple random sampling
assumptions for calculating standard errors do not apply. PVs constructed from
an SLCM will not account for the hierarchical structure of the data and, there-
fore, assume independently distributed observations. Those PVs cannot be used
to assess, for instance, standard errors of the regression effects in the presence
of clustering effects in the data, and therefore misinterpret the information in
the data about the uncertainty of the regression effects.

Performance of Multilevel Conditioning Models

Recently, Monseur and Adams (2009) investigated the importance of taking
the multilevel structure of the data into account when generating PVs for use in
secondary analyses. Their study explored the bias resulting from using point
estimates such as the maximum likelihood estimate and expected posterior esti-
mate versus PVs drawn from a multilevel conditioning model (MLCM).
However, their simulation study was limited to an intra-class correlation coeffi-
cient (ICC) of .4 and a cluster size of 25. Furthermore, they compared point
estimates of proficiency with PVs drawn from an MLCM but did not make
comparisons with PVs drawn from an SLCM. They showed the superiority of
PVs from an MLCM in recovering within-cluster and between-cluster var-
iances, but in comparison to regular proficiency estimates without conditioning.
Furthermore, given MLCM PVs, they did not examine the validity of the statis-
tical inference of regression effects in a secondary (multilevel) analysis. In the
study of Laukaityte and Wiberg (2017), SLCM PVs are used for a multilevel
analysis in which the level-2 variance showed a downward bias and the level-1
variance upward bias (Laukaityte & Wiberg, 2017, Tables 4 and 5). However,
they fail to provide an explanation of the result and do not provide an alterna-
tive MLCM PV analysis. Zheng (2024) considered different methods to gener-
ate MLCM PVs by expanding an SLCM. Dummy-coded variables for cluster
membership are included in an SLCM to account for the multilevel design. The
disadvantage is that each second-level cluster requires a dummy variable, which
can lead to overfitting the latent regression model. Another expansion of the
SLCM is to use cluster mean scores—regular proficiency estimates are aggre-
gated to the cluster level—as covariates in the conditioning model. However,
the cluster mean scores are estimates, and their uncertainty is ignored in the
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construction of the PVs. Both methods showed bias in the estimates of the var-
iance components in the multilevel analysis of the PVs. Their MLCM showed
adequate performance but did not outperform the other methods for all consid-
ered conditions. Results from the simulation study are limited to the considered
sample size, cluster size, and ICC.

Objective and Method

In this study, the performance of the MLCM in comparison to the SLCM is
thoroughly investigated through a simulation study, in which the number of test
items, the sample and cluster sizes, and the ICC are varied. Bias in statistical
inferences is assessed by comparing the statistical results of a secondary analy-
sis using PVs from an SLCM with those from an MLCM. This study also shows
that PVs from an MLCM are appropriate for secondary multilevel analysis and
that those PVs capture clustering effects in the data. This relates to the observa-
tion of Liidtke et al. (2017) that imputations for missing values should include
the multilevel structure of the data to ensure valid statistical inferences of a lin-
ear multilevel analysis with imputations for the missing data. However, in the
current study, the extension is made to examine the suitability of PVs from a
nonlinear multilevel analysis (i.e., multilevel IRT model), in which an IRT
model is used to relate the proficiency variable to discrete response patterns.

A Bayesian modeling approach is used to construct PVs. The posterior distri-
bution of the proficiency variable is analytically intractable, and therefore, a data
augmentation method is used in which latent response data is sampled (Fox,
2010). Conditional on the latent response data, the posterior distribution of the
proficiency variable for a multilevel latent regression model (MLCM) is a nor-
mal distribution (Fox, 2010, Chapter 6). This makes the sampling of MLCM
PVs straightforward and computationally efficient, which supports a large-scale
simulation study regarding the performance of MLCMs.

The paper is organized as follows. A brief overview is given of the limita-
tions of various statistical procedures to adjust standard errors of model-based
estimators. Then, a description is given of the IRT models used in this study,
which is followed by a mathematical representation of the construction of
SLCM and MLCM PVs. It is theoretically shown that SLCM and MLCM PVs
produce unbiased estimators for the regression parameters of a multilevel
regression model when all predictor variables are included in the conditioning
model. Then, the simulation study is presented to compare the performance, in
particular the validity of the statistical inferences, of SLCM and MLCM PVs,
where different conditions are considered by varying the ICC, the cluster size,
and the number of items and persons. After that, empirical examples from an
international LSA are provided. Then, the results are discussed, and conclusions
are given concerning the conditioning model for constructing PVs.
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The SLCM in Practice

In most international LSAs, a stratified multistage sampling design is used
(Rutkowski et al., 2010), and this is usually a two-level design (Mang et al.,
2021). Therefore, sampling weights can be used in the construction of PVs to
get a proper representation of the randomization under the multistage sampling
design, instead of the (model-based) randomization under the SLCM. Note that
model-based inferences will fail if the sample selection process is ignored.
However, there are several reasons why to avoid the use of sampling weights in
the construction of PVs.

First, to adjust the SLCM by including sampling weights to achieve exact
design unbiasedness is difficult to prove for regression estimators under a non-
linear model. At best, the incorporation of weights leads to more efficient esti-
mators. However, using sampling weights unnecessarily can inflate the standard
error of parameter estimates, and in that case, the efficiency of estimators is
improved by not using weights (Bollen et al., 2016). Furthermore, the statistical
inference of a regression analysis can also be poor when the sampling weights
differ widely (Holt et al,. 1980).

Second, including sampling weights in a multilevel analysis is not straight-
forward. There are different methods for applying weights to regression effects
(Pfeffermann, 1993), but these procedures are not very flexible (Gelman, 2007),
and there are no recommendations on which method is to be preferred (Mang
et al.,, 2021). Computing sampling weights is also a complicated procedure,
which requires subjective choices (Gelman, 2007).

Third, the most complicating feature of PVs from an SLCM using weights is
that they are generated under a multilevel measurement model by weighting the
lower-level response observations. The PVs are defined at a higher level than
the (weighted) response observations. Therefore, there are no sampling weights
defined for the PVs. Weights are only assigned to the response observations
from which PVs are constructed. As a result, in a secondary analysis, it is not
possible to extract sampling weights applicable to the PVs.

Fourth, when PVs are generated from a conditioning model using sampling
weights, the computation of standard errors of regression estimates using the
PVs as outcomes also requires sampling weights. Methods for standard error
computation, such as the balanced repeated replication, the jackknife, and the
bootstrap, are based on resampling from the original sample to estimate the
sampling variability. The resampling requires the sampling weights to mimic
the design-based randomization. Obviously, in practice, this is not possible
when the sample consists of PVs, for which sampling weights are not defined.
Furthermore, there is no statistical theory for complex models in which model-
based standard errors are adjusted by design-based information. For instance,
unbiased estimators of fixed effect parameters in a secondary analysis can be
based on PVs constructed under an SLCM. However, the corresponding
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standard errors are known to be biased due to ignoring the hierarchical design
of the sampling procedure, and statistical theory to adjust the standard error esti-
mates using sampling design features is just evolving (Abadie et al., 2023).

