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Abstract

In medical research, repeated questionnaire data is often used to measure and model
latent variables across time. Through a novel imputation method a direct comparison
is made between latent growth analysis under Classical Test Theory (CTT) and Item
Response Theory (IRT), while also including effects of missing item responses. For
CTT and IRT, by means of a simulation study the effects of item missingness on
latent growth parameter estimates are examined given longitudinal item response
data. Several missing data mechanisms and conditions are evaluated in the simulation
study. The additional effects of missingness on differences in CTT- and IRT-based
latent growth analysis are directly assessed by rescaling the multiple imputations.The
multiple imputation method is used to generate latent variable and item scores from
the posterior predictive distributions to account for missing item responses in observed
multilevel binary response data. It is shown that a multivariate probit model, as a novel
imputation model, improves the latent growth analysis, when dealing with missing at
random (MAR) in CTT. The study also shows that the parameter estimates for the
latent growth model using IRT show less bias and have smaller MSE’s compared to
the estimates using CTT.
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1 Introduction1

Multi-item questionnaires are often used for measuring latent variables, such as2

depression or quality of life. Item-level data is collected using questionnaires, scale scores3

are computed, and they are considered measurements of a construct. For example, the4

Beck Depression Inventory (BDI-II) is used to measure symptoms of depression [1],5

the NEO Personality Inventory (NEO-PI-3) to measure the Big Five personality traits6

[2], and the Brief Pain Inventory (BPI) to measure pain severity and interference [3].7

The computation of construct scores requires a measurement model to relate the item8

responses to the underlying latent trait. Item Response Theory (IRT) or Classical Test9

Theory (CTT) is used to compute latent variable scores given observed item-level data10

[4].11

When analyzing the development over time of the latent variable for instance by12

applying a latent growth model, the measurement model, i.e. either IRT or CTT, can highly13

influence the results [5]. For a longitudinal study on complete data, parameter estimates14

of a repeated measurements model were directly compared using multiple imputations15

for the latent variable from a posterior predictive distribution under an IRT and a CTT16

model. They showed that the posterior predictive distribution for the latent variable scores,17

constructed under an IRT model performed much better in retrieving the true parameter18

values than the predictive distribution constructed under a CTT model. It was shown that19

IRT utilizes all response pattern information, which leads to more heterogeneous latent20

variable scores than the sum scores constructed under CTT, reducing the bias in parameter21

estimates [5].22

In this latent growth modeling comparison, the presence of missing item-level data is23

ignored. However, in practice missing data on item level can occur when participants24

refuse to answer sensitive items, inadvertently skip items, or skip items that do not apply25

to them. Item-level missing data can bias test results and requires careful handling to26

make correct statistical inferences [6]. The common approach to deal with this problem,27

averaging the available items to compute a scale score, results in bias [7, 8, 9]. The28

handling of item-level missing data is necessary to avoid a loss in power due to missing29

item scores and to utilize all observed item-level data in the analysis.30

In the IRT-based analysis, multiple imputation to handle missing data is operationalized31

by the posterior predictive distribution of the item responses and by the posterior32

predictive distribution of the longitudinal latent variable. The IRT model is defined33

at the level of item scores, which facilitates the construction of a posterior predictive34

distribution for the missing item responses. As a result of the repeated measurements, the35

data has a nested structure; i.e. the measurements on multiple occasions are nested within36

participants. This multilevel information is included in the generation of the latent variable37

scores by including the latent growth model for the latent variable in the construction of38
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the posterior predictive distribution. This is in line with the multiple imputation method for39

binary multilevel data of Quartagno [10] and Audigier [11]. The multilevel approach can40

also be used to deal with an unbalanced design, where participants have been measured41

on different occasions and the number of measurements per participant is different. For42

instance, when missing data appears if the participant skips a measurement occasion, there43

is often sufficient information to estimate the average effects [12].44

Missing item responses cause a problem in CTT modeling, since sum scores computed45

from the available item responses result in bias [7, 8]. Furthermore, the CTT model is46

defined at an aggregate data level and not at the level of item responses, which makes47

the CTT model not useful as an imputation model for item missings. Without a sum48

score, it is also not possible to define a random effect in order to define a multilevel49

imputation model for the missing item scores. A new CTT-based imputation model50

(i.e, a multivariate probit model) is proposed for binary item responses that takes into51

account latent growth of the latent variable and the nested structure of responses within52

participants. This multivariate probit model represents a marginal CTT model, where53

the true score is integrated out. From this model, a posterior predictive distribution54

for the responses can be defined, since it is defined at the level of observations. The55

marginal CTT model also preserves the multilevel structure of the data (i.e., responses56

nested within subjects), which is represented by the covariance structure, where the mean57

term can include the growth modeling part for the latent variable score. Therefore, the58

corresponding posterior predictive distribution for the item scores takes into account the59

uncertainty that is associated with the missingness and the individual trajectory of the60

latent variable over time to prevent inconsistency of the trend due to missing values.61

The multivariate probit model as an imputation model differs from recently developed62

approaches based on the generalized linear mixed effects model [10, 11, 13, 14], since63

dependencies between item responses, nested in the same response pattern, are directly64

modeled in the probit model and not through a random effects structure. The imputation65

model differs from the analysis model that is used for calculating the effects. Note66

that the local stochastic independence still holds for the imputation model. When a67

response pattern contains only a few item responses, the random effects cannot be68

accurately measured and random effect differences across persons will be small, leading69

to homogeneous predictions across persons. The multivariate probit model will allow for70

more heterogeneity across persons in possible response values by avoiding conditioning71

on an unreliable and poorly discriminating random effect measurement. We developed an72

MCMC algorithm to facilitate the imputation of item responses and latent variable scores73

under IRT and CTT from their posterior predictive distributions.74

In the present study, the influence of missing item-level data on the growth model75

estimates are examined under different missing data mechanisms. A missing at random76
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(MAR) mechanism is investigated, which has been extensively studied in scale analysis77

[15, 16, 17], and is the utmost possibility under the presented model. An analysis based78

on the MAR assumption can produce consistent estimates under a MAR or missing79

completely at random (MCAR) mechanism and can increase power relative to an MCAR-80

based analysis (e.g., listwise or pairwise deletion). When assuming MAR in latent growth81

analysis, it is expected that the probability of missing responses is explained by the82

repeatedly assessed longitudinal latent variable, which constitutes the response data as83

well as the covariate information. When conditioning on the longitudinal latent variable,84

and given an adequate fit of the IRT model, it is reasonable to assume that the probability85

of missing a response is independent of the missing response itself. In the situation where86

the available item scores only measure a part of the latent variable, the MAR assumption87

will not hold. Then, without controlling for the latent variable, the probability of missing88

a response depends on the missing response and the missing data mechanism is missing89

not at random (MNAR).90

The developed imputation method is used in the current study in different simulation91

studies to examine the effects of missing data on latent growth parameter estimates, given92

longitudinal latent variables as outcomes measured using IRT or CTT. It is shown that93

the CTT model will lead to bias in the latent growth parameter estimates, which describe94

the shape of estimated growth trajectories. Furthermore, the use of the CTT model for95

measuring the longitudinal outcome variables will also lead to less individual variance in96

growth trajectories of the latent variable. In the first study, under CTT, predictive mean97

matching is used to impute missing item scores, which ignores the trend in the longitudinal98

latent variable scores, and will lead to bias in the growth parameter estimates. Next, to be99

able to include a trend in the measurements, the multivariate probit model is proposed to100

impute missing values to impute CTT scores, when the missing data mechanism is MAR.101

Subsequently, a more extreme missing data situation is considered, where the differences102

between the missing data probabilities for participants with a lower latent variable level103

differ more severely from participants with a higher latent variable score, and up till 50-104

