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Abstract
Latent growth models are often used to measure individual trajectories representing change over time. The
characteristics of the individual trajectories depend on the variability in the longitudinal outcomes. In many medical
and epidemiological studies, the individual health outcomes cannot be observed directly and are indirectly observed
through indicators (i.e. items of a questionnaire). An item response theory or a classical test theory measurement model
is required, but the choice can influence the latent growth estimates. In this study, under various conditions, this influence
is directly assessed by estimating latent growth parameters on a common scale for item response theory and classical
test theory using a novel plausible value method in combination with Markov chain Monte Carlo. The latent outcomes
are considered missing data and plausible values are generated from the corresponding posterior distribution, separately
for item response theory and classical test theory. These plausible values are linearly transformed to a common scale.
A Markov chain Monte Carlo method was developed to simultaneously estimate the latent growth and measurement
model parameters using this plausible value technique. It is shown that estimated individual trajectories using item
response theory, compared to classical test theory to measure outcomes, provide a more detailed description of
individual change over time, since item response patterns (item response theory) are more informative about the
health measurements than sum scores (classical test theory).
Keywords
Longitudinal data, multilevel item response theory, questionnaires, classical test theory, latent growth model, multiple
imputation

1 Introduction
The use of questionnaires to measure patient reported outcomes (PROs) in clinical research is widespread when no
objective measurement is possible. Questionnaire data is essential in those areas of medical research, to construct
convincing evidence and to make inferences. The increasing emphasis on quality-of-life and patient-focused
outcomes further stimulates the use and development of questionnaires in clinical research. Furthermore, there
is a growing interest in modeling the longitudinal development of these outcomes over time. The analysis of
(longitudinal) questionnaire data is, however, not straightforward and no generally accepted gold standard is
available.
There are two popular psychometric methods that address the (longitudinal) measurement of persons given
their responses to questionnaire items (e.g. Hambleton and Jones1). In classical test theory (CTT), test scores are
related to (unobservable) true scores, and according to the CTT model an observed (sum) score is linearly linked to
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the sum of a true and an error score. The CTT model is often used because it is a relatively simple way to analyze
questionnaire data and the assumptions of the CTT model are easily met. The other psychometric model is
referred to as an item response theory (IRT) model which deﬁnes a relationship between the patient’s response
to an item and the construct score (e.g. latent variable). A critical diﬀerence is that CTT is based on aggregate data
information, where an observed test score is linearly related to the true score. The observed test score is
constructed from the categorical item response data, and for this reason it is an aggregate score (Hambleton et
al., 1993; Chap.3).2 The error component represents the deviation between the observed test score and the true
score, where the error is assumed to be random across similar parallel test forms. In most medical research with
questionnaires, replications of test forms are not available, and a common error variance is assumed across
persons (Hambleton et al., 1993; Chap.7).2 In contrast to CTT, IRT is built on an item-construct relationship,
where the latent variable or construct is nonlinearly related to each item response through an item response
function. An IRT model is deﬁned at the level of observations and therefore preserves all item-level information.
In the study of Gorter et al.,3 numerical diﬀerences between the two psychometric models were explicitly
quantiﬁed. They showed that the measurement model choice inﬂuences the estimated amount of within-subject
and between-subject variance given questionnaire data retrieved under a repeated measurements design. When
construct measurements retrieved via sum scores were used as outcomes of a repeated measurements model, the
within-subject variance was often overestimated and the between-subject variance underestimated. The estimated
CTT scores (sum scores) ignore diﬀerences in response patterns between individuals leading to the same sum score
and this led to bias in the estimated intra-individual and inter-individual sum score based variances in construct
measurements. Under various conditions, construct scores retrieved via IRT did not show bias in the estimated
structural variance components. Furthermore, it was shown that CTT scores (sum scores) led to bias in the
regression eﬀects under various conditions for data retrieved from a randomized controlled trial (RCT), where
eﬀect estimates given IRT scores did not show bias.4
In the current study, longitudinal questionnaire data on health-related constructs are considered. This type of
data is very common in medical and epidemiological studies. For example, growth trajectories of cognitive
abilities,5 post traumatic stress symptoms6 or quality of life.7 In this type of research, latent growth modeling
can be used to model trajectories of (measured) constructs.8 Constructs of interest are measured using a
measurement instrument (e.g. a test or questionnaire), and subsequently, a measurement model is required to
estimate construct values given multiple-item observations. The purpose of the present paper is to investigate the
inﬂuence of the measurement model choice on the analyses of growth trajectories of health. Health status is
measured across time using a measurement model and questionnaire data. Individual trajectories of health are
described by latent growth parameters representing the initial health status, and the linear trend and potentially
higher-order trend components to model non-linear trends. Through a simulation study it is shown that the most
often used CTT model with sum scores leads to bias in the latent growth parameter estimates, which describe the
shape of estimated growth trajectories. The use of sum scores for measuring the longitudinal outcome variables is
also shown to lead to biased estimates of relevant predictor variables. Although it is possible in CTT modeling to
estimate item parameters and other more advanced techniques, we aim to compare the most popular and
frequently used sum score CTT model2(Ch.7) with using IRT scores in latent growth models (LGMs) to stress
the importance of the measurement model choice and show the inﬂuence on the LGM parameter estimates
directly. In this simulation study, the latent growth of CTT-based sum scores is directly compared to latent
growth of IRT-based latent variables.
The measurement of a repeatedly measured construct (i.e. longitudinal latent variable) is based on the
response data but also on the information from the LGM, which implies that the response observations alone
are not suﬃcient information to make inferences about the construct value. The information of the LGM,
representing the distribution of the construct across time, is also needed to include for instance the individual
trajectory information in the estimation of a time-speciﬁc construct measurement. In a Bayesian modeling
approach, the measurement model combined with the LGM given the observed response data leads to a
posterior distribution for the construct. This posterior distribution depends on the choice of the measurement
model, where under IRT a weighted average of the item response data and under CTT a weighted test score is used
to construct the posterior. Therefore, in contrast to CTT, under IRT all response information is utilized (even
when some items responses are missing), where diﬀerent response patterns lead to diﬀerent posterior distributions
of the construct.
The health outcomes under both measurement models are not measured on the same scale. As a result, latent
trajectory estimates using IRT cannot be compared directly to those using sum scores. When using for instance a
mixed logistic regression model with person, time, and item as levels of a three-level design, the scale of the

964

Statistical Methods in Medical Research 29(4)

regression parameter estimates will depend on the scale of the construct measurement. The scale of the regression
parameter estimates resulting from a mixed linear model with two levels, person and time, will depend on the scale
of the test scores. Therefore, a plausible value procedure is proposed to accommodate scaling diﬀerences between
measured health constructs, while at the same time dealing with the measurement error for the construct
measurements. The re-scaled plausible values under each measurement model (IRT and CTT) serve as
outcomes of an LGM to estimate growth parameters. The proposed procedure makes it possible to estimate
growth parameters under both measurement models on a common scale.3,4 In a simulation study, the inﬂuence
of each measurement model on the estimation of the growth parameters is investigated and the latter are directly
compared.
In the present paper, the ﬁndings of a simulation study, a longitudinal study on chronic obstructive pulmonary
disease (COPD), and a study on coping with back pain are used to show the possibilities of latent growth modeling
for longitudinal latent variables measured with IRT, while at the same time the comparison is made with LGMs
using sum scores (CTT). The diﬀerences between IRT and CTT are stressed in the longitudinal latent variable
modeling of health constructs. It is shown that under CTT the magnitude of linear trend eﬀects are
underestimated, quadratic trend eﬀects are not always detected, and individual diﬀerences in trajectories are
underestimated, mainly since CTT does not utilize all response information.
In Section 2, the properties of IRT and CTT are discussed in a brief introduction. In Section 3, latent curve
models are discussed for modeling individual trajectories of health measurements. In Section 4, a plausible value
method is described to account for scale diﬀerences in the IRT-based and CTT-based health measurements.
Furthermore, a Markov chain Monte Carlo (MCMC) method is proposed to estimate the parameters of the
LGM given the re-scaled plausible values. In a simulation study the implications of using sum-scores as
measurements of latent variables in latent growth modeling is shown, while making the comparison with
IRT-based plausible values on a common scale. Subsequently, data from two real data studies are used to
illustrate the ﬁndings of the simulation study. In Section 8, a discussion of the ﬁndings and an overall
conclusion are presented.

2 Measurement models
There are two important traditions when it comes to measurement models, CTT and IRT. Both measurement
models make diﬀerent assumptions on the relation between the latent variable and the item scores. An important
diﬀerence is that IRT models describe the relation between the observed item scores and the latent variable using
the probability of choosing one over the other answering categories of an item, while taking into account the item
characteristics. By using the lower-level item responses, diﬀerences in answering patterns across items lead to
diﬀerent scores. This is in contrast to (aggregated) test scores, usually sum scores, used in CTT, where item
properties are ignored and diﬀerent answering patterns can lead to the same construct score. The diﬀerence in
the calculation of the score leads to more variability in the IRT scores, and thus to a more realistic rendition of the
true trait levels. Note that these diﬀerences between IRT and CTT become apparent, when concurrently estimating
all parameters including those from the LGM. In a one-step (simultaneous) estimation method, the latent variable
estimates depend on the response data and the LGM distribution for the latent variable. In that case, the latent
variable estimate depends on the item response data (under IRT) or the sum-score (under CTT) and on the LGM.
As a result, diﬀerences between IRT and CTT become apparent, since diﬀerent sources of information are used to
make inferences about the latent variable estimates.
In IRT modeling, each binary response Yijk ¼ 1 has a success probability that is presumed to be a function
of patient i ði ¼ 1, . . . , NÞ at measurement occasion j ðj ¼ 0, . . . , ni Þ, the parameters of the measurement model
for item k ðk ¼ 1, . . . , KÞ, and the latent variable ij . We use the two parameter normal ogive model2 for
dichotomous items
PðYijk ¼ 1jij , ak , bk Þ ¼ ðak ij  bk Þ,