A more fruitful approach avoids the use of sampling weights in the construc-
tion of PVs. Therefore, design variables characteristic of the sampling design
are incorporated into the (conditioning) model (Pfeffermann, 1989). For
instance, by including dummy-coded cluster identifiers or cluster-level proxies
in the SLCM, features of a multistage sampling design can be approximated
under the SLCM. However, a fixed effect modeling approach to describe multi-
level design characteristics is theoretically limited in comparison to a random
effects approach. The fixed effects approach requires many more parameters to
be estimated, leading to computational challenges (Zheng, 2024), and the
borrowing-strength principle is ignored, creating less bias but more (explained)
variance by capitalizing on the within-cluster information. This can have the
negative effect of over-representing the multilevel design properties. The PVs
will simply represent too much between-cluster variance.

The challenges in using sampling weights for secondary analysis and the
limitations of incorporating multistage sampling design characteristics in the
SLCM motivates the use of an MLCM for the construction of PVs. The MLCM
includes a relationship between the sample selection probabilities and the sam-
ple data through a random effects specification and is also straightforward to
generalize to more complex sampling designs. In the next section, the construc-
tion of the PVs under an MLCM is discussed.

The Computation of PVs
The Measurement Model

The (two-parameter) normal-ogive IRT model for dichotomous data (2PNO;
Albert, 1992) is used as the measurement model for examinee proficiency. In
this 2PNO, an item is characterized by a difficulty parameter 5; and a discrimi-
nation parameter a;. The ability parameter of individual 7 is represented by 6;.
The probability of a correct response to an item k of person i (denoted by
Yir = 1) is given by

P(Yik = 1|9,-7ak,bk) = @(ake,- — bk)
a0, —by ( 1 )
- et
where ®() and ¢() are the normal cumulative and normal density function (Fox,
2010, p. 76).
Prior distributions are assumed for the item parameters. For the 2PNO, a nor-
mal prior is assumed for the discrimination parameter and difficulty parameters
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with vague hyperpriors for the prior’s mean and variance parameters. The dis-
crimination parameters are also restricted to be positive.

Latent Regression Model

A (multilevel) latent regression model is assumed for the person parameter
(latent variable), 0;;, which is considered to be an outcome of a linear regression
equation:

6,-j = Berj + 'thj + uj + e,-j
uj ~ N(0,7%) 2
ej ~ N(O,crz),

where index j represents the group in which person i is located, X; represents
(person-specific) predictor variables, and W, represents group-specific variables
for person i in group j. The random error component u; represents the group-
specific error and e;; the person-specific error. Without any random errors at the
level of groups, the latent regression model represents a linear regression model
for persons in which the error variance at the group level equals zero (72 = 0).
Common priors for the linear regression parameters are assumed with normal
priors, with vague hyper priors for the regression parameters 3 and vy, and an
inverse-gamma prior for the error variance o and 7. This latent regression
model is also known as the conditioning model for 0;; since it represents the dis-
tribution for 6;; while conditioning on the explanatory variables.

Plausible Values

The PVs are drawn from the posterior distribution of the ability parameter
given the item response data and covariates included in the latent regression
model. The PVs are random draws from the posterior distribution of the ability
parameter, where the draws represent the information about the point estimate
for the person parameter but also the uncertainty associated with this point esti-
mate. The object is to use the PVs for secondary analysis without needing the
observed item response data since the PVs are assumed to include the relevant
information about the person parameters from the item response data.

The posterior distribution of the person parameter can be defined through the
model description. That is, for a person i in cluster j, given an item response pat-
tern y; and covariates X;; and W;, the posterior distribution of the person para-
meter 0;; is defined from the IRT model (Equation 1) and the latent regression
model (Equation 2). Then, the posterior distribution is given by
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h(ei,-\y,y, X;, W,) _ Lep(n]09)p (65X, W)) , 3)

I TLi 2 (i |05:)p (65X, W) db;
where the other model parameters are already integrated to emphasize the distri-
bution of 0;; conditional response data and explanatory variables. In general, the
combination of a latent variable (measurement) model and a population model
for the latent variable leads via Bayes’ theorem to the posterior distribution of
the latent variable given observed data and model parameters (Mislevy, 1991).
The conditioning model in Equation 2 can also be referred to as the population
model for the latent variable.

The posterior distribution in Equation 3 is analytically intractable, which
makes it difficult to sample from this distribution. Therefore, a data augmenta-
tion algorithm is used to facilitate direct sampling from the posterior distribu-
tion of the latent variable given the augmented data. Following Albert (1992)
and Fox (2010), an augmented latent response variable Z;; is defined, which is
assumed to be normally distributed with a mean a;0;; — b4 and variance one for
binary response data Z;; >0 if Y;; = 1 and Zj; < 0 if Y; = 0. Then, the poster-
ior distribution of 6;; given that the augmented data is normal with variance

Qy = (a'a + 072)71 4)

and mean
E(0|Zy, Xy, Wy a,b,u;,0%) = Qq((a'a)by + o2 (BXy + ¥'W; + 1)), (5)

where 6; = (a'a)”'a’(Z; + b). Using a Gibbs sampling algorithm (Fox, 2010,
p. 159), posterior samples can be drawn of the 0;;, and these draws will have the
distribution according to Equation 3.

The draws are considered MLCM PVs and are independently drawn values
0;; from the posterior distribution /(). Historically, 5 or 10 PVs have been drawn
in different international LSAs to enable a secondary analysis using these PVs
as dependent variables.

The mean term in Equation 5 already reveals the relevance of the (level-2)
random intercept u;. By conditioning on the random intercept, the PV includes
the effect of cluster mean differences in ability. Without the random intercept,
an SLCM PV is sampled, which does not account for cluster mean differences.
The generalization to random slope effects is straightforward but is not further
discussed in this study.

Errors in PVs

It is theoretically shown that an unbiased estimator for the regression effects
can be constructed from the PVs when the corresponding explanatory variables
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are included in the SLCM. Subsequently, the same result is shown for PVs con-
structed from an MLCM. Then, it is shown that even when ignoring the hier-
archical structure in the data, an unbiased estimator for the regression effects is
still obtained when the SLCM includes the explanatory variables. However, in
the latter case, when ignoring the hierarchy in the data in constructing the PVs,
inflated Type-1 errors, invalid standard errors, and confidence intervals can be
expected when using those PVs in a secondary regression analysis.

Consider (latent) responses Z such that the item response model can be trans-
lated to a normal linear regression model. When assuming a latent regression
model 6;, the model for the latent response data Z with a latent regression is
expressed as

Zik = aib; — by + €

91‘ = BtXi + e
£ ~ N(0,1) (6)
e; ~ N(0,0%).