70% of the responses in a response pattern can be missing. The findings of the simulation105

studies are illustrated in an example data set on the longitudinal development of low back106

pain [18].107

In the next section, the considered latent growth model is introduced. The posterior108

predictive distributions are given of the latent variable scores and item scores, under IRT109

and CTT, to construct a multiple imputation method for the missing data. In a simulation110

study, different MAR-based missing data mechanisms are considered. They are analyzed111

using the proposed multiple imputation method to obtain latent growth estimates on a112

common scale under the different measurement models. In the presence of missing data,113

the implications of using sum-scores as measurements of latent variables in latent growth114
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modeling is shown. Furthermore, a direct comparison is made with IRT-based multiple115

imputations. Subsequently, findings of the simulation study are illustrated in a real data116

study on coping with low back pain. Finally, conclusions and a discussion is given of the117

findings.118

2 Methods119

The considered latent growth model is discussed. Then, a multiple imputation method is120

introduced for the latent growth model analysis to deal with the missing latent variable121

values and missing item responses. The posterior predictive distribution of the latent122

variable and the item responses are presented under an IRT-based and an CTT-based123

framework as components of the imputation method.124

2.1 Latent Growth Model125

The latent growth model describes the changes in the latent variable given predictor126

variables and occasion-specific measurement information. Consider the following growth127

model for repeated measurements of a latent variable θij for subject i and measurement128

occasion j,129

θij = β0i + β1itij + eij

β0i = γ0 + u0i

β1i = γ1 + u1i, (1)

where tij is the jth value for the measurement occasion for patient i, and eij ∼ N(0, σ2)130

and ui ∼ N(0,T), and where T is a matrix with diagonal elements τ 20 and τ 21 and131

covariance parameter τ01. The random effects are assumed to be multivariate normally132

distributed with covariance matrix T. Parameter γ0 is the population intercept, which133

represents the average latent variable score across persons on the measurement occasion134

where time equals zero. In most cases, the first measurement occasion corresponds with135

time point zero such that the random intercept variance, τ 20 , can be interpreted as the136

between-subject variation in latent variable scores across subjects. Parameter γ1 is the137

linear trend in the population, and represents the linear change in the latent variable across138

time. Variance parameter τ 21 on level two represents the variation in subject-specific trends139

across time. The random intercept and random slope are allowed to correlate, where τ01 is140

the covariance between the two random effects. The common error variance at level one141

is denoted by σ2 and it represents the deviation between the subject-specific linear trend142

and the latent variable measurements.143
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2.2 Multiple-Imputation Methods Given Incomplete Response Data144

Multiple imputation is a common way to deal with missing values and is based on missing145

data principles [19]. The multiple imputations are generated from the posterior predictive146

distribution of the latent variable to obtain a complete data set, treating the latent variable147

as missing data. All available information is used to construct the posterior of the latent148

variable. Samples from the posterior predictive distribution are made for patients given149

background characteristics in order to obtain (plausible) latent variable scores. Multiple150

sets of imputations are drawn to address the uncertainty associated with the latent variable151

scores.152

Without missing item responses, multiple imputations can directly be generated from153

the posterior predictive distributions defined under the CTT or IRT model. The multiple154

imputations, also referred to as plausible values [20, 21], have the advantage over single155

point estimates that uncertainty associated with the latent variable scores is included in the156

estimation of the latent growth parameters. The multiple imputations are used to obtain157

unbiased estimates of the latent growth parameter estimates. Standard methods can be158

used to estimate growth parameters (e.g. multilevel modeling), when multiple imputations159

are used for the latent variable. When the data are collected through a complex sampling160

design, multiple imputations can be used to obtain correct standard deviations.161

The multiple imputations are not restricted to a specific scale. The multiple imputations162

generated for the latent variable can be linearly transformed to any particular scale, for163

which the mean and variance can be freely specified. Results of latent growth parameter164

estimates, given the imputations derived from different posterior predictive distributions,165

can be directly compared, when transforming the generated imputations to a common166

scale. Therefore, a linear scale transformation can be applied to obtain results of a latent167

growth analysis on a common scale, while using posterior predictive distributions defined168

under different models (e.g., CTT and IRT) [22].169

2.3 IRT-based Posterior Predictive Distributions170

The combination of the IRT model with a latent growth model to model the latent171

variable can be viewed as a generalized linear multilevel model. For dichotomous items172

for instance, a normal ogive model can be used to model the probability of patient i to173

give a positive response (Yijk = 1) to item k on measurement occasion j, which is given174

by175

P (Yijk = 1 | θij, ak, bk) = Φ (akθij − bk) , (2)

where Φ is the normal cumulative distribution function and ak and bk are the176

discrimination and the location parameter of item k, respectively [23, 24]. Latent variable177
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θij denotes the latent trait for patient i at measurement occasion j. The item response178

observations are modeled by the IRT model (level one), and the patient-specific latent179

variables are modeled by the latent growth model (level two (time) and level three180

(patients)). The IRT model utilizes all available response information to measure the latent181

variable, where the variability in response patterns across time and persons, is represented182

in the variability across measured latent variable scores.183

In the Bayesian modeling approach, the priors and hyper priors are defined for the item184

parameters ak and bk. The log-transformation is used for the discrimination parameters to185

restrict their values to be positive, then the multivariate distribution for the item parameters186

ak and bk is given by,187

p (log(ak), bk) ∼ N
(
(µa, µb)

t ,ΣI

)
,

where ΣI is the covariance matrix of each item’s parameters, and µa and µb are the average188

item discrimination and item location of the population of test items. Prior distributions189

are defined for the hyper prior parameters, µa,µb and ΣI ,190

µa, µb ∼ N
(
0, σ2

I

)
Σ−1I ∼ W (νI ,ΛI) ,

where σ2
I can be specified to be large to represent an uninformative prior. The parameter191

νI is often small but greater or equal to two, and ΛI is an identity matrix to define an192

uninformative prior.193

The IRT model provides a posterior predictive distribution for each item response,194

when the model parameters are sampled from their respective posterior distributions.195

An MCMC algorithm provides sampled values for the model parameters in iteration m,196

denoted as θ(m)
ij , a(m)

k , b(m)
k . The posterior predictive distribution for the item responses is197

a Bernoulli distribution, where the success probability is determined by parameter values198

sampled from their posterior distributions;199

Y
(m)
ijk | θ

(m)
ij , a

(m)
k , b

(m)
k ∼ B

(
π
(m)
ijk

)
, (3)

π
(m)
ijk = Φ

(
a
(m)
k θ

(m)
ij − b

(m)
k

)
= Φ

(
a
(m)
k

(
β
(m)
0i + β

(m)
1i tij + e

(m)
ij

)
− b(m)

k

)
.

When assuming missing item response data to be MAR, multiple imputations can be200

generated from the posterior predictive distribution to simulate plausible values for201

the missing responses. In the last expression, the growth model for the latent variable202

(Equation (1)) is integrated. This shows that the change in the latent variable is represented203
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in the success probability, where the term β
(m)
1i tij represents the change over time and the204

time-invariant term β
(m)
0i represents the person-specific latent variable level at the start of205

the study (t = 0).206

When using an MCMC algorithm for the estimation of the IRT parameters, the207

latent response formulation is often used, which facilitates the sampling of the model208

parameters. However, the latent item response distribution can also be used to construct a209

posterior predictive distribution. The latent response data Zijk is introduced as augmented210

data, and is assumed to be truncated normally distributed,211

Z
(m)
ijk | Yijk, θ

(m)
ij , a

(m)
k , b

(m)
k ∼ N(akθij − bk, 1) (4)

I(Zijk ≤ 0) if Yijk = 0

I(Zijk > 0) if Yijk = 1

Yijk missing.