ð1Þ

where ð:Þ denotes the standard normal cumulative distribution function. The item diﬃculty is denoted by bk and
the discrimination parameter by ak . The latent variables of patient i at occasion j, ij , are considered longitudinal
latent variables since they are related to observed variables, which are measured at multiple time points. The item
parameters are assumed to be invariant across measurement occasions, but item parameters can be occasionspeciﬁc, for instance, in case of an incomplete design (i.e. when the questionnaire changes over time and/or when
patients do not respond to all questionnaire items).
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For ordinal response data, the graded item response model is used (GRM),9 also called the ordinal probit
model,10,11 which is given by
pðYijk ¼ cjij , ak , k Þ ¼ ðak ij  kc1 Þ  ðak ij  kc Þ

ð2Þ

In the GRM, the probability is modeled that an individual i at occasion j with underlying latent variable ij ,
gives a response into category c ðc ¼ 1, . . . , Ck Þ on item k. The Ck  1 threshold parameters are denoted by kc .
The probability that the response yijk falls into category c is the probability of scoring in category c or
below minus the probability of scoring in category c  1 or below. The response categories are ordered as
1  k1  k2  k3  1.
For CTT, the observed responses are aggregated to a sum score (other test scores are possible), Y ij , and the
measurement of the true score, #ij , of patient i at occasion j is given by
Y ij ¼ #ij þ Eij

ð3Þ

where Eij is the (random) measurement error component. The error component represents the diﬀerence between
the observed score and the true score on a speciﬁc test occasion, and independent random errors are assumed for
similar (parallel) tests across occasions. In practice, results from parallel tests are not available and a common
error variance is assumed across patients. Then, the common error variance, denoted as y2 , can be computed from
the patient scores. CTT does not imply a distribution for the errors, but a normal distribution can be assumed for
the errors. This distributional assumption facilitates, in a Bayesian modeling approach, the construction of a
posterior distribution for the true score. As a result, the errors are independently and normally distributed with a
mean of 0 and variance y2 , and the sum scores are considered to be linearly related to the patients’ true scores. The
IRT latent variable ij and the CTT true score #ij are measured on diﬀerent scales but they represent the same
construct (Lord, 1980; p.46),12 and both are measured using the same items in the test. The (theoretical) construct
under each model is similar, although the constructs are measured in diﬀerent ways. Furthermore, the metric of the
scale on which the true score is measured depends on the items in the test, but this also holds for the scale on which
the latent variable ij is measured.
When considering the CTT (IRT) model as the level-1 part of the model, the LGM describes the change in true
(IRT) scores over time and the LGM represents the higher-level part of the model. Inferences about the true (IRT)
scores are based on the response data and the LGM using a simultaneous estimation procedure. It is often
assumed that a simple random sample of patients is obtained and the latent variable and the true score are
modeled as random eﬀects. In that case, patients are randomly selected from a population, and a normal
distribution represents the population of patients from which a simple random sample is obtained. Although it
is often a priori assumed that the population distribution of the latent variable is normal, the posterior distribution
can be asymmetric after updating the prior to the posterior via the likelihood using the response data. In
epidemiological studies, a symmetric latent variable (population) distribution is not always present and more
advanced parametric measurement techniques are required to describe the response data. For instance, in
epidemiological studies, a diagnostic test can be used to identify persons with a deﬁciency and in the
population this concerns a minority of the people. This is represented by an asymmetric population
distribution (e.g. Beekman et al.13 and Reijnen et al.14), since people without the deﬁciency represent the majority.
In the comparison of CTT with IRT, the computation of the posterior distribution of the latent variable (true
score) is based on a simultaneous (one-step) estimation method, where all available information is used to make
inferences about the latent variable (true score). The reason is that the LGM provides speciﬁc information about
the time-speciﬁc latent variables, which needs to be included in the posterior distribution of the latent variable.
Diﬀerences between IRT and CTT become apparent when considering the posterior distributions of the model
parameters based on the response data and the LGM. Thus, when comparing IRT with CTT in combination with
an LGM for longitudinal latent variables, joint inferences will be made by considering a simultaneous estimation
method.
Note that if a two-stage estimation method would be used instead of the simultaneous estimation method, the
latent variable scores are based solely on the response data per measurement occasion and the LGM parameters
are estimated given the latent variable scores. In this two-step estimation approach, the intra-patient correlations
across time speciﬁed by the LGM are ignored in the computation of the latent variable scores and this will lead to
biased LGM parameter estimates.15 The measurement errors associated with the latent variable measurements are
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also ignored, which will also lead to biased LGM estimates and an underestimation of the standard errors of the
LGM parameter estimates. When comparing IRT with CTT based on the two-step estimation procedure, and the
one-parameter IRT model is considered, the sum score is considered to be a suﬃcient statistic for the latent
variable. As a result, the sum score and the IRT score contain similar information and will not render
diﬀerences in LGM estimates.

3 Latent growth models for changes in health status
Latent growth models (LGMs) are used to describe diﬀerences between individual health trajectories over time.8,16
A pattern of change is usually described by a random intercept and a random slope, where each patient-speciﬁc
pair describes a latent trajectory. The random intercept and slope are considered to be latent variables and
represent the initial status and the rate of change of a patient’s health status. When considering the health
status ij of patient i measured at occasions j ¼ 0, . . . , ni , an LGM can be deﬁned by using a latent growth
factor b, which includes a random intercept 0i and a rate of change 1i . For patients i ¼ 1, . . . , N, this LGM is
given by
0
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The error term ei is assumed to be normally distributed with a mean zero and variance De , where De is a
diagonal covariance matrix with diagonal elements j2 . For homoscedastic error variances De ¼  2 I. The intrapatient correlation across measurements is modeled by the random eﬀects characterizing the latent trajectory. The
error term ui is multivariate normally distributed with mean zero and covariance matrix T with diagonal elements
2
02 and 12 , and a non-diagonal covariance 01
. The LGM for hi can also be represented by
hi ¼ 00 þ u0i þ ð10 þ u1i Þti þ ei
¼ 00 þ 10 ti þ u0i þ u1i ti þ ei

ð5Þ

where the mean term is represented by 00 þ 10 ti . When including explanatory variables, diﬀerences at baseline
(initial status) can be explained and diﬀerences between slopes by including time-variant explanatory variables.
When the time of the ﬁrst measurement, ti0 , is coded as zero, then the random intercept, 0i , deﬁnes the initial
health status and 1i the linear time eﬀect. The other values of t should reﬂect the spacing between measurement
occasions.
The latent growth factor bi represents the characteristics of the trajectory for patient i. The population mean
trajectory characteristics are given by a population intercept 00 and a population rate of change 10 . The variation
in individual trajectories in the population is described by the covariance matrix T, where 02 represents the
variation in initial values in the population, 12 , the variation in the rate of change in the population, and 01
the covariance between the initial value and the rate of change. The latent growth parameters bi are considered to
be second-order latent variables and the hi ﬁrst-order latent variables.
In Figure 1, the path diagram of the LGM with a random intercept and slope as growth factors is given,
according to the latent curve modeling notation,8,17 where the longitudinal latent variable health status, hi , is
measured by j occasion-speciﬁc observations. The model is referred to as M1. The random intercept and random
slope are allowed to be correlated and patient-speciﬁc explanatory variables can be included to model variation
between patients in their initial status and their rate of change.
The modeling of the dynamic changes in longitudinal latent variables can be extended by including higher-order
polynomials, leading to nonlinear trajectories. Assuming a linear change over time is often too simplistic.
A negative or positive linear trend of patient i can be modiﬁed by a quadratic time component to decelerate or
to accelerate the trend. The linear and quadratic time components with patient-speciﬁc eﬀects can describe a
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Figure 1. Path diagram of an LGM with a random intercept (initial status) and a linear random slope (linear rate of change).

nonlinear change of the patient’s longitudinal latent variable. The quadratic LGM for measurement j of patient i is
given by
ij ¼ 0i þ 1i tij þ 2i t2ij þ eij
0i ¼ 00 þ u0i
1i ¼ 10 þ u1i

ð6Þ

2i ¼ 20 þ u2i
where the error terms at the patient level ui , are assumed to be multivariate normally distributed with mean zero
and covariance matrix T. The variation in quadratic eﬀects across patients is given by 22 , which represents the
variation in the second-order latent variable 2i . In Figure 2, the quadratic LGM of the longitudinal latent
variable, ij , is given. Although not explicitly mentioned, the mean term ð00 Þ can be extended with timevarying and time-invariant explanatory variables. The quadratic LGM can also be extended to include even
higher-order polynomials such as a cubic trend. For the present study, intensive simulation studies showed that
the parameter recovery of random cubic trend models did not show accurate results. Furthermore, the
interpretation of cubic and higher-order polynomial trends is complicated and it might be questionable whether
such trends can be expected.18 For many applications, the quadratic LGM deﬁnes a good balance between model
ﬁt and interpretation.