Then, the conditional expectation of 6; given Z; can be expressed as

E(6]z;,X;) = B'X; + Uzat(IK + 023[3)71(11' — (ap’X; — b))

_ (aia)*‘ X, + (1- (a-ia)*l i, 7
(a'a)”" + o2 (a'a)”" + o2

where 6, = (a’a)_laf(zi + b) (see, for more details, Fox, 2010, p. 151). When
PVs are sampled from the conditional distribution of 6; given z; and X;, it is
shown that the PVs lead to an unbiased estimator for the regression effects 3.
Computing the expectation of E£(6;|z;) over the latent response data, it follows
that

t

E(E(6,]Z:,X;)) = ( a 3)71 )thi + <1 (a[a)l)E((a’a)la’(Zi + b))
(af

(a'a)”' + o? a)' + o2
_ (a’a)*1 e B (a’a)*1 e
= ((313)1 T 0_2) B'X; + <1 4(3’3)71 T 0_2) B'X;
= thi-

(®)

Thus, PVs from the conditional distribution of p(6;|z;, X;) will lead to correct
estimates of the latent regression effects, given that the SLCM contains all pre-
dictor variables X;.

In many situations, data is not collected according to simple random sam-
pling, but a stratified and\or cluster sampling approach is taken. Furthermore,
the effects of explanatory variables can vary across groups, which leads to
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heterogeneity in the data between clusters. When ignoring this, observations
cannot be assumed to be independently distributed. The hierarchical structure in
the data should also be reflected in the PVs when it leads to violations of inde-
pendently distributed PVs. For an MLCM, a random effect can be included in
the latent regression model to model dependencies between clustered persons.
This leads to the so-called multilevel IRT (mlirt) model. The ability of person i
in cluster j is represented by 0;;. The mlirt model for the latent response data
with a (multilevel) latent regression model is represented by

Zijk = ak6,~j — by + €ijk
6,-]- = BtX,] + Llj + el-j

g ~ N(0,1) )
ej ~ N(O,(rz)
u; ~ N(0,72).

In the same way as in Equation 7, the posterior distribution of 0; given z;,
X; and u; is again normal, and its posterior expectation is given by

E(85]2, Xy, 1) = BXy + 1, + o?a’ (Ig + o?a'a) " (z; — (a(BXy + 1) — b))

_ (@ I EECORERPS
= (m) (BX + ) + (1 (ara)”! +02>9u

= A(BfX,j + u/-) + (1 — A)é@/,
(10)
where 0, = (a'a)'a’(z; + b) and A = (a'a)”'/((a'a)”" + o?). The posterior
expectation is taken of the random effect u; to determine the posterior expecta-

tion £(0;|z;,X;). In Fox (2010, pp. 188—189) an expression is derived for the
(marginal) posterior expectation

n;T2 R
E(uj]z,X;) = < ’ >u_,~,

(ata)” + o2 + nyr?

_ 7y
where il = (a’a)fla’(zj — (aB’X; — b)), and z; = > z;/n;. This is used to
i=1

determine the posterior expectation £ (Gij|z,»j, X;j). Therefore, this expression for
the posterior expectation is integrated into Equation 10, and it follows that

2
— AB'X; + (1—A)b; + A Wil
B'X; + ( )8 <(a’a)1 + o2 + e (11)

(a'a)'a’ (2,- - (aB’Xj - b))

10
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When taking the expectation over the latent response data Z;;, it follows that

E(E(0;]Z,Xy)) = AB'X; + (1 — A)E(é,-j|zl-j,xl-j) + AQ(a'a) 'a’

(E(Zf) - (aBt—Xf N b)) (12)
= AB'X; + (1 — A)B'X;
= BtXij’

Vlj -
since E(Z;) = > E(Z;)/n; = ap'X;; — b.Thus, also for the mlirt model in
i=1

Equation 9, PVs that are sampled from the conditional distribution of 6 given
z;; and Xj;, lead to an unbiased estimator for the regression effects 3. The inte-
gration over the latent response data Z with respect to the posterior distribution
p(z,_-,~|y4-/~) does not change this property of unbiasedness of the PVs for the regres-
sion parameters [3. The posterior expectation of the 6;; is not affected by the inte-
gration of the latent response data.

Mislevy (1991) showed bias in regression effects when using PVs from a
conditioning model with missing predictor variables. Bias appeared in the esti-
mated regression effects corresponding to the missing predictor variables, and
the bias depended on the reliability of the PVs. This bias is zero when the PVs
are perfectly measured, when the predictor has no relationship with the depen-
dent variable, or when other predictor variables perfectly correlate with the
missing predictor variables. The bias is shown under a structural linear errors-
in-variables regression model (Gleser, 1992), in which it is assumed that the
predictor variables for each person are assumed to be (multivariate) normally
distributed with a common mean and common covariance matrix.

More Errors in PVs

It was already shown in Equation 8 that when the PVs are sampled from an
SLCM, given the explanatory variables, unbiased estimates of the fixed effect
parameters are obtained. Furthermore, in Equation 12 it was shown that
unbiased estimates of the fixed effects are also obtained under a cluster sam-
pling design when PVs are sampled from an MLCM given the explanatory vari-
ables. Even when ignoring the multilevel nature of the sampling design, with
E (uj|zj, Xj) = 0 in Equation 11, the estimates of the regression effects will still
be unbiased.

However, when the hierarchical structure in the data is ignored when construct-
ing the PVs, it can be expected that the standard errors of the fixed effect estimates
will be biased when doing a (secondary) multilevel analysis on those PVs. To
identify the (multilevel) errors in the PVs, the following latent multilevel model is
considered:

11
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0 =Yoo T Yo Wj T vioXy T u; + ¢y
w ~ N(0,7%) (13)
6‘(/ -~ ]\[(0,0'2)7

where 6;; represents the ability of subject i in group j. The W is the explanatory
variable at the group level and the Xj; at the subject level. The ICC is represented
by the ratio 72 /(o + 12) and represents the proportion of explained variance by
the clustering of subjects in groups. The abilities are not directly observed,
instead, response patterns are observed. Then, according to a two-parameter IRT
model and assuming latent response data Z;;, the measurement model for the 0;;
is given by

ij>

14
var(Z;|0;) = ASgA’ + I, (14)

where the covariance matrix Y includes the error variance o but also the var-
iance of the group effect u; according to Equation 13. The item discrimination
and difficulty parameters are stored in matrices A and B, respectively. Assume
an approximate normal distribution for the PV, 0p) with mean 6 and variance
3.pr, which is the marginal posterior distribution of 6py given data. The mea-
surement errors € in Equation 14 are assumed to be independent of the measure-
ment errors of the PVs, cov(g, epy) = 0. The distribution of the measurement
errors and the PV errors is multivariate normal with mean zero and a diagonal
covariance matrix with components 2, and 2py.
The multivariate normal distribution of Z;; and 0py has mean

E(Zi,0pr) = (A(Yoo T Yo ) + ¥10X5 — B), Yoo T Yo W) + v¥10Xy) (15)

and covariance matrix

var(Zy, 0py) =

(AEQA%EE AS, ) (16)

EQAI Epy + Ee

Then, the reliability matrix A = (3¢ + 3py) 'S¢ plays an essential role in
the estimation of the regression parameters A, B, and vy. Its importance follows
from the conditional distribution of Z;; given 8py, which has mean

E(Z;|0pr) = AB; — B + AA(6py — 6;)
= A(Yoo T Yo /) + v1oXy) (L = A) — B + AA6py

and covariance matrix

var(Z;|0py) = Ix + ASpAA'. (18)

12



Jehangir and Fox

From the regression follows that estimates of vy are unbiased only when A=1.
However, another restriction is that the conditional distribution of Z;; given the
Opy is assumed to be independent from the other response patterns in group j
since the PV is assumed to include the information from the group component
u;. Thus, incorrectly assuming independently distributed PVs in the regression
of Z;; on the explanatory variables in Equation 17 will lead to an underestima-
tion of the standard errors of the fixed effect estimates (assuming positive corre-
lation between the PVs).