If the observation Yijk is missing, then the posterior simulated value Y (m)
ijk equals one212

if the sampled value Z(m)
ijk is greater than zero, and equals zero if Z(m)

ijk is smaller than213

zero. The simulated latent responses can often be used as imputations and values for the214

dichotomous missing responses, Y (m)
ijk , do not need to be determined. For instance, the215

posterior predictive distribution of the latent variable can be determined from the latent216

responses, which is described next.217

The posterior predictive distribution of the latent variable θij is constructed from the218

latent growth model and the IRT model. Let Ωij denote the set of latent growth parameters,219

Ωij = {γ,β, σ2,T} for patient i and occasion j. When conditioning on latent item220

response data, it can be shown that the posterior (predictive) distribution of the latent221

variable is normal. The posterior distribution of the latent variable can be expressed as222

g (θij | zij,Ωij,a, b) ∝ p (zij | θij,a, b) f (θij | Ωij) (5)

It follows that the posterior distribution g() is normal, since it is constructed from normally223

distributed latent responses and a normal prior distribution, where the mean is given by224

E
(
θij | z(m)

ij ,Ω
(m)
ij ,a(m), b(m)

)
=

at (zij + b) + (β0i + β1itij) /σ
2

(ata)−1 + σ−2

and the variance by (1/(ata) + 1/σ2)−1. When considering sampled parameter values for225

the parameters conditioned on, posterior predictive values (i.e., plausible values) for the226

latent variable can be sampled from227

θPV
ij ∼ g

(
θij | z(m)

ij ,Ω
(m)
ij ,a(m), b(m)

)
, (6)
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and they can be linearly transformed to a particular scale. The density function f()228

represents the latent growth model, the p() represents the likelihood function, and the229

posterior density function g() represents the posterior predictive distribution from which230

missing latent variable scores can be drawn.231

2.4 CTT-based Posterior Predictive Distributions232

In CTT, the (aggregate) sum-score is used as a measurement of the latent variable score.233

A true score, ϑij , is assumed, the theoretical construct value, which is never observed. The234

observed sum-score is assumed to be equal to the true score plus an error term. When also235

assuming normally distributed errors, the CTT model is given by236

yij = ϑij + eij (7)

where eij ∼ N (0, σ2
ϑ), and yij =

∑
k yijk/K is the average score over K item responses.237

The measurement error variance is assumed to be equal across persons. One characteristic238

of the CTT model is that the model is defined at the level of latent variable scores, while239

the observations are defined at the item level. Therefore, differences between response240

patterns leading to the same sum score are ignored in measuring the latent variable score.241

This loss of information in determining the latent variable scores leads to less variability242

in scores, when comparing it to the variability in observed response patterns. Another243

characteristic is that missing item responses lead directly to missing sum scores, since244

sum scores cannot be determined from an incomplete response pattern. The handling of245

missing item responses is further complicated, since the measurement model is defined at246

the level of latent variable scores. Therefore, in contrast to the IRT model, a different247

model is needed to generate imputations for missing item responses. However, it is248

important to use an imputation model to preserve the original relationships between the249

variables in the data.250

2.4.1 CTT-based Multiple Imputation Model Response patterns with missing251

observations complicate the computation of sum scores, yij , which are needed to generate252

multiple imputations for the latent variable ϑij . The sum score is assumed to be the sum253

(or average) over dichotomous responses. Thus, the CTT model is simply not defined at254

the level of dichotomous observations, and the posterior predictive distribution of item255

responses cannot be constructed from the CTT model. Now, consider the CTT model in256

Equation (7), with a latent growth model for the true score ϑij with mean β0i + β1itij257

and variance σ2
ϑ. An underlying latent variable is defined, in a similar way as the one258

defined under the IRT model in Equation (4). Let Zijk be normally distributed with mean259

ϑij and variance 1, where Zijk is greater than zero for a positive response, and less equal260

zero otherwise. The CTT model for the latent (continuous) responses (Zij1, . . . , ZijK) is261
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a linear random effects model. A marginal CTT model can be derived, where the true262

score is integrated out. Integrate the mean expression for the true score, according to263

the latent growth model in Equation (1), in the CTT model. Then, merge the error term264

at the observation level with the error term defined at the person level. This leads to a265

multivariate normal distribution for the item responses:266

Zijk = β0i + βi1tij + eij + rijk

= β0i + βi1tij + Eijk (8)

where the rijk are independently normally distributed with mean 0 and variance 1 and the267

eij are normally distributed with mean 0 and variance σ2
ϑ, according to Equation (7). The268

error terms are independently distributed and the sum of the terms,Eijk, is again normally269

distributed with mean 0 and variance 1 + σ2
ϑ. The covariance of latent responses of item270

k and l of person i is equal to σ2
ϑ, which is shown by271

Cov (Zijk, Zijl) = Cov (eij + rijk, eij + rijl) = V ar (eij) = σ2
ϑ.

For dichotomous observed data, a marginal CTT model (i.e., multivariate probit model)272

can be defined for the observed responses, where the covariance matrix is equal to273

Σ = IK + Jσ2
ϑ with J = 1K1t

K , which is the implied covariance structure according to274

the CTT model. Then, the marginal CTT model is given by275

P (Yij = yij | µϑ,Σ) =

∫
Rij1

. . .

∫
RijK

Φ (zij | µϑ,Σ) dzij1 . . . dzijK ,

where Rijk is the interval (0,∞) if Yijk = 1 and the interval (−∞, 0) otherwise, and276

µϑ = β0i + β1itij .277

The object is to define the posterior predictive distribution for the item responses278

under the CTT model to define a multiple imputation method. For the marginal CTT279

model, the posterior predictive distribution of the latent response Zijk given the remaining280

(K − 1) responses Zij(−k) can be derived from their multivariate normal distribution. The281

covariance matrix Σ = IK + Jσ2
ϑ can be partitioned, where Σ12 defines the covariance282

between the Zijk and the Zij(−k), and Σ11 and Σ22 is the variance and covariance matrix283

of Zijk and Zij(−k), respectively. Then, the posterior predictive distribution of the latent284

response is given by,285

Zijk | Zij(−k), µϑ,Σ ∼ N
(
µijk, σ

2
ijk

)
(9)
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where286

µijk = µϑ + Σ12Σ
−1
22

(
Zij(−k) − µϑ

)
= µϑ + σ2

ϑ1
t
K−1

(
IK−1 −

1K−11
t
K−1

1/σ2
ϑ +K − 1

)(
Zij(−k) − µϑ

)
= µϑ +

∑
l 6=k σ

2
ϑ (Zijl − µϑ)

1 + (K − 1)σ2
ϑ

,

where the inverse of Σ and a partition of it, Σ22, can be found in [25][pp. 152].287

Note that the mean is represented by the latent growth component; µϑ = β0i + β1itij .288

Thus, the predicted response will take into account a linear trend in the latent variable289

measurements. Finally, the variance σ2
ijk is equal to290

σ2
ijk = Σ11 −Σ12Σ

−1
22 Σt

12

= 1 + σ2
ϑ − σ2

ϑ1
t
K−1

(
IK−1 −

1K−11
t
K−1

1/σ2
ϑ +K − 1

)
σ2
ϑ1

t
K−1

=
1 +Kσ2

ϑ

1 + (K − 1)σ2
ϑ

.

