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Abstract

Response bias (nonresponse and social desirability bias) is one of the main

concerns when asking sensitive questions about behavior and attitudes. Self-

reports on sensitive issues as in health research (e.g., drug and alcohol abuse),

and social and behavioural sciences (e.g., attitudes against refugees, academic

cheating) can be expected to be subject to considerable misreporting. To di-

minish misreporting on self-reports indirect-questioning techniques have been

proposed such as the randomized response techniques. The randomized re-

sponse techniques avoid a direct link between individual’s response and the

sensitive question thereby protecting the individual’s privacy. Next to the de-

velopment of the innovative data-collection methods, methodological advances

have been made to enable a multivariate analysis to relate responses to sen-

sitive questions to other variables. It is shown that the developments can

be represented by a general response-probability model (including all com-

mon designs) by extending it to a generalized linear (GLM) or a general-

ized linear mixed effects model (GLMM). The general methodology is based

on modifying common link functions to relate a linear predictor to the ran-

domized response. This approach makes it possible to use existing software

for GLMs and GLMMs to model randomized response data. The R-package

GLMMRR makes the advanced methodology available to applied researchers.

The extended models and software will seriously improve the application of

the randomized response methodology. Three empirical examples are given

to illustrate the methods.

Keywords: generalized linear model, mixed effect model, randomized response, social
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desirability, survey designs

1 Introduction

In survey studies about sensitive topics, it is well known that people are tended

to respond in a socially desirable way or even refuse to cooperate. The sensitiv-

ity of the survey questions can induce misreporting. Guaranteeing confidentiality

and anonymity of the responses is often not sufficient to obtain full cooperation of

the survey respondents. When asking questions about fraud, corruption, or sexual

behavior, direct questioning will lead to under- or overreporting and nonresponse,

which makes it impossible to estimate true population prevalence of sensitive be-

havior. Innovative data collection techniques have been developed to avoid response

bias and to stimulate cooperation of respondents to answer truthfully. Originally

developed by Warner (1965), randomized response (RR) techniques protect respon-

dent’s privacy by introducing a randomization device to mask individual responses.

In Warner’s model, the data collection procedure is based on two mutually exclusive

questions and a randomization device (e.g., dice, coin) determines which question

is being answered. The respondent answers the selected question and only reveals

the response and not the question to the interviewer and, subsequently, not the true

status on the attribute of interest.

This indirect-questioning technique encourages respondents to cooperate and

reduce socially desirable response behavior. The method has been supported by

substantial empirical evidence. Several studies showed higher prevalence estimates

of a sensitive behavior, for instance in academic fraud (Fox, 2005; Fox & Meijer,
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2008; Jann, Jerke, & Krumpal, 2012), cheating (Moshagen, Hilbig, Erdfelder, &

Moritz, 2014), excessive alcohol consumption (Fox & Wyrick 2008; De Jong, Fox, &

Steenkamp, 2015), desires for products and services in the adult entertainment (De

Jong, Pieters, & Fox, 2010), violating regulations for social benefit (van den Hout,

Böckenholt , & van der Heijden, 2010), smoking behavior among lung patients (Fox,

Avetisyan, van der Palen, 2013), and self-presentational behavior in job interviews

(Jansen, König, Stadelmann, & Kleinmann, 2012). Lensvelt-Mulders et al. (2005)

give an overview of various applications of the randomized response technique.

Beside the increasing number of applications of RR studies, many methodolog-

ical innovations have been made to improve the statistical analysis. Multivariate

methods have been developed to analyse prevalence of the sensitive behavior in re-

lation to other variables, and to analyse multiple (scale) items (e.g., Böckenholt

and van der Heijden, 2007; De Jong et al., 2015; Fox, 2005). Furthermore, the

RR methods have been improved to make individual inferences, besides the com-

putation of a population prevalence. Böckenholt and van der Heijden (2007), Fox

(2005), Fox et al. (2013), and De Jong et al. (2010, 2015) developed RR models

including person parameters, which make it possible to measure person-specific sen-

sitive behavior, given multiple RR observations measuring different characteristics

of the sensitive behavior. Böckenholt and van der Heijden (2007), Fox, Klein Entink,

and Avetisyan (2014) and Fox (2016) considered measurement models for multiple

latent constructs measured by randomized item-responses. Thirteen items of the

college alcohol problem scale and four items of the alcohol expectancy questionnaire

were used to measure multiple sensitive constructs; sexual enhancement expectancy,
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socio-emotional and community problems. The RR method was used since partic-

ipants were expected to conceal undesirable behavior related to drinking alcohol.

Cruyff, Böckenholt, and van der Heijden (2016) considered a multidimensional RR

design analysis to capture all dimensions of a sensitive construct.

Despite the advantages of the RR method and the advanced methodology, the

RR technique is not commonly applied to measure sensitive constructs. A few rea-

sons can be given. The increased complexity of the statistical analysis of RR data, in

comparison to directly-questioned data, might diminish the use of RR techniques.

From the literature, it appears as if the different RR techniques require different

statistical tools, and this might avoid a wide use of RR methods in applied research

(Jann, Jerke, Krumpal, 2012). For instance, Tourangeau and Yan (2007) and Jansen

et al. (2012) incorrectly remarked that, when using RR methods, it is not possible to

examine relationships between a sensitive construct and other participant’s charac-

teristics. Scheers and Dayton (1988) showed how to perform a logistic regression on

RR data, and Böckenholt and van der Heijden (2007), De Jong et al. (2010, 2015),

and Fox (2005, 2016) have shown how to measure sensitive constructs using item

response theory (IRT) and relate constructs to background variables. However, the

problem might be that (advanced) RR methods have not been implemented in easy-

to-use (open-access) software. There are a few R-packages for RR data (e.g., Blair,

Zhou, & Imai, 2015b; Heck & Moshagen, 2014; Jann 2011) but they are limited to

logistic and linear regression models for RR data and do not cover all methodological

advances (e.g., cross-classified random effects, mixed models, complex hierarchical

sampling designs, multidimensional models, models for non-compliance behavior).
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Furthermore, developments have been made using the Bayesian modeling framework

and Markov chain Monte Carlo (MCMC) methods to estimate model parameters.

As far as we know, current (open-source) software are based on likelihood estimation

methods, and do not cover all these developments.

Höglinger and Jann (2016) argued that the respondents may not understand

the procedure, which will undermine the provided protection mechanism of the RR

method (e.g., Böckenholt, Barlas, van der Heijden, 2009). As remarked by Jann et

al, (2012), the RR method requires a randomizing device, which supports the pro-

tection mechanism. The randomizing device should not be too complex or abstract

leading respondents to distrust the procedure. Recently, a crosswise RR-questioning

technique has been developed (Yu, Tian, & Tang, 2008) which avoids the use of a

randomization device. Jann et al. (2012) provided formulas for applications using

regression techniques for the crosswise data-collection method. However, a general

modeling framework with methodological tools is required for data collected by any

RR design, including the crosswise method, to fully support RR methods in applied

research.

A more general modeling approach was developed by van den Hout, van der Heij-

den, and Gilchrist (2007), and Blair, Zhou, & Imai, (2015a), who discussed a general

probability model for four RR designs. Van den Hout et al. (2007) showed that a

logistic regression analysis of the RR data for the four RR designs is based on the

same single likelihood function. It will be shown that this methodology can be gen-

eralized in different ways. First, it is shown that for the general response-probability

model recently developed RR designs, as the crosswise and triangular method (Yu
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et al., 2008), are also included. Subsequently, a general maximum likelihood esti-

mator for prevalence is given, which is applicable to all the RR designs. Second, a

generalized linear regression (GLM) model can be defined for all RR designs. This

only requires a linear transformation of the common link functions (e.g., logistic,

probit), which relate a linear predictor to the randomized responses. These GLM

models are based on the same likelihood function such that standard GLM software

can be used. Third, in the same way, generalized linear mixed models (GLMM:

McCulloch & Searle, 2001; Tutz, 2012) can be defined for all RR designs, which also

only require a linear transformation of the link functions. Furthermore, the GLMMs

for RR data are also based on a common likelihood function and standard GLMM

software can be used. Fourth, for all RR designs, both the GLM and the GLMM can

be extended to relate responses to sensitive questions to multiple linear predictors.