4 Plausible values to accommodate scale differences
There are several ways to obtain estimates of the LGM parameters, where an (nonlinear) IRT or (linear) CTT
model is used to relate the response data to the longitudinal latent variable. Tutz19(Ch.8) and McCulloch and
Neuhaus,20(Ch.14) among others, describe diﬀerent methods for estimating the parameters. Maximum likelihood
(ML) or restricted maximum likelihood (REML) estimates can be obtained using an EM algorithm. It is also
possible to obtain more robust parameter estimates through penalized quasi-likelihood estimation or a Laplace
approximation. Furthermore, Markov chain Monte Carlo (MCMC) methods can be used to obtain posterior
mean estimates. Although there are many ways to estimate the LGM parameters, LGM estimates with IRT as the
level-1 component (resulting in a 3-level model with the item responses as the data and items, time and patients as
the three levels) cannot be directly compared to those with CTT as the level-1 component (resulting in a two-level
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Figure 2. Path diagram of an LGM, Model M2, with a random intercept, linear random slope and a quadratic random slope.

model where the sum scores are the data and time and patients are the levels). The estimates will be deﬁned on
diﬀerent scales, since they are based on diﬀerent data (i.e. item response data versus a sum score) and it is unknown
how to translate the estimates and standard errors from one scale to another. Therefore, a plausible value
technique is used, which makes it possible to identify the underlying latent scale and to translate LGM
estimates on one scale to another.
Plausible values have been used for the analysis of large-scale surveys, where there is an interest in the
parameters of the population distribution of the latent variable. The plausible values represent possible
realizations that the latent variable can take given the response data. The plausible values are not point
estimates of the latent variable but they are random draws of the posterior distribution of the latent variable.
A set of plausible values across patients can be seen as a draw from the population distribution. The theory of
plausible values has been developed by Mislevy and colleagues21,22 and is based on Rubin and Schenkers work on
multiple imputations.23
There are three arguments to use plausible values in the estimation of population parameters of the latent
variable. First, when point estimates of the latent variable are used, bias in the variance estimates of the population
parameter estimates can be obtained because of the uncertainty associated with the individual latent variable
scores.22,24 The plausible values can be used to obtain unbiased estimates of the LGM (population) parameters.
Second, standard methods (i.e. multilevel models; regression models) can be used when plausible values are
available for the latent variable. Third, for complex sampling designs plausible values can be used to get
correct standard errors of the parameter estimates. These advantages of plausible values have also been shown
in diﬀerent simulation studies and applications.21,25–30
Next to these advantages, plausible values also serve as a perfect tool to handle scale diﬀerences in the analysis
of latent variables. The procedure is to generate plausible values for the latent variable given the response data for
diﬀerent measurement models. The plausible values cannot be compared across measurement models, since they
are generated on diﬀerent scales. However, the generated plausible values can be transformed afterwards to a
common scale by a linear transformation, given that the generated plausible values have a normal distribution. Let
ijPV denote a plausible value for ij , where the vector of plausible values across patients at measurement j has a
mean yj and standard deviation yj . The linear transformation of the plausible value ijPV to a scale with a mean s
and standard deviation s is given by

s  PV
PV
ij,s
¼ s þ
ij  yj
ð7Þ
yj
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PV
where ij,s
is the linearly transformed latent variable. Diﬀerent sets of plausible values retrieved with diﬀerent
measurement models can be transformed to a common scale. As a result, estimated population parameters using
plausible values deﬁned on diﬀerent scales can be compared to each other.3
When considering the LGM to describe the pattern of change, plausible values are generated for the
longitudinal latent variables and are used to estimate the LGM parameters. The plausible values can be
generated from the posterior distribution of the latent variable.

 Let :ij denote the patient-speciﬁc growth
parameters and within-patient variance component, :ij ¼ bi , De for patient i and occasion j. Then, for the
IRT model, the posterior distribution of the latent variable ij is given by

 



p yij jij , a, b f ij j :ij




R
ð8Þ
g ij j yij , :ij , a, b ¼
p yij jij , a, b f ij j:ij dij

and subsequently, the plausible values are drawn from
ijPV  gðij jyij , :ij , a, bÞ

ð9Þ

This posterior distribution is normal, when conditioning on latent augmented response data (see Fox, 2010;
pp.83–85).31 Then, the plausible values are drawn from a normal posterior distribution given the latent response
data and a common error variance. This is shown by introducing the data augmentation step. In the data
augmentation step, normally distributed latent response data, Zijk , are sampled with mean, ak ij  bk , and
variance 1, and Zijk 4 0 if Yijk ¼ 1 and Zijk  0 if Yijk ¼ 0. According to equation (8), the posterior distribution
of the latent variable ij is constructed from the conditional distribution of the item response data given the item
parameters and the latent variable, and the conditional distribution of the latent variable given the latent growth
parameters (LGM). Let Xij contain the explanatory variables of the LGM, including the time of measurement.
When conditioning on the latent response data, the posterior distribution of the latent variable given the
augmented data is given by
!

X
 





2 
2
Zijk  ak ij  bk =2 exp  2 ij  Xij b =2
p ij Zij , a, b, b ,  2 / exp 
i

i

k

X

/ exp 

a2k



^ij  ij

k
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a2k þ  2

2

! !



2 
=2 exp  2 ij  Xij bi =2


2
ij  ij =2

!

k

where
ij

P
¼

a2 ^ij þ  2 Xij bi
Pk 2
2
k ak þ 

k

and
^ij ¼

X
k

a2
k

X



ak Zijk þ bk



!

k

It follows that the posterior distribution of the latent variable given augmented data and LGM parameters is
normal
0
!1 1
X

A
ð10Þ
a2k þ  2
ij Zij , a, b, bi ,  2  N@ij ,
k
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In the same way, for the CTT model, it follows that the posterior distribution of the latent variable #ij is
given by

 



p y ij j #ij f #ij j :ij
R




h #ij j y ij , :ij ¼
ð11Þ
p y ij j #ij f #ij j :ij d#ij
and subsequently, the plausible values are drawn from


 ij , :ij
#PV
ij  h #ij j y

ð12Þ

It can be shown that the posterior distribution of the latent variable given the sum score, y ij , and LGM
parameters is normal
 

1 

#ij y ij , y2 , bi ,  2  N #ij , y2 þ  2
ð13Þ
where
#ij ¼

y2 y ij þ  2 Xij bi
y2 þ  2

and y2 the measurement error variance. Without assuming a distribution for the errors in the CTT model, or
assuming y2 ¼ 0, it follows from equation (13) that the posterior distribution is also normal




#ij y ij , bi ,  2  N Xij bi ,  2
ð14Þ
  
The conditional distribution p yij #ij is only deﬁned, when assuming a distribution for the errors in the CTT
model. When assuming a normal distribution, the plausible values under the CTT model are also normally
distributed given measurement

 error variance y2 , as shown in equation (13). Without assuming a distribution
2
for the error scores, y ¼ 0 , the plausible values are normally distributed according to equation (14). In that
case, plausible values are drawn from the posterior (predictive) distribution of the latent variable
   Z      


h #ij yij ¼ p #ij :ij p :ij y ij d:ij
ð15Þ
where the latent variable #ij ¼ yrep
ij represents the predictive data (sum scores) under the LGM. In the simulation
study and real data study, plausible values will be drawn according to equation (14). This will avoid assuming a
speciﬁc distribution for the true scores, and will avoid the use of an incorrect measurement error variance y2 ,
which is usually unknown.
The plausible values generated under CTT and IRT are both normally distributed, when the IRT-generated
plausible values are based on the latent response data. It follows that the plausible values generated from the
normal distribution in equation (10) (IRT) can be mapped on the scale of the plausible values generated from the
normal distribution in equation (14) (CTT) using a linear transformation function. This is done by applying
the transformation function deﬁned in equation (7), to obtain plausible values on one common scale. These
plausible values are used as outcomes in the LGM to obtain estimation results on a common scale.
Note that the sum score is not linearly related
to the
variable,
  ij , and also not when conditioning on the

P
P latent
augmented response data. It follows that, k Yijk ¼ k I Zijk 4 0ij , which does not imply a linear relationship
between the sum score and the latent variable. Through a data augmentation step under the probit (IRT) model,
normally distributed plausible values are deﬁned. They can be mapped (through a linear transformation) to the
scale of the normally distributed plausible values under the CTT model.
  When the distribution of the observed
data given the latent variable is considered to compute IRT scores, p yij ij , then the IRT scores are not normally
distributed and the linear scale transformation is not possible.
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5 MCMC and the plausible value procedure
MCMC can be used to estimate all model parameters, together with the generation of plausible values.
Additionally, given the plausible values, which serve as dependent variables of the LGM, parameters of the
LGM can also be estimated using an MCMC algorithm. In this study, both estimation steps will be carried
out, since we want to obtain estimation results of IRT-LGM and CTT-LGM on a common scale. A detailed
description of the plausible value procedure is given in Section 5.3. In general, MCMC is repeatedly applied to
estimate the LGM parameters for each set of plausible values, where the ﬁnal LGM estimates are computed as the
average of estimates across replications.

5.1

Priors

Priors need to be speciﬁed for all model parameters. For dichotomous data, a normal prior is speciﬁed for the
discrimination and diﬃculty parameter with mean 1 and 0, respectively, both with a high variance (around 10) to
specify an uninformative prior. For polytomous data, a diﬀuse prior is speciﬁed for the threshold parameters,
which assigns an equal probability for each possible parameter value, while obeying the ordering of the response
categories.31(pp.83–85) For the LGM, a reference (vague) prior is deﬁned for the population mean trajectory,
pð Þ / constant. For the variance components, an inverse-gamma prior is deﬁned for the variance parameter of
the within-patient errors,  2 , and an inverse-Wishart prior for the covariance matrix T, T  IWðT , ST Þ, with T
the prior degrees of freedom and ST the scale parameter. The prior speciﬁcations are quite standard, and have been
explained by Fox31 and Lee.32
The MCMC algorithm consists of several steps, which describes the sampling from the conditional distributions
of the model parameters. The sampling steps are given in Appendix 1. The MCMC algorithm consists of three
blocks, which describe the sampling of IRT, CTT, and LGM parameters.

5.2

MCMC algorithm

(1) Sample IRT model parameters. A data augmentation scheme is used to sample latent continuous data, z,
which are normally distributed.31(pp.83–85) For binary data, item parameters are sampled from normal
distributions given the augmented response data. For polytomous data, a Metropolis-Hastings step is used
to sample threshold parameters.31(pp.83–85) The conditional distribution of the latent variable is given by
equation (10), which is a normal distribution, when conditioning on augmented data z and LGM
parameters b and  2 .
(2) The sampling of (CTT) true score values, #ij , given the parameters b and  2 is described in equation (13).
A normal distribution is assumed for the errors in the CTT model, which leads to a normal posterior for #ij .
Without assuming a distribution for the errors in the CTT model, true scores are sampled from a normal
distribution speciﬁed in equation (14).
(3) Sample LGM
Given the latent dependent variable ij or #ij , the sampling steps of the LGM
 parameters.

parameters , b,  2 , T are given in Appendix 1 (see also Klein Entink et al.33 and Song and Lee34). This
block contains the sampling steps for the LGM, which can be repeatedly carried out to estimate the LGM
parameters given the drawn plausible values in block 1 and 2.
The MCMC algorithm has
convergence of the algorithm
convergence, the sequences of
The convergence diagnostics in
sampled values has converged.