Ignoring a small positive or negative clustering leads to the incorrect assump-
tion that the observations are independently distributed. Nielsen et al. (2021)
demonstrated that any violation of the independence assumption (positive and
negative) results in inaccurate Type-I errors, which increase the risk of accept-
ing an incorrect hypothesis. Barcikowski (1981) quantified the effects of ignor-
ing small positive correlations in clustered observations in a two-level study
design (with a group and an individual level). For instance, when having 10
observations per group, even the ignorance of an ICC as small as .01 can lead to
an inflation of making a Type-I error: A regression effect will be assumed to be
significant with a significance level of 5% although the true significance level
equaled 6%. Furthermore, by increasing the number of observations per group,
the Type-I error is even more inflated (the findings of Barcikowski are in line
with those of many others (see e.g., Clarke, 2008; Dorman, 2008).

Simulation Study

In a simulation study, various types of errors were assessed in a secondary
multilevel analysis when using PVs from an SLCM in comparison to using PVs
from an MLCM. Item response data was simulated according to a mlirt model,
consisting of a two-parameter IRT model, Equation 1, with an MLCM for the
person parameters, according to Equation 13. The PVs were simulated from an
MLCM and an SLCM, including the explanatory variables Xj; and ;. Without
missing covariate information, the results from the secondary multilevel analy-
sis of Equation 13 using the MLCM and SLCM PVs were expected to show
unbiased estimates for the regression effects vy, (intercept), v, (level-1 effect
of Xj), and vy, (level-2 effect of ;). However, when ignoring the hierarchy in
the data, the estimation results based on the SLCM PVs were expected to show
incorrect Type-I errors, invalid standard errors, and confidence intervals.

In this study, the number of test items (K= 10, 20, 30), the number of subjects
(N=500, 1,000, 3,000), and the ICC (ICC=.1, .35, .6) were varied. The cluster
size was also varied for the different number of subjects, and for N= 500, 1,000,
and 3,000, the cluster sizes were n=>5, 10, and 30, respectively. The motivation
for selecting these simulation conditions was to try and cover the range encoun-
tered in real-life international surveys. For instance, the number of items in the
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PISA 2006 Reading test ranged between 14 and 28 across the various PISA
2006 test booklets. The ICC values in the simulation study varied from .1 to .6
because, for instance, in the PISA 2009 Reading test the ICC values across coun-
tries varied between .09 and .67 (see PISA [2009] International Report Volume
4, Table 4.2.2a, p. 160). The number of students per country in PISA 2009 var-
ied between 329 students to 38,250 students, and the average cluster size varied
between 20 and 30 across most countries (see PISA 2009 International Report,
Volume 4, Table A2.3, p. 133) while the variation in cluster size within individ-
ual countries was sometimes large. For each simulation condition, a total of 500
data replications were performed and reported results were averaged over the
500 replications. For each data set, a total of 10 independent PVs were drawn
under an MLCM and an SLCM. The average across the independent parameter
estimates given the PVs was considered the final estimate. For each parameter,
the posterior variance was estimated by the sum of the within-imputation and
between-imputation variance (see Fox, 2010, pp. 168-169). The complete algo-
rithm of the simulation study is described in Appendix A.

The MLIRT software of Fox (2007) was used, which was adapted to make it
suitable for generating PVs from an MLCM and an SLCM. A (standard) Gibbs
sampler was used to fit the multilevel model in Equation 13 given PVs (Zeger &
Karim, 1991). Proper inverse-gamma priors were used for the variance compo-
nents of the multilevel model with shape and scale parameters equal to .01. The
priors for the mlirt model are described in Fox (2010, chapter 6). The number of
MCMC iterations for each simulation case was 5,000 with a burn-in of 500 itera-
tions. The convergence and effective sample size for each data set were exam-
ined to ensure that reliable estimation results were obtained. The PVs under the
MLCM and the SLCM were rescaled such that the mean and variance were
equal to those of the simulated scale of the person parameters. Therefore, the
simulation results of the secondary analysis under both PVs were directly com-
parable to each other and to the true simulated values.

The simulation results were reported for the regression effects (yy, = —.25,
Yo1 = -4,v10 = -1) and the variance parameters at level 1 (o2 = 1.8) and level
2 (1%). The effect of the intercept is represented by v, for the level-1 effect by
Y10, and for the level-2 effect by v, For each data set, a level-1 explanatory
variable (Xj;) and a level-2 explanatory variable (}¥;) were each simulated from
a normal distribution with a standard deviation of 0.5. The T2 was varied to .2,
.97 and 2.7, which led to an ICC of .1, .35 and .60, respectively.

In Table 1, the Root Mean Squared Error (RMSE) results for the regression
effects are reported for the 500 replications. It was verified that the bias for each
regression parameter under MLCM and SLCM was approximately zero (i.e.,
<.000). Thus, without missing explanatory variables in the conditioning model,
the (average) point estimates of the regression effects were equal to the (true)
simulated values. Subsequently, the RMSEs under both PVs were also
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TABLE 1.
RMSE for the Fixed Effect Estimates Given PVs From MLCM and SLCM
MLCM SLCM
K ICC N Y10 Yo1 Yoo Yot Yoo
10 .1 500 12 .14 .06 13 .14 .06
1,000 .09 11 .05 .09 11 .05
3,000 .05 .08 .04 .05 .08 .04
35 500 .14 21 .08 .14 21 .08
1,000 .09 .18 .08 .09 18 .08
3,000 .05 17 .08 .05 17 .08
.6 500 15 32 .15 .16 32 .15
1,000 11 31 .14 A1 .30 .14
3,000 .05 32 13 .06 .30 13
20 .1 500 12 13 .06 A2 13 .06
1,000 .08 11 .05 .09 11 .05
3,000 .04 .08 .04 .04 .08 .04
35 500 13 .19 .09 13 .19 .09
1,000 .08 .19 .08 .08 .19 .08
3,000 .05 17 .08 .05 17 .08
.6 500 .14 .30 13 .14 .30 13
1,000 .10 .30 .14 .10 .30 .14
3,000 .05 31 12 .05 29 12
30 .1 500 11 13 .06 11 13 .06
1,000 .08 11 .05 .08 11 .05
3,000 .04 .08 .04 .04 .08 .04
35 500 13 .19 .10 13 .19 .10
1,000 .08 .19 .08 .08 .19 .08
3,000 .04 17 .08 .04 17 .08
.6 500 13 .30 13 .14 .30 13
1,000 .09 .30 13 .09 29 13
3,000 .05 32 .14 .05 31 .14

Note. ICC=intra-class correlation coefficient; MLCM = multilevel conditioning model;
PV =plausible value; SLCM =single-level conditioning model.

comparable, which followed from the fact that the PVs were drawn on the same
scale. However, for an ICC of .60 and N greater than 500, the RMSE for the
level-2 effect was slightly higher for the MLCM PV than that of the SLCM.
The number of items did not lead to differences in RMSEs of the regression
effects.