For instance, by introducing a composite link function (Thompson & Baker, 1981),

a linear predictor for the regular responses together with a linear predictor for the

self-protective responses can be included in the model. Fifth, general goodness-of-fit

tests, diagnostic checks, and residual analysis for RR data can be used to evaluate

model fit. The procedures follow directly from standard procedures for the GLM

and GLMM (e.g., Tutz, 2012).

All the developed methodological tools have been implemented in the R-package

GLMMRR (Fox, Klotzke, & Veen, 2016) for the statistical software program R (R

Core Team, 2014). The GLM and the GLMM package (lme4; Bates, Mächler, Bolker,

& Walker, 2015) were extended with additional link functions to accommodate the

various RR designs in combination with four possible cumulative distributions (i.e.,
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logistic, cumulative normal, Gumbel, Cauchy). The functionality of both packages

is remained, which has led to an R-package with extensive functionality for RR

modeling.

The different RR designs are discussed. Then, different link functions are given

to extent the GLM and GLMM for RR data. A discussion is given about composite

link functions to relate multiple linear predictors to randomized response observa-

tions. Subsequently, the maximum likelihood estimation methodology is discussed,

and a simulation study is presented about the parameter recovery properties of the

estimation methods. Next, goodness-of-fit statistics are discussed. Finally, it is

shown how to apply the methodology using three empirical examples.

2 Randomized Response Survey Designs

The RR designs describe different data collection techniques with the same purpose

of scrambling an individual’s response using some sort of a randomization method.

Although the designs differ with respect to the random process to scramble individual

responses, a general response-probability model can be given that describes the

response process for each design. In order to explain the RR methodology, the

different RR designs are discussed and represented in a general form.

Following the notation of van den Hout et al. (2007) and Böckenholt and van

der Heijden (2007), the probability model for a positive response can be written as

a linear equation of the answer to the sensitive question. Let Ỹi denote the honest

response (also referred to as the true response) of 1 of subject i to the sensitive

question, before it is randomized due to a randomizing device. The probability of
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the event that the RR variable Yi equals 1 is linearly related to the probability of

an honest response of 1. This model is represented by

P (Yi = 1) = c+ dP
(
Ỹi = 1

)
, (1)

where parameters c and d describe the random response process defined by the

RR design. Before showing that the various RR designs can be represented in the

general form of Equation (1), Table 1 gives an overview with the parameters c and

d for each RR design. Note that the parameters c and d are known, and a linear

probabilistic relationship between observed responses and the sensitive question is

defined in Equation (1), which makes it possible to construct an estimator for the

prevalence π = P (Ỹi = 1).

Insert Table 1 about here

Warner Design

In the design of Warner (1965), a respondent can be asked to belong to group A (i.e.,

you have the sensitive characteristic) or asked to belong to group B (i.e., you do not

have the sensitive characteristic). A randomizing device, for example, a spinner, is

used to facilitate a random process, where the spinner points to either an A or B, to

select at random a question. Let Yi denote the dichotomous randomized response of

subject i, and the event Yi = 1 (Yi = 0) corresponds to belonging to group A (group

B). Furthermore, let p1 denote the probability that the question is selected whether

the respondent belongs to group A. According to Warner’s design, the probability
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of a positive response can be stated as

P (Yi = 1) = p1π + (1− p1) (1− π)

= (1− p1) + (2p1 − 1)π, (2)

where π denotes the proportion of persons in the population belonging to group

A. It follows that Warner’s response model can be represented in the form of the

general response-probability model with c = 1− p1 and d = 2p1 − 1.

Unrelated Question Design

Greenberg, Abul-Ela, Simmons and Horvitz (1969) proposed an alternative to Warner’s

design. In their design, the sensitive question (i.e., you have the sensitive characteris-

tic) is selected at random with probability p1, or an unrelated non-sensitive question

is selected with 1 − p1. In contrast to Warner’s model, the questions are not each

other’s antonyms and the prevalence of the nonsensitive question is independent of

the sensitive question. Let π denote the prevalence of the sensitive question, and

p2 the prevalence to the unrelated question. Then, the probability of a positive

response can be stated as a general response-probability model

P (Yi = 1) = (1− p1) p2 + p1π, (3)

with c = (1− p1) p2 and d = p1.
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Forced Response Design

The unrelated-question design becomes less efficient, when the prevalence to the non-

sensitive question needs to be estimated from the data. Therefore, Boruch (1971)

used the randomizing device to select at random the sensitive question, with proba-

bility 1−p1, or when the sensitive question was not selected, to select a predetermined

positive response with probability p2. Therefore, a positive or affirmative response

can then either be an honest response to the sensitive question or an obliged re-

sponse. According to the forced response design, the response-probability model is

also given by Equation (3), where p2 denotes the proportion of respondents who

were prompted to give a positive answer irrespective of the sensitive question.

Kuk’s Design

The method that Kuk (1990) developed is based on a randomizing device, which

generates two binary outcomes (e.g., two stacks of cards). The idea is that a respon-

dent is given two stacks of cards with different proportions of red cards, where red

represents a positive response. A positive response is given by reporting the color

of the drawn card. At random a card is drawn from each stack, where a card is

drawn from the stack with a higher (lower) proportion of reds to express a positive

(negative) response. Additional details about the implementation of Kuk’s design

can be found in van der Heijden, van Gils, Bouts, and Hox (2000). Let p1 and p2

denote the proportion of red cards of the stack with the higher and lower proportion
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of reds, respectively. Then, the response probability model is given by

P (Yi = 1) = p2 (1− π) + p1π

= p2 + (p1 − p2) π (4)

where c = p2 and d = p1 − p2.

Crosswise Design

A variant of Warner’s design developed by Yu et al. (2008) is the crosswise model.

The sensitive question is paired with an unrelated nonsensitive question of which

the prevalence is known. Both questions, the sensitive and nonsensitive question,

are answered simultaneously with one positive or one negative response. A positive

response is given when the answer is either positive to both questions or negative

to both questions, and a negative response when the answer is positive to one of

the two questions. The corresponding general response-probability model is equal

to Warner’s model, Equation (2). However, the crosswise design has several advan-

tages over Warner’s design. The randomization procedure does not require a device,

since this element is integrated in the question. The instructions are easier to un-

derstand and it is not required to answer directly the sensitive question. Jann et al.

(2012) showed improved prevalence estimates under the crosswise model. Höglinger

and Jann (2016) showed that the crosswise model yielded higher prevalence esti-

mates partly due to false-positives, where non-cheaters were incorrectly classified as

cheaters.
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Triangular Design

Yu et al. (2008) also proposed the triangular model, which is based on the same

principle as the crosswise method. A nonsensitive question with a known prevalence,

p1, is paired with a sensitive question of interest. Both questions are answered with

one response, positive or negative. If the answers to both questions are negative a

negative response is given. If at least one answer to one of the questions is positive a

positive response is given. The response-probability model for the triangular design

is given by

P (Yi = 1) = p1π + (1− p1) π + p1 (1− π)

= p1 + (1− p1)π

where p1 denotes the prevalence of the nonsensitive characteristic. The triangular

method also do not require a randomizing device, and it is expected to be more

efficient than the crosswise design, which corresponds to Warner’s design.

3 Estimating Population Prevalence

The general response-probability model in Equation (1) will be used to derive a

common maximum likelihood estimator for prevalence. Let π denote an (unknown)

prevalence rate in a population and n persons are randomly selected and interviewed

using an RR technique with parameters c and d. The general RR model states that

responses Yi (i = 1, . . . , n) are Bernoulli distributed with success rate c + dπ; that

is, Yi ∼ B (c+ dπ). Subsequently, in Appendix A it is shown that the maximum
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likelihood estimator of π is given by

π̂mle =
1

d
(y − c) , (5)

where y represents the sample mean. Furthermore, it is shown that this unbiased

estimator is efficient, since the variance of the estimator is equal to the Cramér-Rao

lower bound. The variance of the general maximum likelihood estimator π̂mle is

given by

var (π̂mle) =
1

d2n
((c+ dπ) (1− (c+ dπ))) . (6)

As a result, for each RR design, the maximum likelihood estimator and variance

are given in Table 1. The asymptotic distribution of π̂mle can be used to define the

Wald statistic. It follows that,

π̂mle ∼ N
(
π, σ2

π̂

)
, (7)

where σ2
π̂ = var (π̂mle), as defined in Equation (6). In Table 1, for each RR design

the expressions for the ML estimator and variance are given.