5.3

been implemented in a modiﬁed
can be investigated by observing
sampled values should mix well
the R-package Coda35 can also be

version of the R-Package mlirt.10 The
trace plots of the sampled values. At
and not show any structural patterns.
used to investigate whether the chains of

Plausible value procedure

The following procedure can be applied to obtain parameter estimates of the LGM model for the IRT (equation
(10)) and CTT (equation (14)) generated plausible values. As a result, the ﬁnal estimates of the LGM parameters
given the IRT-generated plausible values, and those given the CTT-generated plausible values are on the same
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scale due to the scale transformation of the plausible values.
(1) Generate plausible values for the latent variables ij and #ij , according to block 1 and block 2 of the MCMC
algorithm, equations (10) and (14), respectively.
(2) Transform each vector of plausible values to a common scale, according to equation (7).
(3) For each set of plausible values, obtain M draws of each LGM parameter, according to block 3 of the MCMC
algorithm, and compute the posterior mean and variance of the LGM parameters.
(4) Repeat steps 1–3 multiple times (usually 5).
(5) Pool the LGM estimation results from step 3 for the IRT- and the CTT-generated plausible values.
In the ﬁnal step (step 5), the results are pooled across the diﬀerent draws of plausible values to estimate the
posterior mean and variance of the model parameters. To describe this procedure, consider the ﬁxed eﬀect
parameter  in the LGM in equation (4). The posterior mean can be estimated by averaging over the MCMC
samples for each plausible vector of the latent variable, and then take the mean over the computed averages. Let M
and MPV denote the number of MCMC iterations and the number of plausible values, respectively. The posterior
mean is estimated by
b
¼

M
PV X
PV
X
X
1 1 M
1 M
ðhÞ
b
 ðm,hÞ ¼

MPV M h¼1 m¼1
MPV h¼1

where  ðm,hÞ denotes a sample from the posterior distribution pðjðhÞ , yÞ at MCMC iteration m given a plausible
vector ðhÞ . The posterior variance of  is estimated by the sum of the within and between-imputation variance
varð j yÞ ¼

M

t
PV
PV 
X
X


1 M
1
ðhÞ
ðhÞ
b
var  j y, ðhÞ þ
 b
 b

 b
MPV h¼1
MPV  1 h¼1

ð16Þ

The variance between plausible values (i.e. second term on the right-hand side; between-imputation variance)
can be multiplied with ð1 þ 1=MPV Þ to improve the approximation when MPV is small. The variance term
varðjy, ðhÞ Þ is estimated by the sample variance given sampled values and a plausible vector ðhÞ . Subsequently,
the within-imputation variance is estimated by the mean of the computed sample variances over all plausible
vectors.

6 Simulation study
In the simulation study, the plausible value procedure was applied to make a comparison between the LGM
estimation results using the CTT-generated latent variable scores with those using the IRT-generated scores.

6.1

Procedure

For each of the N ¼ 500 subjects, J ¼ 10 (representing a moderate number of follow-ups) and J ¼ 50 (representing
a high number of follow-ups) repeated measurements were simulated in simulation study 1 and 2, respectively. For
each subject i ði ¼ 1, . . . , 500Þ, latent variables, ij j ¼ 1, . . . , 10 in simulation study 1, and j ¼ 1, . . . , 50 in
simulation study 2, were simulated from a normal distribution with mean 0i and variance 2 equal to :50. The
true values of the LGM parameters, referred to as model M1, are reported in Tables 1 and 2 under the column
labeled ‘‘True’’. Data for both conditions were simulated according to model M1 in equation (4). The random
intercept and slope, 0i and 1i , were generated from a normal distribution with mean 0 and :4 and variance
02 ¼ :80 and 12 ¼ :80, respectively. For the model M2 given in equation (6), a quadratic time eﬀect was simulated
from a normal distribution with mean :40 and variance :80.
The item responses were generated using equation (1) combined with the LGM. The item diﬃculty parameters
were sampled from a normal distribution with a mean of 0 and a variance of :25 and the discriminations were all
set to 1, which otherwise would disadvantage the CTT model over the IRT model. The generated item parameters
and latent variable values were used to simulate item response data. Subsequently, sum scores, yij , were computed
from the generated response data, which served as observed scores for the CTT model.
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Table 1. Simulation study results for latent curve models M1 and M2 over 10 replications, using IRT and CTT-generated plausible
values (N ¼ 500, J ¼ 10, K ¼ 20).
IRT

M1

M2

Fixed part

Par.

True

Mean

 00

0

0.00
0.05
[0.09; 0.09]
0.40
0.06
[0.30; 0.50]
0.50
0.01
[0.48; 0.52]
0.77
0.06
[0.66; 0.89]
0.78
0.09
[0.62; 0.94]
0.01
0.05
[0.10; 0.07]

(L-Trend)

 10

.4

Random part

2

.5

(Intercept)

02

.8

(L-Trend)

12

.8

Fixed part

CTT

s01

0

 00

0

(L-Trend)

 10

.4

(Q-Trend)

 20

.4

Random part

2

.5

(Intercept)

02

.8

(L-Trend)

12

.8

(Q-Trend)

22

.8

s01

0

s02

0

s12

0

SD

0.03
0.06
[0.14; 0.07]
0.52
0.19
[0.22; 0.82]
0.30
0.17
[0.03; 0.57]
0.49
0.01
[0.47; 0.52]
0.82
0.07
[0.70; 0.94]
0.86
0.24
[0.48; 1.24]
0.71
0.23
[0.37; 1.06]
0.00
0.05
[0.10; 0.10]
0.01
0.05
[0.08; 0.09]
0.00
0.04
[0.09; 0.09]

BIAS

MSE

Mean

SD

0.00

0.00

0.00

0.00

0.00

0.00

0.03

0.01

0.02

0.00

0.01

0.00

0.03
0.05
[0.06; 0.11]
0.36
0.07
[0.26; 0.45]
0.62
0.02
[0.59; 0.64]
0.75
0.06
[0.64; 0.86]
0.52
0.10
[0.38; 0.66]
0.01
0.04
[0.09; 0.06]

0.03

0.00

0.12

0.04

0.10

0.04

0.01

0.00

0.02

0.00

0.06

0.08

0.09

0.09

0.00

0.00

0.01

0.00

0.00

0.00

0.05
0.08
[0.16; 0.06]
0.85
0.30
[0.49; 1.19]
0.13
0.28
[0.46; 0.18]
0.67
0.02
[0.64; 0.70]
0.90
0.08
[0.77; 1.03]
0.49
0.20
[0.24; 0.73]
0.39
0.17
[0.18; 0.62]
0.01
0.04
[0.09; 0.06]
0.01
0.04
[0.08; 0.05]
0.00
0.02
[0.05; 0.04]

BIAS

MSE

0.03

0.00

0.04

0.00

0.12

0.01

0.05

0.01

0.28

0.08

0.01

0.00

0.05

0.01

0.45

0.24

0.53

0.32

0.17

0.03

0.10

0.01

0.31

0.12

0.41

0.21

0.01

0.00

0.01

0.00

0.00

0.00

For each replication, the MCMC algorithm was run for 10, 000 iterations to generate plausible values under the
IRT model and the CTT model. The convergence of the MCMC chains was checked using an ANOVA test on
three groups of 200 from a thinned chain, after a burn-in of 5000 iterations, to investigate mean diﬀerences
between diﬀerent parts of the chain. When the test indicated signiﬁcant mean diﬀerences, a new data set was
drawn and after estimation checked for convergence. The MCMC chains for the models with only a linear trend
(M1) showed convergence. The number of iterations for the MCMC chains was increased for models with a
quadratic trend (M2). In simulation condition 1 with the 10 repeated measurements to 100, 000 (burnin ¼ 50, 000),
and in condition 2 with 50 repeated measurements to 200, 000 (burnin ¼ 50, 000). After increasing the number of
iterations, the chains were inspected for convergence using the potential scale reduction factor.36 All chains showed
adequate convergence. Furthermore, a subset of the chains was additionally inspected for convergence by
examining the plots of the sampled parameter values. In Figures 3 and 4, MCMC iterates for the parameters
of Model M1 and M2 are plotted, respectively, for one of the 10 replications of simulation condition 1.
The MCMC chains did not show convergence issues. Subsequently, the plausible value procedure was used,
where 20,000 iterations were used to estimate the LGM parameters for each vector of plausible values. The LGM
estimates were computed for model M1 and M2 using the IRT-generated plausible values (equation (10)) and
CTT-generated plausible values (equation (14)) that were rescaled to the (true) scale of the generated latent
variables, which were used to simulate the item response data.
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Table 2. Simulation study results for latent curve models M1 and M2 over 10 replications, using IRT and CTT-generated plausible
values (N ¼ 500, J ¼ 50, K ¼ 20).
IRT

M1

M2

6.2

Par.