The 95% highest posterior density (HPD) interval for each fixed effect under
the MLCM PV and the SLCM PV was computed. For each fixed effect para-
meter, structural differences in 95% HPDs between MLCM and SLCM were
examined. Therefore, the proportion across replicated data sets was computed

15



PVs in Multilevel models

TABLE 2.
SE and 95% HPD Interval Comparison for PVs Under MLCM and SLCM
95% HPD L 95 (MLCM > SLCM) SE (MLCM > SLCM)
K ICC N Y10 Yoi Yoo Y10 Yo1 Yoo
10 1 500 51 .36 .30 37 .80 73
1,000 .56 .20 .05 22 .98 .96
3,000 .55 .04 .00 .14 1.00 1.00
35 500 .64 17 .01 .00 1.00 1.00
1,000 .67 .10 .00 .00 .99 1.00
3,000 .68 11 .00 .00 .99 1.00
.6 500 79 17 .00 .00 .99 1.00
1,000 .81 .20 .00 .00 .99 1.00
3,000 78 .30 .00 .00 .90 1.00
20 1 500 .56 35 28 .34 .83 75
1,000 .56 26 11 26 97 .94
3,000 .54 13 .01 24 1.00 1.00
35 500 .68 23 .05 .00 .99 .99
1,000 .64 .19 .01 .00 .99 1.00
3,000 .69 .24 .00 .00 .93 1.00
.6 500 78 23 .02 .00 .98 1.00
1,000 79 26 .00 .00 .94 1.00
3,000 5 35 .00 .00 .79 1.00
30 1 500 .52 .39 33 35 75 72
1,000 .50 .30 .19 33 .94 .94
3,000 .58 .19 .06 31 .96 1.00
35 500 .62 .26 .08 .02 .97 .99
1,000 .68 .19 .03 .01 .96 1.00
3,000 .68 24 .01 .01 .88 1.00
.6 500 77 29 .03 .00 .94 1.00
1,000 76 28 .01 .00 .89 1.00
3,000 76 44 .01 .00 71 1.00

Note. L 95 (MLCM > SLCM) represents the proportion that the 95% HPD lower bound under the
MLCM PV is greater than the one under the SL CM PV. SE (MLCM > SLCM) represents the
proportion that the SE under the MLCM PV is greater than that of the SLCM PV. HPD =highest
posterior density; ICC = intra-class correlation coefficient; MLCM =multilevel conditioning model;
PV =plausible value; SLCM =single-level conditioning model; SE = Standard error.

that the lower bound of the 95% HPD under the MLCM was greater than the
one under the SLCM. This statistic was computed for each regression effect and
represented in Table 2 under the header L 5(MLCM > SLCM). When the pro-
portion was around .50, the width of the 95% HPDs under both conditioning
models was, on average, equal. When the L ¢s(MLCM > SLCM) equaled zero,
the lower bound under the MLCM of the 95% HPD was consistently lower than
that under the SLCM across data replications. As a consequence, the 95% HPD
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intervals were wider under the MLCM than under the SLCM. When the L o5
(MLCM > SLCM) equaled one, the 95% HPD interval was consistently tighter
under the MLCM than under the SLCM. When the L 5(MLCM > SLCM) was
greater (lower) than .50, the 95% HPD interval was on average tighter (wider)
under the MLCM than under the SLCM, but not for all replicated data sets due
to sampling error.

For the level-2 regression effect, the average proportion is around .50 for a
low ICC. However, when increasing the ICC, the lower bound under the MLCM
is, on average, lower than under the SLCM. This is also true for the intercept.
As a result, the width of the 95% HPD interval for the level-2 regression effect
and the intercept is on average wider under the MLCM than under the SLCM.

The standard error (SE) SE of the regression effects was also estimated under
both PVs. To compare the size of the SEs, the proportion was computed that the
SE under MLCM was greater than that of the SLCM across data replications for
all fixed effect parameters, and reported under the label SE(MLCM > SLCM). It
follows that the SE for the intercept and level-2 effect are consistently higher
under the MLCM PV in comparison to the SLCM PV. Thus, ignoring the hier-
archy in the data in constructing the PVs leads to incorrect Type-I errors and
SEs of the level-2 regression effect and intercept. The PVs sampled under the
SLCM assume independence and do not take into account the correlation
between the response patterns of cluster members. This leads to smaller SEs of
the intercept and level-2 regression effect than for PVs sampled under the
MLCM. Furthermore, for the same reason, the 95% HPD interval for the inter-
cept and level-2 effect is tighter given SLCM PVs in comparison to MLCM
PVs.

For the level-1 regression effect, an opposite effect occurred. For the MLCM
PVs, the SEs are on average smaller than those of the SLCM PVs. The lower
bound of the 95% HPD is also on average somewhat higher for an increasing
ICC under the MLCM PVs. The SLCM PVs did not account for dependence
between response patterns within each cluster. This led to more unexplained
residual variance within a cluster—the total variance in each vector of PVs was
fixed to the simulated total variance—which led to inflated SEs and a wider
95% HPD interval for the level-1 regression effect.

Next to the difference in the inference of the regression effects between the
use of MLCM and SLCM PVs, there was also a difference in the variance com-
ponent estimates o> and 2. The analysis using the MLCM PVs was expected to
produce the true variance estimates since the MLCM PVs were generated under
the multilevel design. Subsequently, the MLCM PVs were expected to carry the
true ICC. In Table 3, the bias (%bias) is reported for the variance components,
where the bias represents the average difference between the estimate and the
true value (%bias is the bias in percentage divided by the true value). It follows
for the residual (level-1) variance that the bias is very small (approximately
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TABLE 3.
Assessment of Bias of the Variance Component Estimates Using PVs From MLCM