4 Generalized Linear RR Models

The generalized linear model is characterized by independent observations distributed

according to an exponential family distribution. Explanatory variables are available

on each observation, which are used to describe a linear predictor (i.e., systematic
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linear component). Then, the generalized linear model (e.g., McCullagh & Nelder,

1989; Scheers & Dayton, 1988) is used to model the binary responses given the linear

predictor. An important element is the link function to relate the expectation of an

observation to a linear predictor.

Let xi (i = 1, . . . , n) denote the covariates for subject i, and ηi = xtiβ the

linear predictor. The linear predictor is linked to the conditional expectation of a

single observation via a link function g(.). Using the general response-probability

model in Equation (1), the inverse of the link function, g−1(.), is used to relate the

expected randomized response to the linear predictor of the sensitive question. This

relationship is given by

E (yi | xi) = µi = c+ dP
(
Ỹ = 1 | xi

)
= c+ d g−1 (ηi)

= c+ d g−1
(
xtiβ

)
(8)

where g−1(.) represents the response function or (cumulative) distribution function

to model an affirmative honest response probability. For binary data, the expected

response corresponds to the probability of success. Therefore, the general link func-

tion g−1(.) will also be referred to as π(.), representing the success probability. This

success probability can depend on explanatory variables, and the π(xtiβ) represents

the success probability given the linear predictor.

When assuming a logistic distribution function, π(.), for the honest response ỹ,
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the inverse link function is given by

µi = c+ dπ (ηi)

= c+ d
exp (ηi)

1 + exp (ηi)
,

and, subsequently, the modified link function is given by

g (µi) = log

(
µi − c

c+ d− µi

)
= ηi.

It follows that this modified logit link function generalizes the (common) link func-

tion for the standard logistic regression model, which is represented with c = 0 and

d = 1. Van den Hout et al. (2007) also considered this modification of the logistic

regression link function.

A more general procedure can be given, since different response distributions,

π(.), for the honest response can be considered. For each response distribution,

it is only required to specify the appropriate link function. For example, when

considering a probit model for the honest responses, the honest success probability

is defined by the cumulative normal distribution function, where the probit link

function (i.e., the inverse of the cumulative normal distribution function) is used to

define the link with the linear predictor. In Table 2, the logit, probit, complementary

log-log, and cauchit link functions are given for binary RR data. The represented

link functions are modifications of the common link functions for binary (response)

data. It follows that for each response function, the expected response, µi, can be

expressed according to Equation (8), where the g−1(.) represents the cumulative
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distribution function. An advantage of this general GLM modeling approach for

binary RR data is that standard GLM software can be used, since only a linear

transformation of the common link functions is required.

The cauchit link function, which is based on the standard Cauchy quantile func-

tion, is not often used. However, the corresponding cauchit model can be more

appropriate when the observations contain some surprising values. For example,

when observations for which the linear predictor is large in absolute value, indicat-

ing an accurate prediction of the outcome, and yet the linear predictor is incorrect.

Such inconsistencies in the response observations are more easily captured by the

cauchit model, than the probit or logit, since the Cauchy distribution has heavier

tails compared to the normal and logistic distribution.

Insert Table 2 about here

GLMs With Composite Link Functions

The composite link function was introduced by Thompson and Baker (1981). They

defined a link function that comprises different linear predictors instead of one lin-

ear predictor for each observation. The simple composite link function has known

weights for each link function. When the weights are multiplied with unknown

parameters, the composite link function is referred to as a bilinear composite link

function, which extends the simple composite link function. The bilinear composite

link function can be stated as

µi =
∑
q

αtwqig
−1
q (ηqi) ,
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where α are unknown parameters, w are known weights, and g−1
q the inverse link

function for linear predictor ηqi. For binary data, each inverse-link function is a

cumulative distribution function and the notation πq = g−1
q is used.

Rabe-Hesketh and Skrondal (2007) considered composite link functions for differ-

ent latent variable models, and showed that Warner’s logistic regression model can

be represented as a generalized linear model with a simple composite link function.

This result can be generalized, since it implies directly to the RR designs represented

by Equation (1). For each survey design stated in Table 2, the generalized linear RR

model defined in Equation (8), and in Table 2, has a simple composite link function.

For example, when considering the unrelated question design, and using a linear

component for the related and unrelated question, the expression for the conditional

expected value is given by,

µi = p1π1 (η1i) + (1− p1)π2 (η2i)

=
2∑
q=1

wqπ
−1
q (ηqi) ,

where weights w1 and w2 determine the random selection of the related and unrelated

question. The inverse-link functions π1(.) and π2(.) relate each linear term to the

expected value, and each function can be a logit, probit, complementary log-log or

cauchit function. Different link functions can be specified. This also implies that

a different response distribution can be defined for honest responses to the related

question compared to honest responses to the unrelated question.

However, in RR modeling, interest is mainly focused on the linear predictor in
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relation to responses to the sensitive question. This makes the composite link func-

tion not particularly relevant for generalized linear RR modeling. However, in a

more complex some situation, some respondents may not follow the RR instructions

and always respond, for example, in the least stigmatizing way (Böckenholt & van

der Heijden, 2007). Often the the least stigmatizing answer is ”No”, and therefore

this response behavior is also referred to as self-protective no-saying. Van den Hout,

Gilchrist, and van der Heijden (2010), considered the log-linear RR model with a

composite link function to include self-protective response behavior. In the general-

ized linear modeling approach with a bilinear composite link function, an additional

component for the self-protective response behavior can be included. Consider the

general response-probability model in Equation (1), a second linear predictor for the

self-protective responses, and a mixture parameter αi. Then, the expected response

can be written using a bilinear composite function

µi = αi (c+ dπ1 (η1i)) + (1− αi)π2 (η2i) , (9)

where the mixture parameter can be linked to a third linear predictor with αi =

π3 (η3i).

5 Generalized Linear Mixed RR Models

Generalized linear mixed models include both fixed and random effects in the linear

predictor. Consider response variable yij, where i refers to the subject (i = 1, . . . , nj)

and j refers to the cluster (j = 1, . . . , J). The clustering of responses leads to an
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additional correlation between the responses. For instance, the cluster can refer to

a single subject who was repeatedly measured, or to a class of students from which

single observations were obtained. Random effect variables, denoted as bj, are used

to model the dependencies between clustered responses. Besides the choice of link

function and the specification of explanatory variables, the effect of each predictor

variable can be specified to be fixed or random.

Let the predictor variables xij and zij denote the explanatory variables associated

with the response variable yij. The explanatory variables xij are used to define

population-specific effects and variables zij to define cluster-specific effects. The

GLM for RR responses defined in Equation (8) can be extended by including the

random effects. This is done by modeling the mean response conditionally on the

random effects bj. The expected response for subject i in cluster j is extended with

random effect bj, and is given by

E (yij | xij, zij,bj) = c+ dπ(ηij)

= c+ dπ
(
xtijβ + ztijbj

)
, (10)

where π(.) is again a cumulative distribution function to model an affirmative honest

response. The response function (i.e. inverse-link function), which defines the link

between the predictor and the expected response is again a linear transformation

of the π(.). In this generalized linear mixed effects model, the β parameters are

considered to be the fixed effects model parameters and the bj the random effects.

Although not strictly necessary, the random effects bj are assumed to be multivariate
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normally distributed with mean zero and covariance matrix Qb. The random effects

define a common correlation between responses from the same cluster.

6 ML Estimation: Parameter Recovery Study

The general method to estimate the model parameters given binary data is max-

imum likelihood. The basic procedure is to define the log-likelihood of the model

parameters given the binary response data. The maximum likelihood estimates will

maximize the log-likelihood, and are obtained by solving the maximum likelihood

equations. Fisher scoring algorithm can be used to find the maximum likelihood

estimates as the roots of the maximum likelihood equations. The details of the es-

timation method for the GLM, GLMM, and composite link functions are given in

Appendix B.