True

 00

0

(L-Trend)

 10

.4

Random part

2

.5

(Intercept)

02

.8

(L-Trend)

12

.8

s01

0

 00

0

(L-Trend)

 10

.4

(Q-Trend)

 20

.4

Random part

2

.5

(Intercept)

02

.8

(L-Trend)

12

.8

(Q-Trend)

22

.8

s01

0

s02

0

s12

0

Fixed part

Fixed part

Mean

CTT
SD

0.01
0.04
[0.07; 0.09]
0.38
0.04
[0.30; 0.47]
0.50
0.01
[0.49; 0.51]
0.80
0.05
[0.70; 0.90]
0.77
0.06
[0.67; 0.89]
0.00
0.04
[0.08; 0.07]
0.01
0.04
[0.09; 0.07]
0.39
0.08
[0.25; 0.53]
0.44
0.08
[0.29; 0.58]
0.50
0.01
[0.49; 0.51]
0.80
0.05
[0.70; 0.91]
0.74
0.11
[0.55; 0.94]
0.86
0.12
[0.66; 1.06]
0.00
0.04
[0.08; 0.08]
0.00
0.05
[0.09; 0.09]
0.01
0.05
[0.09; 0.10]

BIAS

MSE

Mean

SD

0.01

0.00

0.02

0.00

0.00

0.00

0.00

0.00

0.03

0.00

0.00

0.00

0.04
0.04
[0.04; 0.12]
0.32
0.05
[0.25; 0.40]
0.62
0.01
[0.61; 0.63]
0.81
0.06
[0.70; 0.91]
0.61
0.06
[0.52; 0.70]
0.07
0.04
[0.14; 0.00]

0.01

0.00

0.01

0.00

0.04

0.00

0.00

0.00

0.00

0.00

0.06

0.01

0.06

0.02

0.00

0.00

0.00

0.00

0.01

0.00

0.00
0.05
[0.09; 0.09]
0.61
0.12
[0.45; 0.76]
0.08
0.12
[0.06; 0.22]
0.65
0.01
[0.64; 0.67]
0.90
0.06
[0.78; 1.02]
0.77
0.14
[0.58; 0.96]
0.35
0.13
[0.20; 0.51]
0.12
0.05
[0.21; 0.03]
0.06
0.04
[0.12; 0.00]
0.01
0.03
[0.05; 0.07]

BIAS

MSE

0.04

0.00

0.08

0.01

0.12

0.01

0.01

0.00

0.19

0.04

0.07

0.00

0.00

0.00

0.21

0.05

0.32

0.10

0.15

0.02

0.10

0.01

0.03

0.02

0.45

0.21

0.12

0.01

0.06

0.00

0.01

0.00

Results

Table 1 shows the results of the simulation study with 10 repeated measurements (condition 1) and Table 2 shows
the results for 10 repeated measurements (condition 2). For the IRT model with 10 repeated measurements, the
bias for the estimates of the ﬁxed component of model M1 and M2 lies between .10 and :12 and between .09
and :06 for the estimates of the random components. For the 50 repeated measurement condition, the bias for the
estimates lies between .02 and :04 for the ﬁxed components and between .06 and :06 for the random
components. The results based on IRT-generated plausible values show accurate results, where the bias and
mean squared error (MSE) are around zero. The true parameters were correctly recovered using the MCMC
algorithm and the plausible value procedure.
The estimation results based on the CTT-generated plausible values show more bias and higher MSE estimates.
The bias for the CTT estimates in the ﬁrst simulation condition lied between .53 and :45 for the ﬁxed parts and
between .41 and :17 for the random parts, which is much higher compared to the bias of the estimates based on
IRT. The bias in CTT-based estimates in the second simulation condition lied between .32 and :21 for the ﬁxed
parts and between .45 and :15 for the random parts, which is lower than in the condition with less measurement
occasions, however, still much higher compared to the bias in the IRT based estimates. The highest posterior
density intervals (HPDs; the 95% shortest credible interval which contains 95% of the most likely values, see for
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Figure 3. MCMC iterations of the fixed effect and variance parameters of LGM M1 with a linear time effect using IRT-based plausible
values.

example Box and Tiao37) under the IRT model always contained the true value, whereas for the CTT model, the
true values of 02 ,  2 , and 12 were not located in the HPDs. Most important, when using the CTT model, the mean
quadratic time eﬀect was not detected in both conditions. The eﬀect in the ﬁrst condition (Table 1) was estimated
to be ^20 ¼ :13ð:28Þ (95%HPD ¼ [.46; .18]), and in the second condition (Table 2) ^20 ¼ :08ð:12Þ
(95%HPD ¼ [.06; .22]). The true eﬀect was :40 and this quadratic eﬀect accelerated a positive trend of :40,
which was not detected when using CTT. For models M1 and M2 in both simulation conditions, the identiﬁed bias
in the estimates under CTT showed a typical pattern. The (level-1) residual variance  2 was overestimated and
showed that there was more residual variation detected in latent variable estimates over time (i.e. a positive bias
was found). The level-2 variances were underestimated and showed less variation in trends and quadratic eﬀects
over subjects (i.e. a negative bias was found).

7 Empirical data examples
7.1 Longitudinal cohort study on COPD
Data were obtained from a longitudinal cohort study on 409 patients with chronic obstructive pulmonary disease
(COPD).38 The questionnaires were administered at several occasions with a maximum of 11 measurements per
patient. We examined the longitudinal development of the Chronic Respiratory Disease Questionnaire (CRQ)39
sub-scale ‘‘Emotion’’, which was used to measure COPD complaints over time. The CRQ-emotion sub-scale
consists of seven items on the emotional burden of COPD (e.g. ‘‘In the last two weeks, how often did you feel
down or discouraged?’’, and ‘‘In the last two weeks, how often did you feel embarrassed about your coughing?’’,
and ‘‘In the last two weeks, how often did you feel restless, agitated, or tense?’’). Items contained seven ordinal
response categories ranging from ‘‘1: Never’’ to ‘‘7: All the time’’. One patient was excluded who had not
completed the questionnaire on any of the measurement occasions. In order to be able to calculate sum scores,
patient measurements with incomplete observations at a certain time point were not taken into account.
Furthermore, we excluded 23 patients with only one measurement occasion from our analysis, since we were
focused on change in COPD complaints. This led to a total sample size of 385 patients who provided 3236
observations. From this set of included patients, 163 were females and 222 were males. The IRT model that
was used for generating the scores was the graded response model, see equation (2). The discrimination parameters
were ﬁxed to 1.

976

Statistical Methods in Medical Research 29(4)

Figure 4. A total of 100,000 MCMC iterations of the fixed effect and variance parameters of LGM M2 with a quadratic time effect
using IRT-based plausible values.

The model LGM M1 (equation (4)) was ﬁtted to the data. The random intercept, 0i , and random linear trend,
1i , were assumed to follow a multivariate normal distribution, and were allowed to correlate. Time was deﬁned in
weeks from the ﬁrst observed measurement and was divided by the maximum number of weeks from onset. As a
result, the last measurement was taken at time is 1. The ﬁrst measurement at time 0 represents the level of CRQ
emotions at the time of the ﬁrst measurement in the individual patients. The random intercept variance represents
the between-subject variation in CRQ-emotion levels at time 0. A subject-speciﬁc linear trend was speciﬁed to
model the change in CRQ emotions. LGM M2 (equation (6)) was also ﬁtted to the data. In this model, a subjectspeciﬁc quadratic time eﬀect was added.
The proposed plausible value procedure was applied to examine diﬀerences between the use of IRT and CTT
scores as outcomes in the LGMs M1 and M2. The plausible values were rescaled to a scale with a mean of zero and
a standard deviation of one. Therefore, for each model the CTT- and IRT-based results were directly comparable.
The parameter estimates of both LGMs with IRT and CTT-measured outcomes are given in Table 3.
The results for Model 1 in Table 3 show that the IRT level-1 variance estimate is smaller than the CTT level-1
variance estimate, since the corresponding HPDs do not overlap. At the start of the study, there was more
variation in scores across patients under IRT (:80) than under CTT (:72). The group of patients showed to be
more heterogeneous at time 0 under IRT than under CTT. Furthermore, the linear change in CRQ emotions was
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Table 3. Results for LGM M1 and M2 fitted to the (COPD) CRQ-emotional data.
IRT

Model 1
Fixed part
(Linear Trend)
Random part
(Intercept)
(Linear Trend)
Model 2
Fixed part
(Linear Trend)
(Quadratic Trend)
Random part
(Intercept)
(Linear Trend)
(Quadratric Trend)

CTT

Par.

Mean

SD

95% HPD

Mean

SD

95% HPD

 00
 10
2
02
12
s01

0.02
0.22
0.20
0.80
0.51
0.09

0.05
0.06
0.01
0.06
0.08
0.04

[0.08;0.11]
[0.33; 0.12]
[0.18;0.21]
[0.68;0.92]
[0.38;0.65]
[0.18; 0.01]

0.00
0.16
0.26
0.72
0.41
0.06

0.05
0.08
0.02
0.07
0.11
0.04

[0.09;0.09]
[0.27; 0.06]
[0.25;0.27]
[0.61;0.84]
[0.29;0.54]
[0.13;0.01]

 00
 10
 20
2
02
12
22
s01
s02
s12

0.03
0.27
0.06
0.20
0.79
0.37
0.20
0.05
0.03
0.00

0.05
0.15
0.16
0.01
0.06
0.10
0.08
0.04
0.03
0.02

[0.08;0.13]
[0.54; 0.02]
[0.23;0.32]
[0.19;0.21]
[0.67;0.91]
[0.20;0.53]
[0.07;0.36]
[0.13;0.02]
[0.10;0.02]
[0.04;0.04]

0.00
0.19
0.05
0.26
0.72
0.30
0.22
0.04
0.03
0.00

0.06
0.19
0.19
0.01
0.06
0.16
0.09
0.04
0.03
0.02

[0.10;0.10]
[0.49;0.10]
[0.26;0.35]
[0.24;0.27]
[0.61;0.83]
[0.14;0.45]
[0.08;0.38]
[0.11;0.02]
[0.09;0.03]
[0.03;0.03]

Note: The estimated LGM parameters of both models are based on five re-scaled plausible values using IRT and using CTT to retrieve estimates on a
common scale.