K ICC N Bias 0> % Bias Biast® %Bias BiasICC  %Bias

10 1 500 .05 3 —.05 —25 —.02 —20
1,000 .01 1 .00 0 .00 0

3,000 .00 0 .00 0 .00 0

35 500 .02 1 .00 0 .00 0

1,000 .00 0 .02 2 .00 0

3,000 .00 0 .02 2 .00 0

.6 500 .01 1 .05 2 .00 0

1,000 .01 1 .05 2 .00 0

3,000 .00 0 .05 2 .00 0

20 1 500 .05 3 —.04 —20 —.02 —20
1,000 .01 1 .00 0 .00 0

3,000 .00 0 .00 0 .00 0

35 500 .02 1 .01 1 .00 0

1,000 .00 0 .02 2 .00 0

3,000 .00 0 .02 2 .00 0

.6 500 .01 1 .04 1 .00 0

1,000 .00 0 .05 2 .00 0

3,000 .00 0 .05 2 .00 0

30 1 500 .05 3 —.04 —20 —.02 —20
1,000 .01 1 .00 0 .00 0

3,000 .00 0 .00 0 .00 0

35 500 .01 1 .01 1 .00 0

1,000 .00 0 .02 2 .00 0

3,000 .00 0 .02 2 .00 0

.6 500 .01 1 .05 2 .00 0

1,000 .00 0 .05 2 .00 0

3,000 .00 0 .05 2 .00 0

Note. ICC=intra-class correlation coefficient; MLCM =multilevel conditioning model;
PV =plausible value.

zero) unless the sample size is small (N=500) when the ICC is small
(ICC=.10), and when the ICC is large (ICC=.60). In both cases, the PVs from
MLCM had difficulties in capturing the true level-1 variance. This relates to the
feature that the bias for the level-2 estimates was also apparent in those
scenarios.

In Table 4 the estimation results are presented for the variances and the intra-
class correlations using PVs from the SLCM. A typical pattern is visible, which
shows that the SLCM PVs lack a proper representation of the two-level structure
in the data. The estimated level-1 residual variance shows upward bias, and the
bias increases for an increasing ICC and decreasing cluster size. The estimated
level-2 variance shows a downward bias, and the bias also increases for
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TABLE 4.
Assessment of Bias of the Variance Component Estimates Using PVs From SLCM

K ICC N Bias > % Bias Biast % Bias BiasICC  %Bias

10 .1 500 11 6 —.10 —50 —.05 —50
1,000 .09 5 —.09 —45 —.04 —40

3,000 .08 4 —.07 -35 —.03 —30

.35 500 .36 20 —.34 —35 —.13 —37

1,000 .33 18 —.33 —34 —.12 —34

3,000 .33 18 —.32 -33 —.11 -31

.6 500 91 51 —.88 -33 —.19 —32
1,000 .88 49 —-.87 —32 —.19 -32

3,000 .88 49 —.86 —32 —.19 —32

20 1 500 .10 6 —.09 —45 —.04 —40
1,000 .07 4 —.06 =30 —.03 -30

3,000 .05 3 —.04 —20 —.02 —20

.35 500 26 14 —.25 —26 —.09 —26

1,000 .26 14 —.24 —25 —.09 —26

3,000 .25 37 —.23 —65 —.08 —25

.6 500 .69 38 —.66 —24 —.15 —25
1,000 .66 37 —.63 —23 —.14 —23

3,000 .66 37 —.63 —23 —.14 —23

30 .1 500 .09 5 —.08 —40 —.04 —40
1,000 .06 3 —.05 —25 —.03 =30

3,000 .04 2 —.03 —15 —.01 —10

.35 500 20 11 —.18 —19 —.07 —20
1,000 .20 11 -.19 =20 —.07 -20

3,000 .19 11 —.18 —19 —.06 —-17

.6 500 .58 32 —.54 —20 —.12 —20
1,000 .57 32 —.52 —19 —.12 -20

3,000 .52 29 —.49 —18 —.11 —18

Note. ICC=intra-class correlation coefficient; MLCM =multilevel conditioning model;
PV =plausible value; SLCM = single-level conditioning model.

increasing ICC and decreasing cluster size. It follows that the estimated ICCs
also show this negative bias. The multilevel analysis of the SLCM PVs shows
the failure of those PVs to represent the true ICC. It leads to a systematic under-
estimation of the level-2 variance and the ICC, and an overestimation of the
level-1 variance, specifically for a high ICC and a small cluster size.

Real Data Example

The dataset used for the real data example was the PISA 2009 Mathematics
dataset. The sample consisted of a total of 10 randomly selected countries. The
PISA 2009 Mathematics dataset consisted of a total of 35 items, 32 dichotomous
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items, and 3 polytomous items. The scoring scheme for the three polytomous
items was not clearly specified in the dataset, therefore only the 32 dichotomous
items were used for the analyses. The two-parameter normal-ogive IRT model
was used to scale the data. The number of examines varied from approximately
3,500 to 15,000 across different countries. Because of a matrix sampled design,
each examinee answered only a sub-section of the Mathematics test. Each
examinee received a test booklet that contained up to four test clusters consist-
ing of Reading, Mathematics, and/or Science. There were six booklets that con-
tained a single Mathematics cluster of around 10 to 15 items and there were
three booklets with two Mathematic clusters each and containing between 20
and 25 answerable items in total.

For the latent multilevel regression (conditioning) model for this study, given
in Equation 13, Mathematics proficiency was the latent outcome variable
denoted as 0;. The variable W, represented the School Mean Socio-economic
status (Mean-SES) with effect v, variable Xj; the student’s Home Educational
Resources (HedRes) with effect vy, and vy, represented the intercept. A total of
10 PVs were generated for each country. The SLCM PVs were generated ignor-
ing the clustering of students in schools, and the MLCM PVs were generated
accounting for the clustering effect of schools by including the random inter-
cept, u;, for school in the latent regression (conditioning) model. A mlirt model
with the latent multilevel regression model in Equation 13 was fitted as a refer-
ence for the standard errors of the regression effects and the size of the variance
components at the student and school levels.

The modified version of the MLIRT R-package (Fox, 2007) was used to fit
the mlirt model (using Gibbs sampling with 5,000 iterations and a burn-in of
500 iterations), to draw MLCM PVs and SLCM PVs, and to re-fit the multilevel
regression model on each of these PVs for each of the 10 countries. The assess-
ment of the MCMC chains did not reveal any convergence issues and showed
stable parameter estimates. The priors on the variance components were inverse-
gamma distributions with shape and scale parameters each equal to .01. The
other priors were also similar to those in the simulation study.

Table 5 presents the variance estimates of the mlirt model, and those using
the MLCM PVs and SLCM PVs. For all 10 countries, the results from the
SLCM PVs are very different from those of the MLCM PVs, where the latter
closely correspond to the MLIRT results. The MLCM PVs took into account
the clustering effect of students nested in schools—this led to a correlation
between student performances of the same school—and showed a comparable
partitioning of the variance in Mathematics proficiency in student and school-
level components. Subsequently, the MLCM PVs also led to approximately
similar ICC estimates as those retrieved with the mlirt model. As expected, the
results of the multilevel analysis of the SLCM PVs showed an underestimation
of the level-2 variance and an overestimation of the level-1 variance. The
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TABLE 5.
Multilevel Variance Estimates for MLIRT, MLCM PVs, and SLCM PVs

MLIRT MLCM PVs SLCM PVs
Country a? T IcC a? T ICcC a? T ICC
AER 53 18 25 53 17 24 .65 .04 .06
AUS .76 .05 .06 .76 .05 .06 .79 .01 .01
DEU 41 .13 24 41 15 27 .50 .03 .06
FIN 93 .05 .05 93 .04 .04 .96 .01 .01
FRA 45 .19 .30 43 20 32 .58 .05 .08
GBR 1 .07 .09 1 .07 .09 .76 .01 .01
ISL 85 .10 A1 .86 .09 .09 .90 .02 .02
NLD .40 24 38 .38 24 .39 .58 .04 .06
POL .84 .04 .05 .84 .04 .05 .87 .01 .01
USA 74 .07 .09 73 .08 .10 .79 .01 .01

Note. ICC=intra-class correlation coefficient; MLCM = multilevel conditioning model;
MLIRT = multilevel item response theory; PV =plausible value; SLCM =single-level conditioning
model.

multilevel analysis of the SLCM PVs revealed that the hierarchical structure in
the data was not carried over in the PVs. The recovered level-2 variances with
the SLCM PVs were (most likely) mainly driven by the inverse-gamma prior,
which is known to lead to a small overestimation of the true variance when the
true variance is (close to) zero (Gelman, 2006).