The performance of the ML estimation method was evaluated for GLMMs with

four different link functions. Data were generated according to a forced RR design

with p1 = .778 and p2 = .50. The linear predictor consisted of a random intercept

bi, for i = 1, . . . , N (N = 200 and N = 500) assumed to be normally distributed

with variance σ2 = 0.50. For each i, J = 10 and J = 20 repeated observations

were generated. A predictor effect was set at β = 1, and the predictor values were

sampled from a normal distribution with a mean of 0 and standard deviation of 0.50.

Fixed effects λj were set from -.50 to .50 with a step size of J−1. The corresponding
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success probability is given by

P (Yij = 1 | bi, λj, Xij) = .111 + .778π (ηij)

ηij = λj + βXij + bi

where bi ∼ N (0, σ2). For each condition, 50 data sets were generated for four dif-

ferent cumulative distributions (i.e., logistic, cumulative normal, Gumbel, Cauchy)

using the corresponding link functions, as described in Table 2.

In Table 3, the averaged parameter estimates of the predictor effect, β, and ran-

dom effect variance, σ2, are given across the 50 data replications. For each condition,

it can be seen that the 95% confidence intervals include the true parameter values.

The size of the confidence intervals become smaller, when increasing the sample size.

The variance estimates were most often slightly below the true value. The sample

size was of moderate size, and the randomized response mechanism further reduced

the effective sample size. Therefore, it is likely that the random effect variance was

not always realized in the sample data. Furthermore, for the cauchit link function,

the predictor effects were slightly underestimated, when increasing the sample size.

The wider tails of the Cauchy distribution restricts the more extreme linear predictor

values less stringent than the logistic, normal, and Gumbel distribution. Extreme

linear predictor values are less likely related to extreme success probabilities under

the Cauchy distribution than under the other cumulative distributions. Therefore,

the Cauchy distribution induced less structure on the response probabilities given

the linear predictor, leading to lower estimated fixed and random effects.
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In another simulation study it is shown that the Cauchy distribution is partic-

ularly useful for skewed distributed responses and that the GLM with the cauchit

link is preferred when the RR data are Cauchy distributed (see the Web Appendix

). In general it was concluded that the maximum likelihood estimation method was

capable of recovering the true parameter values.

Insert Table 3 about here

7 Goodness-of-fit Statistics

The general goodness-of-fit tests, diagnostic checks, and residual analysis for binary

response data can be used to evaluate the fit of generalized linear RR models. The

discrepancy between the fitted values under the generalized linear RR model and

the observations yi (i = 1, . . . , n) can be expressed by the deviance. The deviance

of the saturated model is zero. Therefore, for the generalized linear RR model the

deviance can be expressed as

D (y, π̂) = −2
n∑
i=1

yi log (c+ dπ̂i) + (1− yi) log (1− (c+ dπ̂i))

= −2 logL
(
β̂,y

)
, (11)

where π̂i = π
(
xtiβ̂

)
and the log-likelihood is defined in Equation (15). Following

Table 2, a link function is defined for each cumulative distribution function π(.).

The deviance function can be used as a model-fit statistic, when the number of

model-specific success probabilities is less than the number of observations. There-

fore, consider i = 1, . . . , I different repeated trials of binary observations. Let ni de-
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note the number of observations at measurement point xi. For each set of repeated

trials, yi, a unique success probability (c+ dπi) applies such that the observed trials

are binomially distributed. The deviance function for the binomially distributed sets

of observations is given by

D (y, π̂) = 2
I∑
i=1

ni

(
yi log

(
yi

(c+ dπ̂i)

)
+ (1− yi) log

(
1− yi

1− (c+ dπ̂i)

))
,(12)

where y = (y1, . . . , yI) are the average number of successes for the sets of repeated

trials. This deviance function evaluates the fit of the average success probabilities

for each set of repeated trials. This deviance function is also referred to as the

deviance for grouped binary RR data. Categorical predictor variables, xi, give

support to a clustered interpretation of the binary observations. Conditional on

the combined level of the categorical predictors, the observations are assumed to be

binomially distributed. All categories of the categorical predictors should contain

enough observations.

For grouped observations, the deviance is considered to be a goodness-of-fit

statistic. The deviance is asymptotically χ2-distributed with I minus the number of

categorical predictors as the degrees of freedom, for a fixed number of categories of

the predictors and ni →∞ for i = 1, . . . , I (Tutz, 2012, pp. 89-93). The deviance for

single responses, Equation (11), is not asymptotically χ2-distributed, since the de-

grees of freedom increase with the sample size. The deviance for single observations

can still be used in a residual analysis.

When considering grouped observations, the Pearson statistic can also be used
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as a goodness-of-fit test, which is given by

X2
P =

I∑
i=1

ni
(yi − (c+ dπ̂i))

2

(c+ dπ̂i) (1− (c+ dπ̂i))
. (13)

The Pearson statistic is also asymptotically χ2-distributed, for fixed I and ni →∞,

and has the same asymptotic distribution as the deviance in Equation (12).

When dealing with strict continuous predictors, both tests cannot be used. Each

level of the predictors will have one observation and the tests are not χ2-distributed.

For semi-continuous predictors it might still be possible to find categories with suf-

ficient observations. Hosmer and Lemeshow (1980) proposed a statistic where the

fitted values are categorized in I equally sized groups. The Hosmer-Lemeshow statis-

tic, X2
HL, is assumed to be χ2-distributed with I−2 degrees of freedom. The grouping

is based on the fitted values under the model. This leads to a reduced power of the

statistic and, as for all global tests, a misspecified linear term will often not be

recognized.

The goodness-of-fit fit statistics provide insight about the global fit of the model.

A residual analysis can give more detailed information about the a possible misfit

of the model. For binary RR data, the Pearson residual can be defined for the

generalized linear RR model, which has the form

rp (yi, π̂i) =
yi − (c+ dπ̂i)√

(c+ dπ̂i) (1− (c+ dπ̂i))/ni
.

The Pearson residuals can be used to investigate large differences between RR ob-

servations and the expected values under the model, and a plot of the residuals can
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indicate outliers.

For the generalized linear mixed RR models, different residuals can be considered.

The difference between the observation and the conditional expected value (given

the random effect estimate) leads to a conditional residual, which is given by

rc (yij, π̂ij) = yij − E (yij | xij, zij,bj)

= yij −
(
c+ dπ

(
xtijβ̂ + ztijb̂j

))
.

When the marginal expected value is computed, by integrating out the random

effects, a marginal residual can be computed. This is the difference between the

observation and the marginal mean, and is given by

rm (yij, π̂ij) = yij − E (yij | xij)

= yij −
(
c+ dπ

(
xtijβ̂

))
.

The residuals can be standardized by dividing them by their scaled standard devi-

ation, which leads again to a Pearson residual.

The Akaike information criterion (AIC) is used to compare non-nested models.

A general description can be given since the AIC consists of a deviance term, which

represents the discrepancy between the data and the fitted values, and a penalty

term. The deviance term is represented by the log-likelihood evaluated at the pa-

rameter estimates. The AIC is given by,

AIC = −2 logL
(
β̂,y

)
+ 2k



27

where k represents the number of model parameters. For the generalized linear

mixed RR model the number of model parameters, k, is estimated, since it depends

on the estimated random effect variance.

8 Real Data Study

8.1 Measuring Plagiarism using the Crosswise Design

Jann et al. (2012) discussed an RR survey study concerning plagiarism among 474

German and Swiss students conducted between June and July 2009. They used a

randomized experimental design: students in the study were assigned to an interview

using the direct-questioning technique (n1 = 116) or the crosswise (CW) technique

(n2 = 358). Students from the university of Leipzig, the ETH Zurich, and the LMU

Munich were assigned to one of two experimental conditions.

It was assumed that students would underreport about their involvement in

plagiarism, since it is socially undesirable behavior. Therefore, the CW technique

was expected to lead to higher prevalence estimates than the direct-questioning

(DQ) technique, when it was successful in eliciting more honest answers. Levels of

plagiarism were measured using two questions and the same questions were used in

both experimental conditions. The two questions about plagiarism were followed

by several personal questions and questions about writing student papers. The

(translated) questions related to plagiarism were, as reported in Jann et al., (2012),

1. When writing an assignment(e.g., seminar paper, term paper, thesis), have you

ever intentionally adopted a passage from someone elses work without citing
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the original? (partial plagiarism)

2. Did you ever have someone else write a large part of an assignment for you

or hand in someone elses work (e.g., from www.hausarbeiten.de) as your own?