also more negative under IRT (:22) than under CTT (:16), indicating that the IRT-based measurements showed
on average a steeper decline (i.e. more COPD related emotional problems over the full span of the study). The
change in CRQ emotions appeared to be more variable under IRT (:51) than under CTT (:41). Finally, under IRT,
slightly more negative covariance was found between the random intercept and the trend, which shows that those
with high scores at the intake had on average a more negative decline in CRQ emotions.
When including a quadratic-time eﬀect (Model 2), the estimated average trend was more negative under
IRT (.27) than under CTT (.19), where the negative trend under CTT was no longer signiﬁcantly diﬀerent
from 0. The estimated average quadratic-time eﬀect showed a (non-signiﬁcant) deceleration of the negative trend,
which was under IRT around :06 and under CTT around :05. When interpreting the eﬀects, the change in measured
CRQ emotions was more negative under IRT than under CTT, but this decline decelerated almost equally under
IRT and CTT. The estimated measurement error variance at level-1 was signiﬁcantly higher under CTT (:26) than
under IRT (:20) since the 95% HPD intervals do not overlap. This showed that the IRT-based patient-speciﬁc
trajectories more accurately describe the change in CRQ emotions than the CTT-based patient-speciﬁc trajectories.
The variability in the estimated trajectories across patients under CTT showed less variation in deviations from
the average intake score (:72) and from the average negative trend (:30) than under IRT (:79 and :37, respectively).
The patient-speciﬁc deviations from the population-average trajectory were smaller under CTT than under IRT,
and diﬀerences between trajectories were less apparent. The estimated variation in the quadratic eﬀects across
patients were almost equal under both measurement models. It was concluded that under IRT, the trajectories
were better identiﬁed due to the enhanced diﬀerentiation between persons’ CRQ-emotion scores and the reduction
in measurement error variance, when comparing them to the estimated trajectories under CTT.
In Figure 5, the two top ﬁgures represent the population-average trajectory estimates under CTT and IRT and
illustrate the diﬀerences in estimated trends for LGM M1 and M2. The time scale is represented in the real study
time, starting at week 0 up till week 320. It is apparent that under IRT a more negative trend was estimated than
under CTT. When including a quadratic trend component, the negative trend was decelerated in the same way
under IRT and CTT.
In a second analysis, a distinction was made between the population-average trajectory of the males and
females, by including an indicator variable (i.e. Male ¼ 0 and Female ¼ 1) in the random eﬀect equations of
LGM M1 and LGM M2. The variable Female was included in the random intercept to explain diﬀerences
between males and females at baseline (time is 0). Furthermore, cross-level interactions between gender and
time were investigated, by including the variable Female as a predictor of the random trend, referred to as
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Figure 5. Population-average trajectory estimates of the CRQ-emotion using IRT and CTT for LGMs M1 and M2, and M3 and M4.

model M3, and also as predictor of the random quadratic-time eﬀect, referred to as model M4. The LGM M4 is
given by
ij ¼ 0i þ 1i tij þ 2i t2ij þ eij
0i ¼ 00 þ 01 Femalei þ u0i
1i ¼ 10 þ 11 Femalei þ u1i

ð17Þ

2i ¼ 20 þ 21 Femalei þ u2i
Diﬀerences between females and males in their intercept, trend, and quadratic eﬀect of the trajectory of CRQemotion were explored under the CTT and IRT model. The results of LGM M3 and M4 are presented in Table 4.
When using IRT, females scored on average :31 points lower than males at the intake, with a standard deviation
of :10. Under CTT, females scored around :24 points lower with a standard deviation of :09. It was concluded that
the diﬀerence in scores at the intake between males and females was more apparent under IRT. From M3 follows
that the estimated trajectory for the females, labeled Female-L-Trend, showed a less steep decline in CRQ-emotion
than for the males. The less negative decline for the females was found under IRT (:21) and CTT (:06), where the
average diﬀerence between the linear trends of the males and females was much more apparent under IRT. When
considering the 95% HPD intervals, the estimated linear decline for the females was not signiﬁcantly diﬀerent from
zero under IRT ð:11 ¼ :32 þ :21Þ and CTT ð:17 ¼ :23 þ :06Þ. However, under IRT, with a 90% posterior
probability a negative linear trend for the females was identiﬁed, Pð10 þ 11 5 0jYÞ  :90, which was not detected
under CTT. Under IRT, the variation in linear trends across patients was around :52, where a variation of around
:43 was found under CTT.
From the results of model M4 followed that under IRT, the trajectory of the males showed a more (signiﬁcantly
diﬀerent from 0) negative trend compared to the trajectory of the females under IRT (males :39 and females
:16 ¼ :39 þ :23). Under CTT, this trajectory diﬀerence between females and males was smaller (males :27 and
females :12 ¼ :27 þ :15), and these linear trend eﬀects were not signiﬁcantly diﬀerent from 0 under CTT. Only
under IRT, signiﬁcant negative linear trends were found. It followed that under IRT a (non-signiﬁcant) positive
quadratic eﬀect was estimated, showing a deceleration of the negative trend of around :09, where the females
showed a smaller deceleration of the negative trend of :07 ¼ :09  :02.
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Table 4. Estimates of LGM M3 and M4, which include gender-specific trend and quadratic trend effects using IRT and CTT-generated
plausible values.
IRT

Model 3
Fixed part
(Linear Trend
(Female)
(Female-L-Trend)
Random part
(Intercept)
(Linear Trend)
Model 4
Fixed part
(Linear Trend)
(Quadratic Trend)
(Female)
(Female-L-Trend)
(Female-Q-Trend)
Random part
(Intercept)
(Linear Trend)
(Quadratic trend)

CTT

Par.

Mean

SD

95% HPD

Mean

SD

95% HPD

 00
 10
 01
 11
2
2
00
2
00
s01

0.16
0.32
0.31
0.21
0.20
0.78
0.52
0.09

0.06
0.07
0.10
0.11
0.01
0.06
0.09
0.04

[0.03;0.28]
[0.46; 0.18]
[0.49; 0.12]
[0.01;0.41]
[0.19;0.21]
[0.66;0.90]
[0.39;0.66]
[0.17; 0.01]

0.12
0.23
0.24
0.06
0.26
0.70
0.43
0.06

0.07
0.10
0.09
0.13
0.01
0.06
0.08
0.04

[0.01;0.23]
[0.37; 0.09]
[0.42; 0.06]
[0.15;0.27]
[0.25;0.28]
[0.60;0.82]
[0.31;0.57]
[0.14;0.01]

 00
 10
 20
 01
 11
 21
2
02
12
22
s01
s02
s12

0.17
0.39
0.09
0.31
0.23
0.02
0.20
0.78
0.34
0.21
0.05
0.03
0.00

0.08
0.23
0.24
0.11
0.32
0.33
0.01
0.06
0.09
0.09
0.04
0.03
0.02

[0.03;0.30]
[0.77; 0.06]
[0.29;0.46]
[0.52; 0.11]
[0.31;0.77]
[0.60;0.53]
[0.19;0.21]
[0.66;0.90]
[0.17;0.51]
[0.07;0.37]
[0.13;0.02]
[0.10;0.02]
[0.04;0.04]

0.12
0.27
0.10
0.26
0.15
0.14
0.27
0.71
0.22
0.22
0.02
0.02
0.00

0.07
0.25
0.25
0.12
0.43
0.51
0.02
0.06
0.09
0.08
0.03
0.03
0.02

[0.01;0.25]
[0.63;0.07]
[0.26;0.46]
[0.48; 0.07]
[0.43;0.72]
[0.74;0.45]
[0.25;0.28]
[0.60;0.82]
[0.09;0.36]
[0.08;0.38]
[0.08;0.03]
[0.08;0.03]
[0.03;0.03]

In Figure 5, the two bottom ﬁgures represent the population-average trajectories of the males and females under
CTT and IRT for the LGM M3 and M4. The lines, marked with a symbol, represent the population-average latent
curve for the females and the lines, marked with a symbol, represent the latent curves for the males. The estimated
quadratic trend eﬀects were not signiﬁcant, and therefore attention is focused on diﬀerences between the
trajectories under LGM M1 and M3. The average trajectories of M1 showed a less conservative linear trend
under IRT than under CTT. When including diﬀerences between males and females in LGM M3, under IRT it
became more apparent, compared to CTT, that the males showed a negative linear trend in CRQ-emotions, where
the females showed a less negative trend. Under IRT, the males scored on average much higher at intake than the
females, but due to diﬀerences in the average negative trends, score diﬀerences between males and females were
much smaller at the end of the study. Under CTT, the diﬀerences across time were less apparent between males
and females, since the trends of the males and females were more alike than under IRT. This makes the CTT-based
latent curves (dashed lines) less pronounced.
The variation of the random eﬀects in Model M4 shows that there was more variation estimated between
patients’ intake scores under IRT than under CTT. Also, the variation in patient-speciﬁc linear trends was higher
under IRT than under CTT. We concluded that the estimated individual trajectories diﬀered much more using
IRT than CTT. It was shown that using the CTT scores (based on aggregated scores ignoring diﬀerences in
response patterns) leads to less individual variation and a more conservative population-average trajectory
compared to using all response information (IRT scores).