In Table 6, the standard errors are given for the multilevel regression effects
for the mlirt model, and those from the multilevel regression on the MLCM
PVs and the SLCM PVs. Again, the standard errors of the effects are approxi-
mately similar for the MLIRT and MLCM PVs. Those of the SLCM PVs are
smaller for the intercept and the level-2 regression effect, which is caused by
the underestimation of the level-2 variance. The estimated standard errors of the
level-1 regression effect are similar to those of the MLIRT and MLCM PVs.
Although not shown, it was verified that the estimates of the regression effects
were approximately similar for the three models. However, the SLCM PVs led
to a bias in the statistical inference of the intercept and level-2 regression effect,
which was caused by ignoring the hierarchical structure of the data. This bias
was identified by a clear pattern of underestimation of the standard errors in
comparison to the standard errors for MLIRT and MLCM PVs.

Discussion

The idea behind LSAs is not only to focus on estimating proficiencies in
populations but also to inform policymakers on how to improve the quality and
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TABLE 6.
Standard Errors for the Multilevel Regression Effects From MLIRT, MLCM PVs, and
SLCM PVs

MLIRT MLCM PVs SLCM PVs
Country Yoo Y10 Yo Yoo Yio Yo Yoo Y10 Yo
AER .02 .01 .05 .02 .01 .05 .01 .01 .03
AUS .02 .01 .04 .02 .01 .04 .01 .01 .03
DEU .03 .02 .07 .03 .01 .06 .01 .01 .03
FIN .04 .02 .07 .03 .01 .06 .01 .01 .03
FRA .04 .02 .07 .04 .01 .07 .02 .01 .04
GBR .02 .01 .05 .02 .01 .04 .01 .01 .03
ISL .07 .03 .09 .06 .02 .08 .04 .02 .06
NLD .05 .02 .10 .05 .01 .09 .02 .01 .05
POL .02 .02 .04 .02 .02 .04 .02 .02 .03
USA .02 .02 .05 .03 .01 .05 .02 .01 .03

Note. ICC=intra-class correlation coefficient; MLCM = multilevel conditioning model;
MLIRT =multilevel item response theory; PV =plausible value; SLCM =single-level conditioning
model.

equity of educational systems. Equity is becoming an ever more important point
of discussion in educational debates in many countries. The focus of LSAs
therefore is not only on student-level analyses but also on school-level analyses.
One important aspect in this regard is the partitioning of student performance
variance into student and school-level components. The accuracy of the ICC
that measures this ratio is important for informing equity-related educational
policies across different countries. LSAs like PISA, TIMMS, and NAEP pro-
vide a set of PVs drawn from a conditioning model that contains a universe of
covariates and a smaller set of contrast variables that describe the demographic
characteristics of the sample. School identifier in the form of contrast codes is
included as a regressor in the conditioning model to obtain correct variance esti-
mates for the between-school variance. While an LSA database is constructed
by trained experts, researchers around the world may not be aware of the neces-
sity of constructing PVs that properly incorporate the hierarchal structure of the
data. In the real data study, this point was illustrated.

In this study, the validity of the PV technology for multilevel analysis was
assessed. Therefore, the results of multilevel analyses of PVs from a SLCM and
MLCM were compared to each other. The simulation study results show a
superiority of the MLCM PVs over the SLCM PVs across conditions concern-
ing the validity of the statistical inferences of the multilevel parameters. It was
shown for MLCM PVs and SLCM PVs that unbiased estimators for the (multi-
level) regression effects can be expected when the predictor variables are
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included in the conditioning model. This is in line with other work in which it
was concluded that the PV method provides consistent estimates if the PVs are
generated using a conditioning model compatible with subsequent analysis
(Laukaityte & Wiberg, 2017; Liidtke et al., 2017). However, the statistical infer-
ences of the regression effects are invalid for SLCM PVs when the hierarchical
structure of the data is ignored and clustering effects are present in the distribu-
tion for the examinee proficiencies. For the MLCM PVs, the bias in the var-
iance estimates is negligible for sufficiently large sample sizes, which leads to
valid statistical inferences of the estimated regression effects.

The level-1 and level-2 variance estimates based on SLCM PVs showed bias,
where typically there was an upward bias in level-1 variance estimates and a
downward bias in level-2 variance estimates. Subsequently, the standard error of
the regression effects was biased, since they depend on the level-1 and level-2
variances. Typically, when the level-2 variance is underestimated, standard
errors of the intercept and level-2 regression effects are underestimated (Nielsen
et al., 2021). An underestimation of the level-2 (random intercept) variance has
a smaller impact on the standard errors of level-1 predictor effects. However,
they are overestimated due to an overestimation of the level-1 variance estimate.

The simulation study did not quantify the Type-1 errors of the regression
effects for the SLCM PVs and the MLCM PVs. To accurately estimate Type-1
errors, the multilevel regression should have been performed on at least 1,000
SLCM PVs and 1,000 MLCM PVs for each drawn data set, with in total of
1,000 datasets per condition. The computational burden was too heavy to be
executed in a reasonable amount of time. With 10 PVs per drawn data set, the
computed standard errors and 95% HPD limits of the regression effects for
MLCM PVs and SLCM PVs showed a pattern of differences. This showed the
impact of ignoring the hierarchical structure of the data on the statistical infer-
ences of the regression effects. However, by examining patterns in the width of
95% HPD intervals and the size of SEs across data replications under the
MLCM and SLCM it was possible to quantify in which way and to what extent
the inferences will be biased under the SLCM due to ignoring the hierarchical
structure in the data.

In this study, bias caused by ignoring heterogeneity in slope effects across
clusters was not investigated. However, it can be expected that the statistical
inference of the fixed slope effects will be invalid when ignoring variance in
slope effects between clusters in constructing the PVs. These SLCM PVs will
ignore dependence in the data caused by random slope effects, which will lead
to an underestimation of the standard errors (too-narrow confidence intervals)
of the fixed slope effects. The fixed slope estimator is not biased, even when
ignoring the hierarchical structure in the data. This is shown in Appendix B.
However, inferences concerning the slope effects can be expected to be invalid.
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The results showed the importance of taking the hierarchal nature of the data
into account when drawing PVs for obtaining proper variance estimates at the
level of students (level 1) and schools (level 2). As a consequence school-level
analyses can be affected and that in turn can have implications for framing correct
educational policies to address equity-related issues in the educational systems.
National assessment endeavors that aim to construct datasets with PVs should
properly take into account the hierarchal structure of the data in the PV condition-
ing model and also be aware of the bias that can still exist for certain characteris-
tics of the data, such as a small cluster and sample size and a low ICC.