(severe plagiarism)

In the CW condition, each sensitive question about plagiarism was paired with

a non-sensitive question, and a joint answer was requested to both questions. The

non-sensitive questions were:

1. Is your mothers birthday in January, February, or March? (paired with the

partial plagiarism question)

2. Is your fathers birthday in October, November, or December? (paired with the

severe plagiarism question)

The non-sensitive items were assumed to be independent of the sensitive items,

and the probability of a positive response to each nonsensitive question was set

to .25 assuming a uniform distribution of birthdays in the sample. According to

Table 1, the parameters c and d were equal to 0 and 1 for the DQ responses and

.75 (= 1− .25) and −.50 (= 2 · .25− 1) for the CW responses. In Jann et al., (2012),

the partial and severe prevalence estimates were computed for students who were

questioned directly and students who were questioned using the CW method. The

reported partial plagiarism prevalence estimates were 7.3% and 22.3%, and the severe

plagiarism prevalence estimates were 1% and 1.6%, for the DQ group and CW group,

respectively. These estimates follow directly from the maximum likelihood estimator

defined in Equation (5), where the variance can be computed from Equation (6).
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The partial plagiarism prevalence estimates are significantly different. This result

shows that the CW method avoids the self-protective behavior of students, when

responding to the sensitive plagiarism question.

A multivariate analysis of the response data was carried out to investigate effects

of the questioning technique and background variables (e.g., student characteristics)

on (severe and partial) plagiarism. The response data were stacked to analyse the

effects of background variables on the probability of partial and severe plagiarism.

The stacked response data provided support to a joint analysis of all response data,

while accounting for the different link functions. Therefore, the GLM for RR data

was used with appropriate values for the c and d parameters. Subsequently, different

GLMs were fitted by considering different cumulative distribution functions to model

the responses given a linear predictor, as described in Table 2.

In Table 4, the ML estimates and standard deviations are given of the RR indica-

tor variable (CW was coded as 1 and DQ as 0), of the variable student age (ranging

from 18 to 41), and of the question indicator variable (partial plagiarism was coded

as 1 and severe plagiarism as 0). It follows that the three variables have significant

effects using the logistic, probit, and the complementary log-log link function. From

the AIC estimates follows that the probit link function leads to the best goodness-of-

fit, but differences are very small. When differences are small, the logit link function

can be preferred, since it leads to easily interpretable estimates in terms of log-odds

or odds.
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Given the estimated effects from Table (4), the estimated odds ratio is given by,

P (Yi = 1)

P (Yi = 0)
= exp (.63− .26Agei + 1.34RRi + 2.40Partiali) ,

where Yi represents the true response of student i. The RR effect of 1.34 represents

the effect on the log-odds ratio when comparing indirectly questioning (CW) with

directly questioning (DQ). It follows that the odds ratio increased with a factor of

3.82 = exp(1.34) for students who were questioned via the CW method, compared

to students who were questioned directly. Students questioned with the CW method

were more likely to admit to plagiarism (partial and/or severe). The effect of variable

age shows that there is a negative relationship between student age and plagiarism,

where older students are less likely to be involved in plagiarism. Finally, when

comparing the odds ratio of the partial plagiarism question with the odds ratio of

the severe plagiarism question, it follows that the log odds ratio increased with a

factor of exp(2.40) = 11.02 when it concerned the partial plagiarism question. Only

a few students admitted to severe plagiarism.

The generalized linear multivariate modeling of the plagiarism data was not

optimal due to the small prevalence estimate of severe plagiarism. However, the

analysis did show a combined effect of the CW method, given the higher prevalence

estimates based on the RR data compared to the DQ data. The general goodness-

of-fit statistics, (e.g., Deviance, Pearson, and Hosmer-Lemeshow) did not indicate a

misfit of the model. For the logistic distribution, the test statistic values were 51.1

(p=.88), 54.5 (p=.80), and 6.2 (p=.62), for the Deviance, Pearson, and Hosmer-

Lemeshow statistic, respectively, where the corresponding p-values are given within
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brackets. For the Cauchy distribution, the statistic values were slightly higher but

the p-values were still less than .95, and did not indicate a misfit of the model.

Insert Table 4 about here

8.2 A Smoking Behaviour Study Among Lung Patients

In the smoking behaviour study of Fox et al. (2013), a multi-item questionnaire was

used to measure smoking behavior of lung patients over 16 years of age who were

asked to voluntarily participate in the survey. We focused on three items of the

questionnaire for which count data were observed. The three items are about regu-

lar smoking and the amount of smoking; item 1 “”How many years have you been

smoking/had been smoking?”, item 2, “How many cigarettes are you smoking per

day?”, and item 3, “”How many days per week are you smoking?”. The object was

to identify regular smokers from non-regular smokers, and to examine whether there

were differences between patients responding using the RRT and those responding

directly. In total, 305 patients were assessed, and 198 of them completed the test

using the forced RR technique. Using a randomizing device, an honest response

was requested with probability p1 = .611, and a forced response to one of four re-

sponse categories was given with probability p2 = .25, where the response categories

were ’never/none’ and three others representing different frequency intervals. De-

mographic characteristics such as age (in years) and educational level of the patient

were collected as background characteristics and information on medical condition.

Patients were randomly assigned to the randomized response condition or to the

direct-questioning technique.
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Let Zik denote the (true) response of patient i to item k, which represents the

number of occasions of the questioned event. The response variable Zik is assumed

to be Poisson distributed with parameter λi. Let Yik denote patient’s i randomized

response of ”never/none” (Yik = 0) or a non-zero frequency (Yik = 1). The comple-

mentary log-log link function can be used to model the probability of a randomized

response of a non-zero observation, P (Yik = 1), given the linear predictor xiβ. It

follows that,

P (Yik = 1 | β) = pi1P (Zik > 0 | λi) + (1− pi1)pi2

= pi1 (1− P (Zik = 0 | λi)) + (1− pi1)pi2

= pi1 (1− exp (−λi)) + (1− pi1)pi2

= pi1 (1− exp (− exp (xiβ))) + (1− pi1)pi2,

= ci + di (1− exp (− exp (xiβ))) ,

with ci = (1 − pi1)pi2 and di = pi1 and where the linear predictor is linked to

the expected number of events λi through the function, log (λi) = xiβ. It follows

that the success probability of a randomized non-zero count response is modeled

as a function of the linear predictor xiβ through the complementary log-log link

function. For patients responding directly pi1 = 1 and pi2 = 0, and for those using

the RRT pi1 = .611 and pi2 = .25

GLMs for RR data with a complementary log-log link were fitted to examine

differences in smoking behavior across patients. In Table 5, the parameter estimates

are given of two fitted GLMs referred to as Model 1 and Model 2. The RR variable
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indicates whether the response was given using the forced response technique (RR

equals 1) or without the forced response technique (RR equals 0). The significant

estimate of .79 of the RR variable in Model 1 shows that patients in the RR con-

dition scored more often a non-zero frequency than those responding directly. For

instance, for item 2 the probability that a patient is smoking daily is around .15

(1 − exp(− exp(−1.80)) ≈ .15) for those who responded directly, and around .31

(1− exp(− exp(−1.80 + 0.79))) for those who responded using the RRT.

For Model 2, the type of disease and age are added as predictors. The estimated

intercept is around 2.33, and it shows that the COPD patients (in the RR and

DQ condition) have or had smoked for one or more years (item 1). Patients with

asthma or bronchitis scored much lower and were less likely to smoke, although those

questioned with RR scored significantly higher. The effect of age is negative, and

shows that youngsters were more likely to smoke.

Insert Table 5 about here

8.3 A Student Cheating Study

Fox (2005) and Fox and Meijer (2008) discussed a study about cheating of Dutch

University students of different education programs. In total 349 students were ques-

tioned about types of cheating, where 36 items were used to measure an academic

dishonesty (cheating) score. Students were questioned from 7 different programs;

computer science (CS), educational science and technology (EST), philosophy of

science (PS), mechanical engineering (ME), public administration and technology

(PAT), science and technology (ST), and applied communication sciences (ACS).
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Students were questioned using the forced randomized response method and for

each of 36 items they were asked whether they agreed or disagreed. A dice was

used before a question could be answered and students answered yes when the sum

of the outcomes equaled 2, 3, or 4; answered no when the sum equaled 11 or 12;

or answered the sensitive question truthfully. As a result, the parameters of the

used forced response technique were p1 = 3/4 and p2 = 2/3, such that c = 1/6 and

d = 3/4.