The posterior predictive distribution of the latent response depends on the covariance291

parameter σ2
ϑ. This parameter represents the covariance between item responses, when not292

conditioning on the true score. The σ2
ϑ can be sampled from its posterior distribution given293

the latent responses. To obtain the posterior distribution of the covariance parameter, σ2
ϑ,294

consider the multivariate distribution of the latent response data, which is given by295

P (Zij = zij | µϑ,Σ) = (2π)
−K
2 |Σ−1|

1
2 exp

(
−1

2
(zij − µϑ)t Σ−1 (zij − µϑ)

)
= (2π)

−K
2 |Σ−1|

1
2 exp

(
−1

2
Et

ij

(
IK −

1K1t
K

1/σ2
ϑ +K

)
Eij

)
where the expression for inverse of the covariance matrix Σ is used. The sum of squares in296

the exponent can be partitioned in two components, where one component is the sufficient297

statistic for the covariance parameter. To see this, the terms in the exponent are rearranged298

as follows,299

Et
ij

(
IK −

1K1t
K

1/σ2
ϑ +K

)
Eij =

∑
k

E2
ijk −

∑
k Eijk

∑
k Eijk

1/σ2
ϑ +K

=
∑
k

(
Eijk − Ēij

)2
+KĒ2

ij −
K2Ē2

ij

1/σ2
ϑ +K

=
∑
k

(
Eijk − Ēij

)2
+KĒ2

ij

(
1− K

1/σ2
ϑ +K

)
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=
∑
k

(
Eijk − Ēij

)2
+

KĒ2
ij

1 + σ2
ϑK

.

The second component on the right-hand side, SBij
= KĒ2

ij , represents the sum of squares300

which contains the information about σ2
ϑ. The term

∑
i,j Ē

2
ij is chi-square distributed,301

since the average error term Ēij is independently normally distributed across persons and302

occasions. It follows that posterior distribution of σ2
ϑ is given by303

p
(
σ2
ϑ | z

)
∝

(
1/K + σ2

ϑ

)NJ
2
−1

exp

(
−

∑
i,j Ē

2
ij

2 (1/K + σ2
ϑ)

)
, (10)

using an uninformative prior304

p
(
σ2
ϑ

)
∝
(
1/K + σ2

ϑ

)−1
.

Following Fox et al.[26], the posterior distribution of σ2
ϑ in Equation (10) can be305

recognized as a shifted-inverse gamma with shape parameter NJ/2 and rate parameter306

SB/2 =
∑

i,j Ē
2
ij/2. Note that the covariance parameter, ρ = σ2

ϑ, is restricted to be greater307

than −1/K and is allowed to be negative, since the term 1/K + σ2
ϑ is restricted to be308

positive.309

This marginal CTT model is defined at the level of observations and represents the310

imputation model for the missing responses. An algorithm can be defined to simulate311

scores constructed from observed and imputed responses under the CTT model. The312

following steps are defined in iteration m of an MCMC algorithm to generate sum scores313

partly based on imputed responses:314

1. Simulate σ2(m)
ϑ given z(m−1), µ

(m−1)
ϕ from a shifted-inverse gamma distribution in315

Equation (10).316

2. Simulate values Z(m)
ijk for all missing responses k for person i given Z

(m−1)
ij(−k), µ

(m−1)
ϑ ,317

and Σ(m) according to Equation (9).Then, Y (m)
ijk equals 1 if Z(m)

ijk > 0 and Y (m)
ijk = 0318

if Z(m)
ijk ≤ 0. Update the sum score y(m)

ij given observed and simulated responses.319

The posterior predictive distribution of the true score is constructed from the latent320

growth component and the CTT model. It follows that321

g
(
ϑij | yij,Ωij

)
∝ p

(
yij | ϑij

)
f (ϑij | Ωij) , (11)

represents a normal distribution with mean322

E
(
ϑij | yij, σ2

ϑ,Ω
)

=
yij/σ

2
ϑ + (β0i + β1itij) /σ

2

1/σ2
ϑ + 1/σ2
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and variance (1/σ2
ϑ + 1/σ2)−1, see also [22]. Subsequently, the multiple imputations are323

drawn from324

ϑPV
ij ∼ g

(
ϑij | yij, σ

2(m)
ϑ ,Ω

(m)
ij

)
, (12)

and the drawn values can be transformed to a particular scale using a linear transformation.325

Other methods for handling missing item scores in multilevel data are based on326

multilevel imputation strategies. In Mice, the functions ”2l.norm” and ”2l.pan” offer327

solutions for continuous data. A reasonable way of handling the missing data in the328

CTT framework would be to use a multilevel logistic regression imputation or multilevel329

predictive mean matching method. The binary multilevel imputation method by Jolani330

et al. [13] is designed for structural missing data, and therefore not applicable for the331

current study. The miceadds R-package [27] provides a function for multilevel logistic332

multiple imputation. In the simulation study, this procedure led to convergence issues333

for the considered data, when integrating it in the imputation algorithm for latent growth334

modeling. The multilevel logistic multiple imputation method in miceadds is build on the335

generalized linear mixed effects routine in lme4. The routine requires sufficient observed336

data to estimate random effect(s) and other parameters to simulate values. More research337

is needed to assess empirical differences between the multivariate probit imputation model338

and the generalized multilevel imputation model. However, this is beyond the scope of the339

current study.340

3 Bayesian Multiple Imputation Method for Latent Variables and Missing Item341

Responses342

The multiple imputation method is aimed at drawing values from the posterior predictive343

distribution given observed data and parameters. The parameters are drawn from their344

posterior distribution given the observed data and realizations of the missing values.345

3.1 Multiple Imputation Algorithm Under IRT346

Step (I) Draw parameters of the imputation model: Draw item parameters a, b and latent347

growth parameters Ω from their posterior distribution given the complete data y,348

where the complete data is constructed from imputed missing data and observed349

data.350

Step (II) Generate multiple imputations for the missing data and latent variable: Draw values351

for the missing data given sampled parameter values according to Equation (4) (also352

possible Equation (3)), and draw latent variable scores from the posterior predictive353

distribution defined in Equation (6).354
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In Step (I), drawing the parameter values of the imputation model can be achieved by355

MCMC. The MCMC scheme for complete data is described in [22], which is based on the356

augmentation of latent responses as described in Equation (4). In Step (II), values for the357

missing data can be generated from the posterior predictive distribution, from which latent358

item responses are generated. This is sufficient for the sampling of the model parameters359

and latent variable scores. When binary predicted values are needed, positive and negative360

binary predicted values are obtained by generated latent responses located in the interval361

(0,∞) and (−∞, 0), respectively.362

3.2 Multiple Imputation Algorithm Under CTT363

Step (I) Draw parameters of the imputation model: The parameter, ϑij , can be sampled from364

its posterior distribution represented in Equation (11), by sampling λ = 1/K + σ2
ϑ365

and subtracting 1/K to obtain a sample for σ2
ϑ. The latent growth parameters Ω can366

be sampled from their posterior distribution as described under IRT, while using the367

current value for ϑ as the outcome variable given the complete data y, where the368

complete data is constructed from sampled missing data and observed data.369

Step (II) Generate multiple imputations for the missing data and latent variable: Draw values370

for the missing data given sampled parameter values from Equation (11) and draw371

latent variable scores from the posterior predictive distribution defined in Equation372

(12).373

As for IRT, in Step (I), the parameter values of the imputation model can be drawn374

using MCMC. In Step (II), the generated latent continuous missing data lead to binary375

predicted data, where the sign of the generated imputed values determines whether the376

binary predicted value is one or zero. Note that these predicted binary (missing) values377

are not directly needed.378

The algorithm has been implemented in a modified version of the R-Package mlirt379

[28]. The convergence of the algorithm can be investigated by observing trace plots of380

the sampled values. At convergence, the sequences of sampled values should mix well381

and not show any structural patterns. The convergence diagnostics in the R-package Coda382

[29] can also be used to investigate whether the chains of sampled values has converged.383

A general procedure can be applied to obtain parameter estimates of the LCM model384

using multiple imputations for the latent variable under the IRT model (Equation (6)) and385