We have advocated to avoid the use of sampling weights in the construction
of PVs. Randomization under a multistage sampling design can be described by
an SLCM by including sampling weights, but this will seriously complicate sec-
ondary analyses based on corresponding PVs. A better approach is to include
design variables responsible for the sampling design in the SLCM, which can
lead, if necessary, to an MLCM. This will allow researchers to correctly use PVs
in secondary analyses, even when making group comparisons. To avoid ending
up with a highly parameterized conditioning model, a covariance structure mod-
eling approach could be followed. Dependences among clustered observations
can be modeled through covariance patterns, which avoids the use of random
effects, but is sufficiently flexible to describe multilevel dependencies. Fox
(2024) represents an mlirt model as a single-level IRT model with a structured
covariance matrix, in which dependencies following from a higher-level cluster-
ing are described. Each type of clustering requires only one covariance para-
meter, independent of the number of clusters. Thus, this modeling approach
should be able to support a (complex) multistage sampling design without hav-
ing to include random intercept-slope effects. However, more research is needed
to examine to what extent the modeling approach can describe a multistage sam-
pling design without using sampling weights.

Appendix A
The following is the simulation algorithm for assessing the performance of

the SLCM PVs and the MLCM PVs.

Step 0 The number of subjects N, the cluster size n, the number of items X,
and true values for the item parameters (a and b), regression effects (y), and
variance components (o> and 7) are set.

The following Steps 1 to 7 are repeated 500 times for each condition speci-
fied in Step 0.
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Step 1 (Simulate mlirt data) Values for the predictor variables (Xj; and ;) are
sampled from a normal distribution with mean zero and standard deviation
0.50. Item response data is sampled under a mlirt model. That is, sample ran-
dom intercepts, sample latent proficiencies given random intercepts, and sam-
ple item response data given random intercepts and latent proficiencies:

u~p(ur?)
0~ p(8]y, 0% u, X, W).
y ~p(y[0,a,b).

Step 2 (Fit mlirt model) The mlirt model is fitted on the simulated data from
Step 1. The mlirt model is represented by (using the latent response
formulation):

Zijk = akﬁi]- — by + Eijk

05 =Yoo T Yo Wi + vioXy + 1 + e

€~ ]\[(07 0'2)

uj ~N (O, ’Tz)
A Gibbs sampling algorithm is used to fit the mlirt model and 5,000 MCMC
iterations are made. Within this Gibbs sampling algorithm, the following

Steps 3 to 5 are also executed. The algorithm can be found in Fox (2010, pp.
159-160).

Step 3 (Draw MLCM PVs) The MLCM PVs eﬁ;”)) form=1,...,10 are
drawn from the conditional distribution of

P05y, 0%, u;, Xy, W),

using (MCMC) sampled values for the 7y, 2, u;. The 10 draws were randomly
selected from the 5,000 MCMC iterations but after the burn-in period of 500
iterations. A description of the procedure is given in Fox (2010, p. 167).

Step 4 (Draw SLCM PVs) The SLCM PVs (e;}“’”) form=1,...,10 are
drawn from the conditional distribution of

p<e:}|77 0-'27)(1]'7 VVj)v

using (MCMC) sampled values for the vy, o and excludes the random inter-
cept. The 10 draws were randomly selected from the 5,000 MCMC iterations
but after the burn-in period of 500 iterations.
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Step 5 (Re-scale drawn PVs) The 65}"> and 9;('") are rescaled to have their
mean and variance equal to those of the simulated latent proficiency values
6, from Step 1. The rescaling procedure of PVs can also be found in Gorter
et al. (2015).

Step 6 (Fit multilevel model on MLCM PVs ") The latent multilevel regres-

sion model, represented by

el(;n) =Yoo T Yo WV; + vioXy + 1 + 5
u; ~ N(O,Tz)
eg-,- ~ ]\](0,0'2)7

is fitted using a Gibbs sampling method for each of the 10 MLCM PVs. The
estimation results are stored and used to assess the performance of the
MLCM PVs. The Gibbs sampler algorithm for multilevel models can be
found in Levy and Enders (2023).

Step 7 (Fit multilevel model on SLCM PVs 6" The latent multilevel regres-
sion model defined in Step 6 is fitted using a Gibbs sampler for each of the
10 SLCM PVs. The estimation results are stored and used to assess the per-
formance of the SLCM PVs. The Gibbs sampler algorithm for multilevel
models can be found in Levy and Enders (2023).

Appendix B

It is shown that the posterior expectation of the latent variable 0; is an

unbiased estimator of the fixed effects, given the independent variables Xj;,
when a component X;; has a random slope effect. Consider a mlirt model for
the latent response data with a (multilevel) latent regression model with a ran-
dom slope effect:

Z!'/k = ake” — bk + gijk
t
by = B'X; + Xju; + ey

g ~ N(0,1)
€ij ~ N(0,0’z)
uj ~ N(O,TZ).

where X7 is the component of X;; with a random slope effect. It can be shown
that the posterior expectation of 0;; is an unbiased estimator of the fixed regres-
sion effects 3. The posterior expectation can be expressed as
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E(eU|Zl]7XU7uj) :ﬁtXl] + )(’;Ll] + (Tzat(I]( + Uza’a)A (Zij — <a<B’XU + )(;M]> — b))

_ (! X+ X ICO RN
B <(ala)1 + 0'2) (B X +Xijuj> * (1 (a’a)fl + ()'2> O

= A(BX, + Xju) + (1= A)b,

where 0; = (a‘a)”'a’(z; + b) and A=(a'a)”'/((a'a)”" + o?). Subsequently,
the expectation is taken over the latent response data. It follows that
E(E(65]2;, Xy u;)) = AB'Xy + (1= M)E(64]2;, Xy) + E(ﬁ-”j}zj)
= AB'X; + (1 = MB'Xy + X E(u)|Z;)
= B'Xy + X5E(]Z)),

where the last term, £ (1j|Z;), is shown to equal zero, which proves the resul.
The posterior expectation of £ (1| Z;) is derived. Following Fox (2010, pp. 190—
191), the covariance matrix of Z; is given by

D =7X/ X" ®aa + 1, ® (c’aa’ + Iy),
where ® denotes the Kronecker product. Subsequently, the posterior expectation
E(uj‘Zj) is given by
E(u2)) = (PX @)D (;— (X;B@a—1, 9b)).
Then, taking the expectation over the latent data Z;, it follows that
E(E(u|2)) = (PX' @)D (E(2) - (XB@a~1, D))
=0,

since E(Zj) = (XjB ®a—1,® b).
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