The 36 items covered types, frequencies, and reasons of cheating, which were

used to estimate an overall cheating behavior score via a Bayesian IRT model for

randomized response data. A total of 13 items about types of cheating were selected

from the 36 cheating items of Fox (2005) and Fox and Meijer (2008). In Table

6, these items are given, where the item numbers refer to the numbering used by

Fox and Meijer (2008). Using a maximum likelihood estimation method, various

GLMM models were fitted to investigate differences in the prevalence of types of

cheating across items, students, and education programs. A cross-classified random

item effects model was fitted, where random effects were defined for the clustering of

randomized responses by items and students. Furthermore, different link functions

were used to identify an optimal model. Ten students who answered zeroes and one

student who answered ones to all items were excluded from the analysis, since their

behavior scores could not be computed. As a result, a total of 4,394 observations

were analysed of 338 students responding to 13 items.

Insert Table 6 about here

In Table 7, the parameter estimates of the different GLMMs for RR data are
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given. A random item effects model, referred to as Model0, was fitted to explore the

variability in the prevalence of cheating across items and persons. It can be seen

that the variability in student behavior is around .84, which is much higher than the

variability in types of cheating which is around .07. The prevalence of cheating differs

across students but not much across types of cheating. Under the header “Model1”,

the results are given of the GLMM with variable Male and educational program to

explain differences in student cheating behavior. The estimated negative effect of

Male indicates that males are less likely to cheat than females, but the effect is not

significant. The Wald test score equalled -0.41, which led to a p-value of 0.68. The

prevalence estimates differ across educational programs, where CS students scored

much lower than students from other programs. Female students of ACS reported

the highest mean score of cheating behavior. The student predictor variables reduced

the student-level variance with 9.5%, and as expected did not reduce the variance

in prevalence across items. In Model2, the variability in prevalence across items

is modeled using fixed item effects, where the effect of item 3 is fixed to zero for

reasons of identification. It can be seen that the prevalence estimates of types of

cheating is highest for item 10 (“Used crib notes or cheat sheets”) and lowest for

item 33 (“Minimized effort in a joint assignment”). Students who are likely to cheat

most often use a crib note. The standard errors of the item effects are relatively

high, and according to the Wald test only items 4, 10, 17, and 31 have effects

which are significantly different from zero. When comparing Model2 to Model1, it

follows that the deviance is reduced by introducing fixed item effects, and the AIC

shows a slight preference for Model2. Note that with Model2, prevalence estimates
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for the sensitive questions are computed given hierarchically structured data, since

responses are clustered in students, who are clustered in educational programs.

The discussed models had a logit-link function, but it is possible that another link

improves the model fit. The goodness-of-fit of models with different link functions

can be compared using the AIC and Deviance. Model2 was fitted using each of

the four link functions, where the probit link shows the lowest AIC and Deviance

value. In Table 7, the estimated effects of this GLMM (probit) model is given under

the header “Model3 (probit)”. The variance of the errors under the cumulative

normal distribution (probit model) is equal to one, where it is π2/3 under the logistic

distribution function. Therefore, the estimated fixed and random effects of Model3

are smaller than those of Model2 but they lead to similar conclusions. The fit of the

random item effects model and fixed item effects model is almost equal when using

the probit link function.

To interpret the outcomes of Model3, the response probability of cheating of

student i on item k can be expressed as

P (Yik = 1 | ηik) = c+ dΦ (ηik)

ηik = Itemk + Malei + Programi + Studenti

where ηik is the linear predictor and Studenti the cheating behavior score. This

expression can be used to compute prevalence estimates of cheating for different

types of items and groups of students. For example, it follows that the prevalence

estimates of CS students using a crib note is around 32%, which is around 51% for
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ACS students. Although, only RR data was observed, student-specific predictions

can be made using the random effects estimates for the student cheating behavior.

Finally, note that the prevalence estimates are based on an estimate of the linear

predictor, ηik, and the predictions cannot be related to observed RR data. The

defined link functions make it possible to compute predictions under the model,

while accounting for the fact that RR data are observed.

Insert Table 7 about here

9 Discussion

When investigating sensitive attributes direct-questioning techniques can induce

non-cooperation of respondents, which will lead to response bias. More truthful an-

swers can be elicited through indirect-questioning techniques. Several RR validity

studies have shown improved prevalence estimates (e.g., Fox et al., 2013; Hoffmann,

Diedenhofen, Verschuere, & Musch, 2015; Höglinger & Jann, 2016; Moshagen et al.,

2014; van der Heijden et al., 2000). Fox et al. (2013) investigated the validation of

the RR technique using a treatment-control design, where lung patient’s smoking

behavior was assessed using a multi-item measure through either direct or indirect-

questioning. A breath test was also administered using a carbon monoxide (CO)

monitor to determine patient’s smoking status, which served as a gold standard.

Patients, detected as smokers, scored significantly higher, when questioned via the

forced RR technique, compared to detected smokers who were directly questioned.

The study provides insight in the sensitivity and specificity of the self-report under

direct and indirect questioning. Note that higher prevalence estimates might not
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always validate the RR technique, since this requires insight in the over and un-

derreporting behavior of respondents (e.g., de Jong et al., 2015; Höglinger & Jann,

2016) or the true status of the respondent with respect to the sensitive attribute

(Fox et al., 2013).

Despite recent work on validating RR methods, there is not much applied sub-

stantive research investigating sensitive attributes that might be distorted by re-

sponse bias, when using direct-questioning techniques. To provide support to sub-

stantive applications using RR techniques, a general modeling framework is pro-

posed, which encompasses the different RR designs and provides support to ad-

vanced GLM and GLMM methods for RR data. Applied researchers familiar with

GLM and GLMMs can easily include RR data in their analysis using the devel-

oped R-package GLMMRR. By extending the common class of link functions to

model binary data, the general class of RR models are integrated into the GLMM

framework, while maintaining the general features included in the GLM and GLMM

software (e.g., lme4 Bates et al., 2015). The modified link parameters are the RR

design characteristics, and by specifying the design parameters for each response, it

is possible to jointly model responses collected via the different RR designs, includ-

ing direct-questioning. It is our objective to stimulate applied and methodological

RR research by offering the open-source software, GLMMRR: Generalized Linear

Mixed Modeling of RR data (Fox et al., 2016).

To account for noncompliance behavior, where respondents do not follow the

design instructions, more advanced models are required. By introducing a composite

link function, different linear predictors can be linked to each response. This makes it
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possible to define a coherent modeling framework for RR data. However, when using

(modified) composite link functions in combination with GLMMs, more complex

estimation methods are required to estimate all model parameters. MCMC methods

can be used to estimate more complex models, which can account for noncompliance

behavior (e.g., Böckenholt & van der Heijden, 2007; De Jong et al., 2010; Fox et

al., 2013). However, more research is needed to develop MCMC methods that can

handle in a flexible way GLMMs with composite link functions.

The GLMMs are computationally intensive methods and are usually applied

to relatively large sample sizes (Bates et al., 2015). Furthermore, the RR designs

require larger samples to achieve the same level of accuracy as direct-questioning.

The prevalence of sensitive behaviors are often relatively low, and more data are

required to obtain accurate estimates. Our R-package can handle large sample

sizes (104 − 106 observations) to support real applications. Furthermore, the RR

design characteristics can be adjusted across questions, such that less noise might

be added to responses of the more sensitive questions with probably lower prevalence

estimates. The efficiency of the RR designs can be adjusted to improve the control

of the bias-variance trade-off of the indirect-questioning technique (Jann et al., 2012;

Rosenfeld, Imai, & Shapiro, 2015). By reducing the amount of noise for the most

sensitive questions, accurate prevalence estimates might still be obtained without

requiring a substantially larger sample size compared to direct questioning.
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Böckenholt, U., Barlas, S., & van der Heijden, P. G. M. (2009). Do randomized-

response designs eliminate response biases? An empirical study of non-compliance

behavior. Journal of Applied Econometrics, 24, 377-392. doi = 10.1002/jae.1052.
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Appendix A: ML estimation of prevalence

Assume y1, . . . , yn RR observations according to a survey design with parameters c

and d, and let λ = c+ dπ. The likelihood can be written in the form

L (π; y) =
n∏
i=1

λyi (1− λ)1−yi

= λ
∑
i yi (1− λ)n−

∑
i yi .