CTT model (Equation (12)), while accounting for missing item responses using multiple386

imputations for the missing item scores. The final estimates of the latent growth model387

parameters, given the IRT-based and CTT-based multiple imputations for the missing item388

scores, are on the same scale due to the scale transformation of the multiple imputations389

for the latent variable.390
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(i) Generate multiple imputations for the latent variables θij and ϑij and missing391

responses, according to Step (II) of the IRT-based and CTT-based multiple392

imputation method.393

(ii) Transform each vector of multiple imputations for the latent variable to a common394

scale using a linear scale transformation.395

(iii) For each set of multiple imputations for the latent variable, draws of all LCM396

parameters are obtained using an MCMC algorithm.397

(iv) Repeat steps (i)-(iii) multiple times (usually five).398

(v) Pool the LCM estimation results from the IRT- and the CTT-generated multiple399

imputations.400

4 Simulation Study401

In the simulation study, latent growth model parameter estimates using IRT-based and402

CTT-based measurements of the outcome variable were compared to address the effects403

of the measurement model and missing response data on the estimation results. Three404

simulation studies are presented to show the advantage of using IRT- over CTT-based405

multiple imputations in longitudinal data analysis in the presence of missing item406

responses. The three simulation studies investigated the retrieval of the true values of407

the latent growth parameters under different missing data situations for different missing408

data mechanisms.409

A general procedure was used to enable a direct comparison between the estimation410

results, while using different measurement models and imputation methods. In Figure411

1, the general multiple imputation procedure is illustrated including the simulation of412

item response data. Data were simulated under specific conditions. Under CTT, multiple413

imputations were generated. In Simulation Study I, Predictive Mean Matching (PMM)414

was used, which ignored the trend in latent variable measurements. Under IRT, the415

generation of multiple imputations for the missing item scores was facilitated via the416

algorithm described in Section 3.417

In Simulation Study II and III, the proposed CTT-based multiple imputation method418

was used using the multivariate probit model, where the imputed values for the true scores419

also addressed a linear trend in measurements. Following the procedure of Gorter et al.420

[5], the multiple imputations for the latent variable under IRT and CTT were rescaled to421

a common scale, and the latent growth model was fitted with the generated latent variable422

scores as outcomes. The results of the latent growth model analysis under IRT and CTT423

were compared in terms of bias and mean squared error (MSE) of the parameter estimates.424

The structural model (LCM) parameters can be compared directly, since the CTT-based425

multiple imputations were re-scaled to the scale of the IRT-based multiple imputations. to426

assess measurement model differences and effects of missing data. Therefore, fixed effect427

Prepared using sagej.cls



16 Journal Title XX(X)

parameter estimates from the latent growth model were averaged over the five multiple428

imputations to obtain the final results. The variance of the parameters were pooled by429

calculating the sum over the within-imputation variance (the average of the variance430

estimates), and the between-imputation variance (the variance of the point estimates) [25,431

pp. 168-169].432

The following procedure was followed to simulate item response data. The person-433

specific scores at intake (β0i) and the person-specific trends β1i were generated from a434

multivariate normal distribution with covariance matrix T, where the variation across435

persons at intake equaled τ 20 = 1, the variation across person-specific trend values equaled436

τ 21 = .50, and the population covariance between the intake score and trend equaled437

τ 201 = .20. The latent variable scores were drawn from a normal distribution given the438

sampled β0i and β1i, with a population average intercept of γ0 = 0, a population-average439

linear trend of γ1 = 1, and measurement error variance of σ2 = .20. The item difficulty440

parameters bk were sampled from a normal distribution with mean zero and variance .50.441

Items with difficulty parameters above (below) zero were marked as difficult (easy) items.442

The discrimination parameters were equal to one. Finally, dichotomous item responses443

were generated using the IRT model (Equation (2)), given the generated latent variable444

scores.445

4.1 Simulation Study I446

In the first simulation study, the probability of a missing item response was equal across447

all subjects and measurement occasions. However, this corresponded to MAR, since a448

positive linear trend was simulated in the latent variable measurements. Subsequently,449

positive responses were more likely to be missing at a later stage, and the missingness was450

explained by the trend in latent variable measurements. Conditional on the measurement451

occasion, the values were missing completely at random (MCAR).The percentage of452

missing data was varied. Four situations were investigated, the complete data set, and453

data with 20%, 50%, and 70% missingness. The missing data percentage represented454

the percentage of subjects with missing data, as well as the percentage of missing item455

responses per measurement occasion. For instance, in a condition with 20% missing456

item responses, also 20% of the subjects had missing item responses. Per condition, 50457

replications were made with N = 100 patients responding to K = 20 dichotomous items458

on J = 5 measurement occasions. For CTT, multiple imputations were generated using459

Predictive Mean Matching (PMM), which resulted in five complete data sets. The mice460

package [30] was used to generate imputations using PMM on the wide dataset. After461

imputing the missing data, multiple imputations were generated for the latent variable.462

This resulted in five times five complete data sets. The latent growth model parameter463

estimates were pooled first for the five PMM imputed data sets, and pooled second over464
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the five draws of the latent variable score. For IRT, multiple imputations for the missing465

item responses and latent variable scores were generated, according to Equation (3) and466

(6), respectively. Subsequently, latent growth model parameter estimates were pooled to467

obtain the final estimates. For estimating the parameters of the latent growth model, a468

20, 000 iterations long MCMC chain was run, with 5, 000 burnin iterations per replication469

4.2 Simulation Study II470

In the second simulation study, the missing data was generated under MAR, where471

the missingness depended on the latent variable, which followed a linear trend. It was472

assumed that the observed responses contained sufficient information regarding the latent473

variable for estimating the latent variable scores [31]. Subjects with a lower latent variable474

score (below the population average) had a higher probability of missingness on the more475

difficult items than subjects with a higher latent variable score (above the population476

average) who had a lower probability of missingness on the more difficult items. A normal477

distribution was assumed for the population model. This population model combined478

with the observed (incomplete) data contained sufficient information on the latent trait479

to assume MAR. In Table 1, the different probabilities of missing response data are480

listed, which were used to generate missing data according to MAR. For example, in

20% Missing 50% Missing 70% Missing
Easy Difficult Easy Difficult Easy Difficult

Low θ .12 .28 .30 .70 .42 .98
High θ .16 .24 .40 .60 .56 .84

Table 1. Missing data probabilities for subjects with low versus high latent variable scores for a total of 20%,
50%, and 70% missing item responses used in Simulation Study 2.

481

the 50% missing data condition, for those with a below-average latent variable score, the482

probability of a missing response was 70% for the difficult items, and 30% for the easy483

items. Those with an above-average latent variable score, the missing response probability484

was 60% and 40% for the difficult and easy items, respectively. On average the probability485

of a missing response was 50%. Subjects with a lower latent variable score were more486

likely to have missing responses on the more difficult items compared to subjects with487

a higher score, while accounting for the trend in latent variable scores. Three different488

missing data conditions were simulated with three different percentages of missing data,489

20%, 50%, and 70%. The simulated data sets consisted of N = 100 patients measured490

on five different occasions on a questionnaire with 20 dichotomous items. A total of 50491

replications were made per condition.492

Multiple imputations were generated using the proposed CTT-based multiple493

imputation method with the multivariate probit model, which resulted in five complete494
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data sets.After generating the multiple imputations, the latent growth model parameters495

were estimated using the five draws of IRT-based and CTT-based multiple imputations,496

using a 20, 000 iterations long MCMC chain with 5, 000 burn-in iterations.497

4.3 Simulation Study III498

A more extreme missing data situation was investigated in order to test the robustness499

of the multiple imputation methods, and to examine differences between IRT and CTT500

under more extreme conditions. Missing data was simulated in such a way that it became501

less likely that the data contained enough information to estimate the latent variable502

accurately. The missingness was dependent on the latent variable and in the extreme503

situation the observed data only contained partial information about the latent variable,504

and consequently MNAR could occur in such a situation. In Table 2, the probabilities of505

missing responses are given for the high versus low scoring subjects. The probabilities in

20% Missing 30% Missing 40% Missing 50% Missing
Easy Difficult Easy Difficult Easy Difficult Easy Difficult

Low θ .04 .36 .06 .54 .08 .72 .10 .90
High θ .20 .20 .30 .30 .40 .40 .50 .50

Table 2. Probabilities of a missing response for subjects with low versus high latent variable scores with a total of
20%, 30%, 40% and 50% missing responses used in Simulation Study III.