7.2

RCT on coping with low back pain

The second example concerns an RCT on the eﬀectiveness of two diﬀerent treatments for non-speciﬁc low-back
pain.40,41 The original study included 299 patients, who were randomly assigned to one of two intervention
conditions, referred to as intervention A and B, or to the control condition. All patients were measured for
four measurement occasions and the sub-scale ‘‘passive coping’’ of the Pain Coping Inventory (PCI)42 was used
as outcome variable. The sub-scale contains 21 items with four ordered response categories, which reﬂects three
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cognitive-behavioral strategies, assessing behavioral tendencies to restrict functioning (resting, ﬁve items), to avoid
environmental stimuli (retreating, seven items) and catastrophic cognitions about the pain (worrying, nine
items).42 A total of three patients reported incomplete questionnaires on the four measurement occasions, and
were excluded from the analysis. A total of 42 patients who only ﬁlled out the questionnaire on one of the
occasions were also excluded. This led to a total of 254 patients who were eligible for latent growth modeling
of measured PCI-passive using IRT (equation (2)) and CTT.
Intervention A was given to 88 patients, intervention B to 81 patients and the control condition to 85 patients.
A time variable was deﬁned, where time was coded in months from the ﬁrst wave and divided by 12 months. Time 0
represented the baseline measurement of PCS, and time 1 represented the last wave (at 12 months after baseline).
A linear and quadratic LGM model was ﬁtted, according to LGM M2, which is represented in equation (6).
The same typical pattern was found as in the cohort study on COPD, see Table 5 for the results.
The population-average trajectory had a negative linear change, which was decelerated by a positive quadratic
trend eﬀect. Furthermore, when comparing the IRT-based population trajectory to the CTT-based population
trajectory, it can be seen that the trend in PCI-passive was more negative and the deceleration was more positive and
signiﬁcant under IRT. The CTT-based population trajectory showed a less dynamic change, where the measurement
at baseline was lower and the change was more ﬂat over the study period. The estimated variability across patientspeciﬁc trajectories in the linear and quadratic trends (1:26 and :65, respectively) was much higher than under CTT
(:35 and :32, respectively). The estimated level-1 variance and variation in baseline measurements was higher under
CTT than under IRT. This showed that the baseline measurements were more alike, and during the intervention,
the trajectories of PCI diﬀered more under IRT than under CTT. Again, under IRT more individualized trajectories
were estimated, where changes in PCI were more apparent across patients and time. A strong negative correlation
(:64 and :23 for IRT and CTT, respectively) was estimated between the linear and quadratic trend, indicating that
large (small) negative trends were decelerated by large (small) positive quadratic trends.
Under IRT, more variance in the outcomes was explained by diﬀerences in individual trends over time and less
variance was attributed to measurement error variance and to time-invariant score diﬀerences across individuals.
The estimated individual variation in linear and quadratic trends was much larger under IRT than CTT, while the
measurement error variance and the random intercept variance were lower. We concluded that under IRT more of
the variance was explained by the random linear and quadratic trend components than under CTT.
In the next step of the latent growth modeling, baseline and cross-level intervention eﬀects were added to the
model. The intervention variable was re-coded using the eﬀect coding scheme given in Table 6, where the control

Table 5. Results for LGM M2 for IRT and CTT, given the 21 item PCI data administered on four occasions.
IRT

Fixed part
(Linear Trend)
(Quadratic Trend)
Random part
(Intercept)
(Linear Trend)
(Quadratic Trend)

 00
 10
 20
2
2
00
2
10
2
20
s01
s02
s12

CTT

Mean

SD

HPD

Mean

SD

HPD

0.52
1.76
0.83
0.18
0.35
1.26
0.65
0.26
0.14
0.64

0.05
0.18
0.16
0.02
0.05
0.63
0.45
0.11
0.10
0.51

[0.42;0.60]
[2.09; 1.45]
[0.53;1.12]
[0.15;0.21]
[0.26;0.44]
[0.38;2.32]
[0.11;1.45]
[0.05;0.45]
[0.32;0.04]
[1.72; 0.06]

0.39
0.98
0.16
0.37
0.52
0.35
0.32
0.05
0.01
0.23

0.07
0.37
0.34
0.04
0.08
0.30
0.25
0.15
0.15
0.27

[0.28;0.50]
[1.38; 0.58]
[0.22;0.53]
[0.32;0.42]
[0.38;0.66]
[0.05;0.92]
[0.05;0.79]
[0.35;0.20]
[0.23;0.28]
[0.96;0.00]

Table 6. Effect coding schema used to estimate the effects for the treatment conditions.

control group
treatment A
treatment B

Effect A

Effect B

1
1
0

1
0
1
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(reference) group was assigned the value 1 and the parameter estimates for both the treatment A and treatment B
group were used to estimate the intervention eﬀects of the control group. In Model M5, in equation (18), the
baseline and interaction eﬀects are added to detect modiﬁcations of the linear and quadratic trend due to the
intervention.
ij ¼ 0i þ 1i tij þ 2i t2ij þ eij
0i ¼ 00 þ 01 EffectA þ 02 EffectB þ u0i

ð18Þ

1i ¼ 10 þ 11 EffectA þ 12 EffectB þ u1i
2i ¼ 20 þ 21 EffectA þ 22 EffectB þ u2i

The LGM M5 in equation (18) contains the eﬀects for treatment A and treatment B, and random linear and
quadratic trend components. The parameter estimates for the control condition were constructed using the
MCMC chains of the parameters for Eﬀect A and Eﬀect B, since the sum of the eﬀects were equal to zero.
The intercept can be interpreted as a constant value representing the grand mean across all measurements. The
eﬀects for the treatment and the control groups represent the overall diﬀerence between the grand mean and the
group eﬀect. The parameter estimates for both the IRT and CTT model of LGM M5 are represented in Table 7.
The intervention started after the baseline measurement, and there were also no signiﬁcant diﬀerences in scores
across the treatment groups measured at the intake. That is, the main eﬀects of the treatments were all not
signiﬁcantly diﬀerent from 0 under IRT and CTT. This veriﬁed the random assignment of individuals to
treatment groups, and avoided any pre-existing group diﬀerences before the start of the study.
When considering the linear trend, it can be seen that the average linear trend is negative and around 1:79
under IRT and around :71 under CTT. For intervention group A, the decline was even (signiﬁcantly) steeper and
around 1:09 ¼ 1:79  :70, under IRT. This additional decline for intervention group A was not detected under
CTT. Under IRT, a less steep decline was measured for the other treatment groups, around 1:40 ¼ 1:79 þ :39
for treatment group B, and around 1:49 ¼ 1:79 þ :30 for the control group, which were not signiﬁcant with
95% posterior probability. It was concluded that for none of the intervention groups the average linear trend was
modiﬁed under CTT, where a signiﬁcant modiﬁcation of the average linear trend was detected for the treatment

Table 7. Results for Model M5 on the 21 item PCI-passive questionnaire administered on four occasions.
IRT

Fixed part
(Effect A)
(Effect B)
(Control)
(Linear Trend)
(Effect A-L-Trend)
(Effect B-L-Trend)
(Control-L-Trend)
(Quadratic Trend)
(Effect A-Q-Trend)
(Effect B-Q-Trend)
(Control-Q-Trend)
Random part
(Intercept)
(Linear Trend)
(Quadratic Trend)

 00
 01
 02
 10
 11
 12
 20
 21
 22
2
2
00
2
10
2
20
s01
s02
s12

CTT

Mean

SD

HPD

EAP

SD

HPD

0.52
0.06
0.02
0.13
1.79
0.70
0.39
0.30
0.86
0.55
0.36
0.19
0.18
0.33
1.30
0.64
0.30
0.18
0.64

0.05
0.07
0.07
0.13
0.17
0.25
0.25
0.23
0.16
0.23
0.22
0.21
0.02
0.05
0.55
0.36
0.12
0.10
0.43

[0.43;0.60]
[0.06;0.19]
[0.11;0.14]
[0.38;0.11]
[2.1;1.47]
[1.16;0.26]
[0.07;0.84]
[0.15;0.74]
[0.56;1.14]
[0.13;0.95]
[0.77;0.06]
[0.60;0.22]
[0.15;0.21]
[0.25;0.42]
[0.46;2.28]
[0.14;1.33]
[0.11;0.48]
[0.35;-0.01]
[1.58;-0.10]

0.36
0.05
0.07
0.11
0.71
0.03
0.01
0.04
0.08
0.03
0.02
0.04
0.33
0.54
0.43
0.37
0.01
0.05
0.27

0.07
0.09
0.11
0.16
0.28
0.31
0.53
0.28
0.24
0.31
0.51
0.26
0.05
0.08
0.35
0.31
0.16
0.14
0.32

[0.24;0.47]
[0.21;0.10]
[0.09;0.23]
[0.21;0.43]
[1.11;0.33]
[0.58;0.52]
[0.57;0.54]
[0.51;0.58]
[0.45;0.29]
[0.50;0.54]
[0.52;0.53]
[0.56;0.47]
[0.29;0.38]
[0.40;0.68]
[0.06;1.12]
[0.06;0.95]
[0.29;0.27]
[0.30;0.21]
[1.16;0.00]

Note: Effect coding was used to estimate the baseline treatment effects and the cross-level interaction treatment effects.
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Figure 6. Population-average trajectories of the PCI-passive measurement according to LGM M5 given the parameter estimates
presented in Table 7.

group A under IRT. Thus, under IRT a signiﬁcant cross-level interaction was detected for intervention group A
with the time component, which was not found under CTT.
When considering the quadratic trend, a more extreme diﬀerence in patterns was found between IRT and CTT.
Under IRT, a population-average quadratic trend was estimated of around .86, which decelerated the linear trend.
A signiﬁcant modiﬁcation of the average quadratic trend was found for the diﬀerent treatment groups, where
intervention group A showed a strong positive (signiﬁcantly diﬀerent from 0) deceleration of the linear trend of
around :55, and intervention group B and the control group an acceleration of the linear trend of around :36 and
:19, respectively. The cross-level interaction eﬀect of intervention group B was only identiﬁed with 90% posterior
probability, and the eﬀect for the control group was not signiﬁcantly diﬀerent from 0. Under CTT, the estimated
eﬀect of the average quadratic trend component was around :08 and not signiﬁcantly diﬀerent from 0. The
estimated cross-level interaction eﬀects did not show a signiﬁcant modiﬁcation of the average quadratic trend for
any of the treatment groups. It was concluded that under CTT a population-average quadratic trend eﬀect was not
found. Finally, when considering the individual variation in trajectories, it can be seen that under IRT a random
individual variation in linear and quadratic trends of around 1:30 and .64 was measured, which were smaller and
around :43 and :37 under CTT, respectively. Furthermore, under IRT a negative covariance was found between
the random intercept and the quadratic trend, and the linear trend and quadratic trend. Under IRT, those with a
high score at baseline were more likely to show a more negative linear trend, and those with a more negative linear
trend were more likely to show a higher deceleration of this trend. These patterns were not identiﬁed under CTT,
where only a linear trend was identiﬁed which did not correlate with the random intercept.
The predicted population-average trajectories for each treatment group under IRT and CTT are given in
Figure 6. It can be seen that under CTT the trajectories of the treatment groups run parallel (i.e. no cross-level
interaction between the intervention and the trend) and they show a common small acceleration of the decline at
the third measurement occasion. The trajectory patterns are diﬀerent under IRT, where the intervention groups
score on average higher at the intake and have diﬀerent negative trends. Furthermore, intervention group A shows
a positive deceleration of the negative trend at the third measurement occasion, where the intervention group B
shows a non-signiﬁcant acceleration of the negative trend. It is clear that a cross-level interaction between the
intervention and the trend is only apparent for the IRT-based trajectories and not for the CTT-based trajectories.