The maximum likelihood estimate of π maximizes the log-likelihood function. This

estimate solves

max
π

logL (π; y) = max
π

[∑
i

yi log λ+

(
n−

∑
i

yi

)
log (1− λ)

]
.

The score function for the Bernoulli log-likelihood given RR data equals

S (π | y) =
∂ logL (π; y)

∂π
=
d
∑

i yi
c+ dπ

− d (n−
∑

i yi)

1− (c+ dπ)
.

The maximum likelihood estimate satisfies S (π̂mle | y) = 0, and it follows that

π̂mle =

∑
i yi/n− c
d

=
1

d
(y − c) .

As a result, given the survey design characteristics c and d, the maximum likelihood

estimate is the sample average subtracted with c and divided by d. In Table 1, the

maximum likelihood estimators are given for each survey design.

It can be shown that the unbiased maximum likelihood estimator of π is efficient.
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Therefore, the variance of the estimator should be equal to the Cramér-Rao lower

bound. The variance of the estimator is given by

var (π̂mle) = var

(∑n
i=1 yi/n− c

d

)
=

∑n
i=1 var(yi)

d2n2

=
1

d2n
((c+ dπ)(1− (c+ dπ))) . (14)

The Cramér-Rao lower-bound of the variance of the maximum likelihood is esti-

mated by the inverse of the information matrix. Since the Bernoulli density function

is regular, and π̂mle is an unbiased estimator of π, it follows that

var (π̂mle) ≥ I (π | y)−1 ,

where the sample information matrix is denoted by I (π | y) = −E (H (π | y)) and

H(.), the Hessian, is the second derivative of the log-likelihood.

Using the chain rule, the Hessian of a single observation yi can be expressed as,

H (π | yi) =
∂S (π | yi)

∂π

=
∂

∂π

[
dyi
λ
− d(1− yi)

1− λ

]
= −

[
d2 + d2S (π | yi)− 2dλS (π | yi)

λ(1− λ)

]
.

The negative expectation of the Hessian is then

−E (H (π | yi)) =
d2

λ(1− λ)
,
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since E (S (π | yi)) = 0. The n observations are independently sampled. Subse-

quently, the sample information matrix is given by

I (π | y) =
d2n

λ(1− λ)

=
d2n

(c+ dπ)(1− (c+ dπ))
,

which provides the Cramer-Rao lower bound of the variance of π̂mle,

var (π̂mle) ≥
(c+ dπ)(1− (c+ dπ))

d2n
.

It follows that this lower bound is equal to the variance in Equation (14).

Appendix B: ML Parameter Estimation

GLM Estimation Methodology

It can be shown that the maximum likelihood equations for the parameters of the

GLM model for RR data, as defined in Equation (8), are equal to the general form

of the GLM maximum likelihood equations. The only difference is that the success

probability includes the RR design parameters c and d. The true probability of

success, modeled as function of the linear predictors π(xtβ), is linearly transformed

according to the used RR design. It will follow that this linear transformation of the

true probability of success does not modify the structure of the maximum likelihood

equations. The only difference is that components in the equations also contain

the RR design parameters. So, the modified link functions, defined in Table 2, do
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not influence the estimation equations, since they only define the link between the

expected response and the linear predictor.

The log-likelihood function of the generalized linear RR model can be stated as

logL (β; y) =
n∑
i=1

yi log
(
c+ dπ(xtiβ)

)
+ (1− yi) log

(
1−

(
c+ dπ(xtiβ)

))
.(15)

This log-likelihood matches the general form of the log-likelihood of the GLM

model for binary data, except for the modification of the success probability. There-

fore, the score function and information matrix for the generalized linear RR model

will take the same form as those of the GLM. It follows that,

S (β; y) =
∂ logL (β; y)

∂β

=
n∑
i=1

xiyi
c+ dπ (xtiβ)

d ∂π (ηi)

∂ηi
− xi(1− yi)

1− (c+ dπ (xtiβ))

d ∂π (ηi)

∂ηi

=
n∑
i=1

xi
d ∂π (ηi)

∂ηi

[
yi − (c+ dπ (xtiβ))

(c+ dπ (xtiβ)) (1− (c+ dπ (xtiβ)))

]
= XtDΣ−1 (y − µ) , (16)

where the design matrix is given by X t = (x1, . . . , xn), the first-order derivatives

is given by D = Diag (d ∂π(η1)/∂η, . . . , d ∂π(ηn)/∂η), and the covariance matrix is

given by Σ = Diag (σ1, . . . , σn), where σi = (c+ dπ(ηi))(1− (c+ dπ(ηi))). The score

function in Equation (16) has the same structure as the general score function for

binary response data under the generalized linear model (e.g., Tutz, 2012, p. 63-66).

The asymptotic variance is defined by the expected information matrix, which
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is given by,

I (β | y) = E

(
n∑
i=1

S (β; yi)S (β; yi)
t

)

=
n∑
i=1

xix
t
i

(
d ∂π (ηi)

∂ηi

)2

/σi

= Xt
(
DΣ−1Dt

)
Xt, (17)

which resembles the common form of the information matrix for the generalized lin-

ear model (e.g., Tutz, 2012, p. 63-66). The matrix of first-order derivative is slightly

different, since the elements are multiplied with RR design parameter d. Further-

more, the variance term is different, since it is based on the success probabilities

defined in Equation (8). It follows that the asymptotic covariance of the maximum

likelihood estimator β̂ is equal to

var
(
β̂
)

=
(
Xt
(
D̂Σ̂−1D̂t

)
X
)−1

, (18)

where the matrix D̂ is the matrix of first-order derivatives evaluated at β = β̂ and

the matrix Σ̂ is the covariance matrix evaluated at β = β̂.

GLMM Estimation Methodology

The log-likelihood of the generalized linear mixed effect response model is equal to

the GLM log-likelihood function defined in Equation (15), except that the linear

term is extended with the random effect parameters as defined in Equation (10).

The estimation methodology of the GLM can be used to estimate the fixed effects
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β. This follows from the fact that the random effect distribution does not include

parameter β. Consider the score function defined in Equation (16). This score

function is defined conditionally on the random effects b. Following the procedure

of McCulloch et al, (2008, p. 195), the score function for the fixed effects under the

generalized linear mixed effect model can be derived from the score function under

the generalized linear model. It follows that,

∂ logL (β; y)

∂β
=

∂

∂β

∫
p (y | β,b) p (β | Qb) db/p (y)

=

∫
S (β; y,b) p (β | y,Qb) db

=

∫ [
XtDΣ−1 (y − µ)

]
p (β | y,Qb) db

= XtE
(
DΣ−1 | y

)
y −XtE

(
DΣ−1µ | y

)
, (19)

where the matrices D and Σ are defined below Equation (16), with σij = c +

dπ
(
xtijβ + ztijbj

)
. For the generalized linear mixed effects model, the conditional

expected value given the responses y of the matrices D and Σ are required to

estimate the fixed effects. For low-dimensional random effects, Gauss-Hermite ap-

proximation can be used to compute the conditional expected values (see, e.g., Tutz,

2012, p. 407-409). In a similar way, the asymptotic variance can be computed using

the expression in Equation (17), and by taking the conditional expectation over the

matrices D and Σ.

Restricted maximum likelihood estimates of the variance components can be ob-

tained through a profile likelihood in which the fixed effects parameters are replaced

by their maximum likelihood estimates (e.g., Breslow & Clayton, 1993). The ran-
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dom effects parameters can also be estimated similar to the estimation of the fixed

effects (see, McCulloch et al., 2008, p. 196). Bates et al. (2015) give a more general

overview of parameter estimation, which is also implemented in the R-package lme4.