506

Table 2 were chosen in such a way that subjects with a lower latent variable score had a507

higher probability of missingness for the difficult items, whereas for patients with a higher508

latent variable score, the missingness was not dependent on the difficulty of the items.509

When the population distribution is assumed to be normally distributed and the observed510

(incomplete) data is sufficient we can assume MAR. However, with the increasing relative511

amount of missingness in the difficult items for patients with a lower theta we approach512

the situation in which the observed data combined with the population distribution no513

longer contain sufficient information (MNAR). The missing data conditions entailed data514

sets with 20%, 30%, 40%, and 50% missing observations. For instance, a subject scoring515

below the population average had a 90% probability of missing a response to a difficult516

item in the 50% missing data condition. Observed data for this subject mainly contained517

information about the performance on the easy items, which usually leads to inaccurate518

measurements of the latent variable scores. In this study, the same estimation procedures519

and parameter settings were used as in Simulation Study II.520
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5 Results521

5.1 Results Simulation Study I522

In Table 3 and Table 4, the results of Simulation Study I are given. The latent growth523

parameter estimates along with the bias and MSE using IRT-based and CTT-based524

multiple imputations are given.525

IRT CTT
Par. True EAP SD BIAS MSE EAP SD BIAS MSE

0% Missing
Fixed

γ0 0 -.02 .12 -.02 .01 .08 .14 .08 .02
γ1 1 1.00 .12 .00 .02 .83 .16 -.17 .05

Random
σ2 .20 .20 .03 .00 .00 .35 .04 .15 .03
τ 20 1.00 1.06 .19 .06 .03 1.18 .20 .18 .07
τ 21 .50 .63 .21 .13 .07 .31 .15 -.19 .05
τ 201 .20 .08 .11 -.12 .02 -.01 .09 -.21 .05

20% Missing
Fixed

γ0 0 .00 .12 .00 .02 .70 .23 .70 .79
γ1 1 1.01 .12 .01 .02 -.15 .32 -1.15 2.08

Random
σ2 .20 .21 .03 .01 .00 .69 .09 .49 .27
τ 20 1.00 .99 .21 -.01 .04 1.08 .34 .08 .07
τ 21 .50 .55 .19 .05 .03 .40 .23 -.10 .02
τ01 .20 .22 .14 .02 .02 -.19 .27 -.39 .19

par.: parameter estimate, True: simulated parameter values, EAP: expected a posteriori, MSE: mean squared error.

Table 3. Simulation Study 1: Latent growth parameter estimates across 50 replications under varying proportions
of missing data (0% and 20%), using IRT-based multiple imputations and CTT-based multiple imputations for the
latent variable scores. For CTT, missing data were generated according to PMM on the wide data set, and for IRT,
they were generated from the posterior predictive distribution (Equation (3)).

In the condition without any missing data, a similar pattern was found as shown by526

Gorter et al. [5, 32]. When looking at the results in Table 3, it can be seen that the527

linear trend was underestimated under CTT, where the trend was correctly estimated528

under IRT. Furthermore, the measurement error variance at level one was overestimated529

under CTT, and also correctly estimated under IRT. The IRT-based multiple imputations530

provided more information about the linear trend in the measurements than the CTT-based531

imputations. This showed that the IRT-based trajectories more accurately described the532

change in measurements than the CTT-based trajectories. There was also more variability533
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IRT CTT
Par. True EAP SD BIAS MSE EAP SD BIAS MSE

50% Missing
Fixed

γ0 0 .02 .12 .02 .01 .59 .25 .59 .50
γ1 1 1.01 .13 .01 .02 .05 .37 -.95 1.26

Random
σ2 .20 .20 .03 .00 .00 .85 .10 .65 .47
τ 20 1.00 1.00 .22 .00 .05 .85 .33 -.15 .08
τ 21 .50 .56 .20 .06 .03 .44 .27 -.06 .01
τ 201 .20 .17 .15 -.03 .03 -.18 .27 -.38 .16

70% Missing
Fixed

γ0 0 .01 .12 .01 .02 .50 .20 .50 .43
γ1 1 1.01 .13 .01 .02 .20 .29 -.80 1.06

Random
σ2 .20 .20 .03 .00 .00 .91 .11 .71 .54
τ 20 1.00 1.05 .24 .05 .04 .86 .32 -.14 .07
τ 21 .50 .54 .20 .04 .03 .45 .29 -.05 .01
τ 201 .20 .18 .16 -.02 .03 -.19 .28 -.39 .17

par.: parameter estimate, True: simulated parameter values, EAP: expected a posteriori, MSE: mean squared error.

Table 4. Simulation Study I: Latent growth parameter estimates across 50 replications under varying proportions
of missing data (50% and 70%), using IRT-based multiple imputations and CTT-based multiple imputations for the
latent variable scores. For CTT, missing data were generated according to PMM on the wide data set, and for IRT,
they were generated from the posterior predictive distribution (Equation (3)).

detected in the baseline measurements and less variability in the individual trends under534

CTT than under IRT. Under IRT, the variation in trends was slightly overestimated.535

For the 20% missing data condition, under IRT the parameter estimates are close to536

the true values, and MSE values are even smaller than in the condition of no missing537

data. When the missing data are MAR, the IRT-based multiple imputations for the538

missing data provided accurate information leading to accurate multiple imputations for539

the latent variable. Under CTT, the PMM imputation model on the wide data set was time-540

invariant and did not take a trend effect in the repeated measurements into account. The541

corresponding CTT-based multiple imputations for the latent variable scores led to bias542

in the latent growth model parameter estimates. It can be seen that the linear trend was543

really underestimated, and only a third of the true trend value was identified, where the544

measurement error variance was estimated to be more than three times larger than the true545

variance. The underestimation of the trend also led to an overestimation of the average546

baseline score.547
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In Table 4, the results of the missing data conditions of 50% and 70% missing data are548

presented. It can be seen that the estimates under IRT are still close to the true values,549

and the multiple imputations correctly represent the trend in the latent variable scores.550

The multiple imputation model describes accurately the missing data and missing latent551

variable scores, while addressing the linear trend in the latent variable scores.552

The CTT-based imputation method (PMM on the wide data set) ignored the trend in553

the latent variable scores. The estimated linear trend effect was no longer significantly554

different from zero, which can be seen from the 95% highest posterior density (HPD)555

interval [−.27, .36] (50% missing data condition) and [−.13, .52] (70% missing data556

condition). The intercept estimates γ0 were overestimated in both conditions, and showed557

that the multiple imputed scores did not contain information about a trend in the latent558

variable measurements. The measurement error variance was severely overestimated in559

both conditions (.85 and .91), since the intercept did not explain much variance in the560

outcomes.561

5.2 Results Simulation Study II562

In Simulation Study II, the proposed multiple imputation (multivariate probit) model for563

the missing responses under CTT was used to address the linear trend in the latent variable564

measurements. This was ignored in Simulation Study I, which led to severe bias in the565

latent growth estimates. Under CTT and IRT, the missing responses were generated from566

the posterior predictive distribution according to Equation (9) and (3) respectively.567

Under CTT, the trend in latent variable scores was taken into account in the generation568

of the imputations for the missing responses, which led to a substantial reduction in569

the bias of the latent growth parameter estimates. In Table 5, it can be seen that in the570

condition with 20% missing data, the CTT-based estimates are comparable to the estimates571

of Simulation Study I with no missing data. Under CTT, the linear trend is underestimated,572

the measurement error variance overestimated and the individual variation in trend effects573

was underestimated. However, this resembled the results under CTT without missing data,574

and this bias occurred due to the use of sum scores as measurements of the outcome575

variable. Under IRT, the latent growth parameters estimates were correctly estimated. The576

covariance of the random intercept and linear trend was underestimated, but the 95%577

highest posterior density (HPD) interval ([−.12, .27]) still contained the true value of .20.578