8 Discussion
In the present paper, we compared estimation results using IRT scores and CTT scores when estimating LGMs in
several situations. It was shown that IRT performs much better than CTT in all situations. The simulation study
showed that the LGM using CTT-based health measurements led to a systematic bias in the growth parameter
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estimates, which was not detected using IRT-based measurements. The major diﬀerence between IRT and CTT is
that CTT is based on an aggregate score, which leads to loss of information, since diﬀerences in response patterns
leading to the same sum score are ignored. IRT recognizes diﬀerences in response patterns. When the items diﬀer
in their level of diﬃculty, each unique response pattern leads to a unique person score. It is shown that the
aggregate score under CTT for health measurements does not utilize all response information.
In a simulation study, a comparison was made between the bias in parameter estimates for the non-linear
growth model combined with an IRT and a CTT measurement model. The parameter estimates based on IRT
modeling are much closer to the true values than the CTT-based estimates over the linear and quadratic growth
models. An explanation for this diﬀerence is that when the sum-scores (CTT) are used, much of the variance is
discarded from the data. When using CTT, systematic bias was found in the estimated growth parameters and an
increase in the residual variance in measurements across time. This increase in residual variation across individual
measurements led to a reduction in the variation in individual linear trends and diminished the magnitude of the
population-average trend.
Not only were the diﬀerences between IRT and CTT apparent in the simulation study, in both emperical
examples (section 7) similar diﬀerences were found. The diﬀerences between the IRT- and CTT-based estimates
in the empirical examples were comparable to the diﬀerences found in the simulation study. The parameters in the
random part of the models show the same pattern of diﬀerences between the IRT and CTT-based LGM estimates.
In the ﬁxed part of the models with only a linear trend, an underestimation of the trend was found in the
simulation as well as in both emperical examples. The LGM parameter estimates for the quadratic trend were
underestimated and the linear trend were overestimated, when CTT-based scores were used.
These diﬀerences were found using a simultaneous estimation method for a hierarchical LGM model, where the
measurement model (IRT or CTT) deﬁnes the level-1 part of the model and the LGM the higher-level part. The
LGM can be viewed as a multilevel model, and subsequently, the posterior mean of the latent variable under IRT
is a weighted average of the response information (including the item diﬃculty parameters) and the LGM
information. Under CTT this posterior mean is a weighted average of the sum score and the LGM
information, which ignores response pattern diﬀerences leading to the same sum score. The mentioned
diﬀerences between IRT and CTT will not be found in a cross-sectional study, where the data strictly follows
the Rasch model43 and conditional maximum likelihood estimation is used. In that case, the latent variable
estimates (construct scores) do not diﬀer for IRT and CTT, and the sum score is considered a suﬃcient
statistic. Furthermore, the two-parameter normal ogive model (equation (1)), equivalent to the two-parameter
logistic model, becomes the Rasch (one-parameter) model in the special case that the discrimination parameters
are equal to one. As described in section 6.1, discrimination parameters for the simulation study were set to one
not to disadvantage the CTT model. In IRT modeling however, we still used the information of the item
diﬃculties. This information is not incorporated in the CTT model (Hambleton et al., 1993; pp.151–172).2
However, the focus of the presented research was on comparing the inﬂuence of the commonly used CTT
model with the IRT model. The main objective of the comparison was to investigate the eﬀects of the
measurement-model choice on the LGM parameter estimates and not on the IRT and CTT parameter estimates.
The current study is limited to complete response data (i.e. all subjects respond to all items). In practice, it is
more common to have incomplete data. To make a comparison between LGM results given CTT- and IRT-based
plausible values for incomplete response data, the plausible value technique can be extended with a missing data
imputation method to obtain a complete data set. Missing data is more easier handled under IRT than CTT, since
IRT can deal with incomplete response data in a more natural way. However, more research is needed to measure
and compare eﬀects of missing data on LGM estimates under IRT- and CTT-based plausible values.
Although it is more realistic to assume non-linearity for modeling health over time, a quadratic trend
component in the individual trajectories was sometimes not identiﬁed under CTT. Furthermore, the estimated
eﬀects of predictor variables explaining diﬀerences in trajectories were biased, partly due to the increase in residual
variation. Across all non-zero parameter values of model M1 and M2, under CTT, the parameters showed an
average bias of 46% (condition 1) and 30% (condition 2) compared to an average bias of 8% (condition 1) and 4%
(condition 2) under IRT. It can be concluded that IRT utilizes all response information in contrast to CTT, and
this led to substantial diﬀerences in the latent growth analysis, when comparing it to the CTT-based analysis.
Although bias was also expected for more complex models with higher-order polynomials, such as random cubic
time eﬀects, the simulation results showed convergence issues for several chains and these results were therefore
not used in the comparison.
A diagonal (homogenoeus) covariance matrix was used for the errors in the LGM, assuming conditional
independence between successive measurement errors on the same patient. The random eﬀects specifying the
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latent growth trajectory deﬁne the intra-patient correlation across measurements, and conditionally on these
eﬀects the measurement errors were assumed to be independent. In longitudinal research, this assumption may
not hold when for instance the correlation between the measurements appear to be stronger between the ﬁrst
measurement occasions and decreases as the time interval increases. Future research could focus on comparing the
use of IRT scores and sum scores in a LGM with a more advanced covariance error structure as an autoregressive
or a toeplitz covariance pattern model.
A plausible value technique was proposed to obtain health scores and LGM estimates on a common scale, while
using diﬀerent (level-1) measurement models. This straightforward approach utilizes the possibility to rescale
plausible values to a speciﬁc metric. In the current study, plausible values for health measurements were
transformed to obtain estimates of latent growth parameters on a common scale, while using IRT and CTT to
measure health. The method can be applied to other models, where health measurements are used as outcomes.
This will enable researchers to investigate diﬀerences in statistical outcomes caused by using diﬀerent measurement
models. The technique of re-scaling latent variable measurements to obtain a common scale analysis was easily
embedded within the plausible value technique. This procedure contributes to the method of plausible values and
makes it useful to accommodate scale diﬀerences. More research is needed to investigate whether the rescaling of
latent variable measurements can also be embedded in other estimation methods as for instance the EM algorithm,
where the E-step to render predicted values for the latent variable(s) can be modiﬁed.
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Appendix 1
The steps of an MCMC algorithm is brieﬂy described for binary response data, and Xij contain the explanatory
variables of the LGM. Three steps are described to discuss (step 1) the sampling of the IRT parameters given the
data and LGM parameters, (step 2) the sampling of the true scores given the data and LGM parameters, and
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(step 3) the sampling of the LGM parameters given the latent variables h ðor #Þ. The sampling scheme for the
MLIRT model of Fox, 2010 (pp.159–160)31 can be consulted for speciﬁc details of each sampling step.
Step 1a (IRT): Sampling of augmented data Z. Given ij , k , yijk the Zijk is sampled from


Zijk  N ak ij  bk , 1 if Yijk ¼ 0


ð19Þ
Zijk  Nþ ak ij  bk , 1 if Yijk ¼ 1
where Nþ ð:, :Þ and N ð:, :Þ represents the normal distribution truncated at the left and right by zero, respectively.
Step 1b (IRT): Sampling h. Given zijk , k , b,  2 , the ij is sampled from a normal distribution
0
!1 1
X
A
a2k þ  2
ij  N@ij ,
k


P 2
 P 2
2 1
^ij þ  2 Xij bi and Xij contains the explanatory variables of the LGM.

a
þ

a
where ij ¼
k k
k k
Step 1c (IRT). Sampling ¼ ða, bÞ. Let H ¼ ðh,  1Þ, item parameters are sampled from a normal distribution
 
1 

1
t
,
D
þ
H
H
k  N
k

1 

where k ¼ D1 þ Ht H
Ht Zk þ D1 k , D is a diagonal matrix with variance 10, and k ¼ cð1, 0Þ.
Step2 (CTT).
 Sampling of true scores (CTT). Assume a normal distribution for the errors in the CTT model,
y ij  N #ij , y2 , sample #ij given yij , y2 , bi ,  2 from a normal distribution
 
1 

2
2
#ij  N #ij , y þ 

1 

where #ij ¼ y2 þ  2
y2 y ij þ  2 Xij bi . Without assuming a distribution for the errors, or assuming y2 ¼ 0



#ij bi ,  2  N Xij bi ,  2
Step 3a (LGM). Sampling of . Given h, b, T, sample  from a normal distribution
0
!1
!1 1
X
X
X
A
  N@
wti T1 wi
wti T1 bi ,
wti T1 wi
i

i

i

where wi represents the person-level variables.
Step 3b (LGM). Sampling of b. Given h, , T,  2 sample b from a normal distribution


bi  N  , 





1
 t 1 t
1
1
^
^
where  ¼ D1
1
xi hi .
, Di ¼  2 xti xi , and  ¼ 1

i i þ T wi  and i ¼ xi xi
i þT
2
2
Step 3c (LGM).
Sampling
of

.
Given
h,
b
sample

from
an
inverse-gamma
distribution
with shape
P
parameter g1 þ i ni =2 and scale parameter
X
t 

hi  xi bi hi  xi bi =2 þ g2
i

Step 3d (LGM). Sampling of T. Given b,  sample T from an inverse-Wishart distribution with shape parameter
T þ J and scale parameter
X

t
bi  wi  bi  wi  þ ST
i

where an inverse-Wishart prior is used with T degrees of freedom and ST the scale parameter.