It follows that the likelihood equations for the fixed effect parameters of the

GLMM for RR data, as defined in Equation (19), have the same structure as the

general GLMM likelihood equations for binary data. The modified link functions

can be used to relate the expected response to the linear predictor, as defined in

Table 2. This also depends on the cumulative distribution function, π(.), to model

the success probability.

Estimation with Composite Link Functions

Thompson and Baker (1981) and Green (1984) showed that an iteratively re-weighted

least squares estimation procedure for the GLM model can be extended to account

for composite link functions. They showed that the estimation equations can be

adjusted to account for composite link functions.
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Table 1: Parametrization of the different randomized response designs.

Survey Design Par. c Par. d π̂mle V ar(πmle)

Warner 1− p1 2p1 − 1 (y−q1)
q2

(q1+q2π)(1−(q1+q2π))

q22n

Forced Response (1− p1)p2 p1
(y−(q1p2))

p1

((q1p2)+p1π)(1−((q1p2)+p1π))

p21n

Unrelated Question (1− p1)p2 p1
(y−(q1p2))

p1

((q1p2)+p1π)(1−((q1p2)+p1π))

p21n

Kuk p2 p1 − p2 (y−p2)
p1−p2

(p2+(p1−p2)π)(1−(p2+(p1−p2)π))
(p1−p2)2n

Crosswise 1− p1 2p1 − 1 (y−q1)
q2

(q1+q2π)(1−(q1+q2π))

q22n

Triangular p1 1− p1 (y−p1)
q1

(p1+q1π)(1−(p1+q1π))

q21n

Note: q1 = (1− p1), q2 = (2p1 − 1)
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Table 2: Parameterization of the different link functions for Bernoulli distributed binary RR data.

Function Logit Probit Compl. log-log Cauchit

Distribution π (xtiβ) Logistic Cum. Normal Gumbel Cauchy
Expected value µi c+ d eηi

1+eηi
c+ dΦ(ηi) c+ d (1− exp (1− exp (ηi))) c+ d

(
arctan (η) /π + 1

2

)
Link g (µi) log

(
µi−c
c+d−µi

)
Φ−1

(
µi−c
d

)
log
(
− log

(
c+d−µi

d

))
tan
(
π
(
1
d
(µi − c)

))
Inverse link g−1 (ηi) c+ d eηi

1+eηi
c+ dΦ(ηi) c+ d (1− exp (1− exp (ηi))) c+ d

(
arctan (η) /π + 1

2

)
Derivative dg−1(ηi)

dηi

d eηi

(1+eηi )2
dφ(ηi) d exp (ηi) exp (− exp (ηi)) d/ (π(1 + η2))

Note: ηi = βtxi, g(µi) = ηi, arctan(.) = tan−1(.)
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Table 3: Parameter recovery (across 50 data replications) of the GLMM for the
four different link functions. The RR data were generated according to the forced
response method with p1 = .778 and p2 = .50.

Logit Probit Cloglog Cauchit
N J Est. 95% CI Est. 95% CI Est. 95% CI Est. 95% CI

Fixed Effect β

200 10 0.97 [0.72, 1.20] 1.01 [0.75, 1.30] 0.96 [0.75, 1.20] 0.97 [0.64, 1.30]
20 0.99 [0.78, 1.20] 0.98 [0.78, 1.20] 0.98 [0.75, 1.20] 1.00 [0.73, 1.30]

500 10 0.95 [0.75, 1.20] 0.97 [0.80, 1.10] 0.95 [0.79, 1.10] 0.93 [0.77, 1.10]
20 0.97 [0.83, 1.10] 0.98 [0.84, 1.10] 0.97 [0.87, 1.10] 0.93 [0.78, 1.10]

Random Effect σ2

200 10 0.46 [0.22, 0.70] 0.48 [0.36, 0.60] 0.46 [0.33, 0.60] 0.49 [0.27, 0.71]
20 0.49 [0.40, 0.58] 0.49 [0.40, 0.58] 0.48 [0.38, 0.58] 0.49 [0.34, 0.63]

500 10 0.47 [0.34, 0.60] 0.48 [0.39, 0.57] 0.48 [0.38, 0.57] 0.44 [0.30, 0.58]
20 0.48 [0.41, 0.56] 0.48 [0.42, 0.54] 0.48 [0.42, 0.53] 0.47 [0.40, 0.55]

Table 4: Plagiarism study: Estimated effects of student age and type of questioning
on partial and severe plagiarism using the GLM with four different link functions.

Logit Probit Cauchit Compl. log-log
Est. S.E Est. S.E Est. S.E Est. S.E

Intercept 0.63 2.94 0.49 1.46 -21.53 28.29 0.16 2.73
Age -0.26* 0.13 -0.14* 0.07 -0.34 0.24 -0.23. 0.12
RR 1.34* 0.52 0.69* 0.27 3.18. 1.79 1.24* 0.48
Partial Plag. 2.40* 1.09 1.11* 0.43 24.53 27.79 2.29* 1.07

AIC 813.32 813.25 815.18 813.39

Signif. codes: 0 ’***’ 0.001 ’**’ 0.01 ’*’ 0.05 ’.’ 0.1 ’ ’ 1
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Table 5: Smoking Behavior Study: Influence of the questioning technique

Model 1 Model 2
Est. S.E Est. S.E

Intercept .61* .12 2.33* .57
Item 2 -1.80* .20 -2.04* .22
Item 3 -1.79* .20 -2.04* .21
RR .79* .17 1.50* .74

Asthma -1.70* .27
Lung Cancer .24 .37
Bronchitis -2.01* .45
Lung Emphysema -.30 .45
Other -.90* .23

Age -.02* .01

AIC 1084.3 1022.0

Table 6: Student Cheating Study: Thirteen items about different types of cheating.

Number Item
During an exam or test:

3 Tried to confer with other students
4 Allowed others to copy your work
5 Others allowed you to copy their work
10 Used crib notes or cheat sheets
11 Used unauthorized material such as books or notes
12 Looked at another students test paper with his or her knowledge
17 Added information to authorized material
20 Took along an exam illegally
29 Invented data (i.e., entered nonexistent results into the database)
30 Altered data to obtain significant results
31 Lied to postpone a deadline
33 Minimized effort in a joint assignment
34 Submitted course work from others without their knowledge
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Table 7: Student Cheating Study: Effects of educational program and gender on
cheating behavior, while accounting for item and student differences.

Model0 (Logit) Model1 (Logit) Model2 (Logit) Model3 (Probit)
Est. S.E Est. S.E. Est. S.E. Est. S.E.

Fixed Effects
Intercept -1.00 0.10
Item 4 0.67 0.28 0.40 0.17
Item 5 0.21 0.29 0.12 0.17
Item 10 1.08 0.28 0.65 0.16
Item 11 0.24 0.30 0.14 0.17
Item 12 0.27 0.29 0.16 0.17
Item 17 0.98 0.28 0.59 0.16
Item 20 0.33 0.29 0.20 0.17
Item 29 0.29 0.30 0.18 0.17
Item 30 0.45 0.30 0.27 0.17
Item 31 0.92 0.28 0.55 0.16
Item 33 0.11 0.30 0.07 0.18
Item 34 0.25 0.30 0.15 0.17
Male -0.07 0.17 -0.08 0.18 -0.04 0.11

Program
CS -1.46 0.26 -1.99 0.34 -1.19 0.20
PAT -0.61 0.23 -1.10 0.31 -0.66 0.18
ACS -0.59 0.19 -1.07 0.29 -0.65 0.17
ST -0.97 0.24 -1.46 0.33 -0.88 0.19
EST -0.93 0.17 -1.43 0.28 -0.86 0.16
ME -1.19 0.23 -1.70 0.32 -1.02 0.19
PS -0.93 0.27 -1.44 0.35 -0.86 0.20

Random Effects
Var. SD. Var. SD. Var. SD. Var. SD.

Student 0.84 0.92 0.76 0.87 0.82 0.91 0.29 0.54
Item 0.07 0.26 0.07 0.26

Information Criteria
AIC 5771.7 5768.2 5759.8 5759.2
Deviance 5765.7 5748.2 5717.8 5717.2

Note: Adaptive Gauss-Hermite quadrature was used for estimation using 1 to 24

quadrature points for a single integral.