The IRT-based multiple imputations provided more information about the linear trend in579

the measurements than the CTT-based imputations.580

When increasing the percentage of missing data, the parameter estimates under both581

measurement models were comparable to the results of the 20% missing data condition.582

The proposed posterior predictive distribution to generate missing responses takes into583

account the trend in latent variable scores. Under both measurement models, in the584
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IRT CTT
Par. True EAP SD BIAS MSE EAP SD BIAS MSE

20% Missing
Fixed γ0 0 -.01 .12 -.01 .01 .09 .15 .09 .02

γ1 1 1.00 .12 .00 .02 .84 .17 -.16 .05
Random σ2 .2 .20 .03 .00 .00 .36 .04 .16 .03

τ 20 1 1.14 .21 .14 .07 1.25 .21 .25 .10
τ 21 .5 .60 .21 .10 .08 .28 .14 -.22 .06
τ 201 .2 .08 .11 -.12 .02 -.02 .09 -.22 .05

50% Missing
Fixed γ0 0 .04 .13 .04 .02 .14 .15 .14 .04

γ1 1 .99 .14 -.01 .02 .81 .18 -.19 .05
Random σ2 .2 .20 .04 .00 .00 .37 .05 .17 .03

τ 20 1 1.16 .22 .16 .08 1.27 .22 .27 .12
τ 21 .5 .59 .22 .09 .06 .27 .15 -.23 .07
τ 201 .2 .08 .12 -.12 .02 -.02 .09 -.22 .05

70% Missing
Fixed γ0 0 .02 .13 .02 .01 .14 .15 .14 .03

γ1 1 1.01 .15 .01 .03 .79 .18 -.21 .06
Random σ2 .2 .21 .05 .01 .00 .40 .06 .20 .04

τ 20 1 1.12 .23 .12 .07 1.20 .21 .20 .08
τ 21 .5 .60 .27 .10 .08 .25 .14 -.25 .07
τ 201 .2 .07 .12 -.13 .02 -.01 .08 -.21 .04

par.: parameter estimate, True: simulated parameter values, EAP: expected a posteriori, MSE: mean squared error.

Table 5. Simulation Study II: Latent growth parameter estimates across 50 replications under varying proportions
of missing data (20%, 50% and 70%), using IRT-based multiple imputations and CTT-based multiple imputations
for the latent variable scores. For CTT and IRT, missing data were generated from the posterior predictive
distribution, Equation (9) and (3), respectively.

condition of 70% missing data, the bias in the latent growth parameter estimates was585

comparable to the bias of the parameter estimates in the condition of 50% and 20%586

missing data. When the missingness can be explained by the latent variable scores, under587

both measurement models stable results were obtained by imputing missing data from588

the posterior predictive distributions. Differences in latent growth estimates between IRT589

and CTT-generated latent variable scores were caused by using sum scores, which do not590

utilize all response information.591

5.3 Results Simulation Study III592

The probabilities of missing responses are displayed in Table 1. For the different missing593

data conditions, the latent growth estimates across 50 data replications are given in Table594

6. Although part of the observed response patterns did not have sufficient information595

about the latent variable, the parameter estimates were quite close to the true values given596
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IRT CTT
Par. True EAP SD BIAS MSE EAP SD BIAS MSE

20% Missing
Fixed γ0 0 .01 .12 .01 .01 .10 .14 .10 .03

γ1 1 1.00 .13 .00 .02 .84 .14 -.16 .04
Random σ2 .2 .21 .03 .01 .00 .37 .04 .17 .03

τ 20 1 1.11 .19 .11 .05 1.21 .18 .21 .08
τ 21 .5 .58 .18 .08 .04 .27 .10 -.23 .06
τ 201 .2 .07 .06 -.13 .02 -.02 .03 -.22 .05

30% Missing
Fixed γ0 0 .01 .12 .01 .02 .09 .14 .09 .03

γ1 1 .97 .12 -.03 .01 .83 .12 -.17 .04
Random

σ2 .2 .20 .04 .00 .00 .36 .04 .16 .03
τ 20 1 1.16 .22 .16 .08 1.25 .20 .25 .10
τ 21 .5 .56 .21 .06 .05 .27 .10 -.23 .06
τ 201 .2 .08 .09 -.12 .02 -.01 .03 -.21 .04

40% Missing
Fixed γ0 0 .01 .12 .01 .02 .09 .13 .09 .03

γ1 1 .99 .14 -.01 .02 .85 .15 -.15 .04
Random σ2 .2 .21 .04 .01 .00 .37 .05 .17 .03

τ 20 1 1.14 .19 .14 .06 1.22 .21 .22 .09
τ 21 .5 .56 .22 .06 .05 .26 .11 -.24 .07
τ 201 .2 .06 .08 -.14 .03 -.02 .03 -.22 .05

50% Missing
Fixed γ0 0 .00 .13 .00 .02 .11 .12 .11 .03

γ1 1 .99 .15 -.01 .02 .81 .14 -.19 .05
Random

σ2 .2 .2 .04 .00 .00 .36 .05 .16 .03
τ 20 1 1.16 .18 .16 .06 1.25 .19 .25 .10
τ 21 .5 .55 .16 .05 .03 .27 .09 -.23 .06
τ 201 .2 .07 .07 -.13 .02 -.02 .03 -.22 .05

par.: parameter estimate, True: simulated parameter values, EAP: expected a posteriori, MSE: mean squared error
Table 6. Simulation Study III: Latent growth parameter estimates across 50 replications under varying
proportions of missing data.

IRT-based multiple imputations and assuming MAR. The missing response data were597

generated using the latent variable scores. When the latent scores contain bias, the imputed598

response data will also contain bias. The results based on the IRT scores were quite599

robust against violations of MAR, and the parameter estimates and posterior standard600

deviations are comparable across the different missing data conditions. The results are601

also comparable to the results presented in Table 5.602

Under CTT, the bias is also stable across missing data conditions. The CTT-based603

estimates show more bias compared to the IRT-based estimates, but the difference604

is comparable across conditions. This difference was identified in the complete data605

situation, where it was shown that the sum scores ignore response information, which606

Prepared using sagej.cls



24 Journal Title XX(X)

led to an underestimation of the linear trend and an overestimation of the measurement607

error variance. The estimated MSE did not show an increase, which also shows that the608

proposed missing data imputation method is robust against violations of MAR.609

6 Application: Coping With Low Back Pain610

To illustrate the differences in results between using IRT and CTT-generated latent611

variable scores as outcomes in the latent growth model for different missing data612

situations, a real data set was analyzed. The aim is to show that results obtained in613

the simulation studies also apply in real life data situations, where a longitudinal latent614

variable was measured on multiple occasions.615

Data were obtained from a repeated measurement study on coping strategies in patients616

with low back pain [18, 33]. The development of the latent variable low back pain was617

measured using the Dutch version of the Pain Coping Inventory (PCI) [34]. The PCI sub-618

scale on passive coping was used. The questionnaire was administered during the four619

time-points of the original study, at baseline, after six months, and one and two years620

after baseline. Time was measured in months and divided by 24, which was the maximum621

number of study months. So, time equaled one for the final measurement occasion, and622

time equaled zero for the baseline measurement occasion. For the current illustration,623

responses of patients with at least two measurement occasions without missing item624

scores were taken into account. This resulted in a sample of 254 patients. The answering625

categories were collapsed for the analysis, resulting in dichotomous responses.626

First, the complete data set was analyzed. The scores for the latent variable PCI-passive627

were constructed using the IRT and CTT measurement model, where the latent growth628

model from Equation (1) was considered, where θij is the latent variable PCI-passive.629

MCMC was run using 50, 000 iterations with a burnin of 10, 000 to estimate all model630

parameters. A population intercept (γ0) and a population effect for time (γ1) were used for631

predicting the trend in the latent variable PCI-passive. The covariance between the random632

intercept and random slope (τ01) was fixed to zero. Inspection of the plots of the MCMC633

chains for the parameters of the latent growth model showed adequate convergence.634

Missing responses were generated using the conditions described in Table 2, which635

were also used in Simulation Study III. The missing data mechanism becomes MNAR,636

when more item responses were missing. In Table 2, the proportions of missing data are637

listed, where patients with a below-average PCI score were more likely to miss the above-638

average difficult items. After generating the missing data patterns, multiple imputations639

were generated using either the IRT-based posterior predictive distributions (Equations640

(6) and (3)) or the CTT-based posterior predictive distributions (Equations (12) and (9)).641

In Table 7, the results for pain coping in low back pain patients with different642

percentages of missing data are listed under IRT and CTT-based multiple imputations.643
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IRT CTT
par. EAP SD 95%HPD EAP SD 95%HPD

0% Missing
Fixed γ0 .44 .05 [.34;.53] .35 .06 [.24;.45]

γ1 -.94 .08 [-1.07;-.81] -.74 .07 [-.86;-.63]
Random σ2 .21 .02 [.18;.24] .46 .05 [.41;.51]

τ 20 .39 .06 [.30;.48] .47 .07 [.36;.58]
τ 21 .68 .14 [.50;.89] .02 .04 [.00;.09]

20% Missing
Fixed γ0 .45 .05 [.36;.53] .35 .06 [.25;.46]

γ1 -.97 .08 [-1.11;-.84] -.77 .08 [-.9;-.66]
Random σ2 .19 .04 [.16;.21] .45 .05 [.40;.50]

τ 20 .38 .05 [.29;.46] .47 .08 [.37;.59]
τ 21 .78 .19 [.58;.99] .03 .04 [.00;.11]

30% Missing
Fixed γ0 .43 .05 [.34;.52] .34 .06 [.23;.45]

γ1 -.93 .08 [-1.06;-.80] -.74 .10 [-.87;-.63]
Random σ2 .21 .02 [.18;.24] .44 .05 [.39;.49]

τ 20 .41 .06 [.32;.51] .49 .08 [.38;.61]
τ 21 .70 .15 [.51;.90] .02 .03 [.00;.06]

40% Missing
Fixed γ0 .43 .05 [.34;.52] .33 .06 [.22;.44]

γ1 -.94 .07 [-1.07;-.81] -.72 .08 [-.84;-.60]
Random σ2 .20 .03 [.17;.23] .46 .04 [.41;.51]

τ 20 .41 .08 [.32;.50] .47 .06 [.36;.58]
τ 21 .64 .17 [.47;.83] .02 .04 [.00;.09]

50% Missing
Fixed γ0 .38 .06 [.28;.47] .31 .07 [.20;.42]

γ1 -.82 .09 [-.95;-.69] -.68 .12 [-.81;-.56]
Random σ2 .23 .04 [.20;.26] .46 .04 [.41;.52]

τ 20 .45 .07 [.35;.55] .47 .06 [.37;.58]
τ 21 .61 .15 [.43;.80] .02 .03 [.00;.07]

par.: parameter estimate, EAP: expected a posteriori
Table 7. Coping with low back pain: 254 patients were measured four times on Pain Coping using the
PCI-Passive scale.

In general, the results from Table 7 are in concordance with the results from the presented644

simulation studies. The linear trend effect, γ10, was estimated less strong, when CTT-645

generated latent variable scores were used. Also, the variance in trend effects, τ 211, was not646

even detected, and the measurement error variance was higher, when CTT scores were647

used. These findings are in line with the results from the presented simulation studies. The648

results confirm that the IRT-based imputations for missing items are preferable over the649

CTT-based imputations for missing items, when the missing data are MAR. Furthermore,650
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when the missings become MNAR, reasonable estimates were found using the IRT-based651

imputations.652

When it comes to handling missing data, the IRT model and CTT model showed to653

be robust against violations of the MAR assumption. The proposed posterior predictive654

distribution of missing responses under CTT enabled imputing missing responses, while655

accounting for a linear trend in the latent variable scores. With an increase in the656

percentage of missing data, the CTT-based results were stable and did not show an657

increase in bias. However, the difference in results between IRT and CTT-based multiple658

imputations also remained stable. When using IRT, it was shown that much more659

heterogeneity was detected across measurements and subjects, leading to a more steep660

decline of the PCI-passive measurements and more variation in individual trends, in661

comparison to using CTT.662

7 Discussion663

It was shown through a novel imputation method that the use of sum scores for measuring664

a latent variable, when item scores are missing, leads to severely biased results of a665

latent growth analysis. These differences are to be expected based on what we learned in666

previous studies on the differences in results of IRT and CTT based longitudinal modeling667

[5, 32]. In all three simulation studies it was found that trend effects were underestimated668

under CTT-based imputations and that the measurement error variance was overestimated669

as well as the individual variation in baseline measurements. This indicates that the670

CTT model attributes more variance to the residual variance and differences between671

participants are more difficult to identify, resulting in an underestimation of the overall672

trend effect. When using predictive mean matching to impute values in the wide data673

set the linear trend was not detected. This followed directly from the used imputation674

method, i.e. predictive mean matching, which ignored the trend in the latent variable. The675

CTT imputation method in the second and third simulation study performs comparable to676

the IRT imputation method. The differences between the parameter estimates of the LGM677

are stable with the increasing amounts of missing data.678

Despite the fact that the CTT-based imputation method provided accurate results in679

comparison to the complete-data analysis, the IRT-based latent growth analysis were more680

accurate than the CTT-based analysis. The IRT-based analysis provided better results in681

all simulated missing data conditions in terms of bias and MSE. It also showed robust682

results in more extreme missing data conditions. The consequent underestimation of the683

individual variation in growth parameters indicates that the CTT model is less capable684

of detecting differences between individuals. The CTT model neglects information in685

response patterns that lead to the same score. This loss of information becomes visible686

in the estimated variances in individual differences in baseline measurements and trend687
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effects. The differences are also directly comparable across models through the rescaling688

of the multiple imputations. This underestimation in individual variation is problematic689

when the focus of the study is to determine how patients are developing over time. Bias690

is introduced when sum-scores are used and conclusions on the patient’s trajectories are691

to be interpreted bearing in mind this bias. The consequences for interpretation of CTT-692

based effect estimates should be taken into consideration and preferably IRT-based scores693

are used when analyzing repeatedly measured questionnaires with missing items.694

The analysis of a longitudinal trial study on coping with low back pain showed that695

using CTT-based scores for the latent variable leads to inferior parameter estimates696

compared to using IRT-based scores. When using IRT-based scores, the results show697

more pronounced negative slope effects and more variation over intercepts and trends698

between patients. In the IRT-based analysis, more of the variance can be attributed to the699

differences between patients, which is preferable in medical and epidemiological research.700

Now, more variance can be explained and more precise solutions can be found when701

testing hypotheses on differences between patients. When missing data is present, more702

advanced methods are necessary to make comprehensive inferences in latent variable703

research with a repeated measures design. We showed that the IRT-based imputation704

method performs better than the CTT-based method for retrieving trend and variance705

estimates in repeated measurement data for different missing data conditions. These706

findings are in concordance with earlier studies where comparable results were obtained,707

when analyzing complete-data sets [5, 32]. The IRT-based imputation method proved to708

be an excellent procedure for handling missing data.709

Based on the results from this study, we recommend the use of IRT-based710

multiple imputations over CTT-based multiple imputations when analyzing longitudinal711

questionnaire data with missing item scores.712
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