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0XOWLOHYHO 'DWD

,Q D ZLGH YDULHW\ RI UHVHDUFK DUHDV� DQDO\VWV DUH FRQIURQWHG ZLWK KLHUDUFKLFDO VWUXFWXUHG

GDWD� ([DPSOHV RI WKLV QHVWHG VWUXFWXUH RI WKH GDWD LQFOXGH ORQJLWXGLQDO GDWD ZKHUH VHYHUDO

REVHUYDWLRQV DUH QHVWHG ZLWKLQ LQGLYLGXDOV� FURVV�QDWLRQDO GDWD ZKHUH REVHUYDWLRQV DUH QHVWHG

LQ JHRJUDSKLFDO� SROLWLFDO RU DGPLQLVWUDWLYH XQLWV� GDWD IURP VXUYH\V ZKHUH UHVSRQGHQWV DUH

QHVWHG XQGHU DQ LQWHUYLHZHU� DQG WHVW GDWD RI VWXGHQWV ZLWKLQ VFKRROV �VHH� IRU H[DPSOH�

/RQJIRUG� ������ 7KH QHVWHG VWUXFWXUH JLYHV ULVH WR PXOWLOHYHO GDWD� 7KH SUREOHP LV SURSHUO\

DQDO\]LQJ WKH GDWD WDNLQJ WKH KLHUDUFKLFDO VWUXFWXUH LQWR DFFRXQW�

7KHUH DUH WZR RIWHQ FULWLFL]HG DSSURDFKHV IRU DQDO\]LQJ YDULDEOHV IURP GLIIHUHQW OHYHOV DW

RQH VLQJOH OHYHO� 7KH ¿UVW LV WR GLVDJJUHJDWH DOO KLJKHU RUGHU YDULDEOHV WR WKH LQGLYLGXDO OHYHO�

7KDW LV� GDWD IURP KLJKHU OHYHOV DUH DVVLJQHG WR D PXFK ODUJHU QXPEHU RI XQLWV DW /HYHO �� ,Q

WKLV DSSURDFK� DOO GLVDJJUHJDWHG YDOXHV DUH DVVXPHG WR EH LQGHSHQGHQW RI HDFK RWKHU� ZKLFK

LV D PLVVSHFL¿FDWLRQ WKDW WKUHDWHQV WKH YDOLGLW\ RI WKH LQIHUHQFHV� ,Q WKH VHFRQG DSSURDFK�

WKH GDWD DW WKH LQGLYLGXDO OHYHO DUH DJJUHJDWHG WR WKH KLJKHU OHYHO� $V D UHVXOW� DOO ZLWKLQ

JURXS LQIRUPDWLRQ LV ORVW� 7KLV LV HVSHFLDOO\ VHULRXV EHFDXVH UHODWLRQV EHWZHHQ WKH DJJUHJDWHG

YDULDEOHV FDQ EH PXFK VWURQJHU DQG GLIIHUHQW IURP WKH UHODWLRQV EHWZHHQ QRQ�DJJUHJDWHG

YDULDEOHV �VHH� IRU LQVWDQFH� 6QLMGHUV 	 %RVNHU� ����� SS� ���� :KHQ WKH QHVWHG VWUXFWXUH

ZLWKLQ PXOWLOHYHO GDWD LV LJQRUHG� VWDQGDUG HUURUV DUH HVWLPDWHG ZLWK ELDV�

$ FODVV RI PRGHOV WKDW WDNHV WKH PXOWLOHYHO VWUXFWXUH LQWR DFFRXQW DQG PDNHV LW SRVVLEOH

WR LQFRUSRUDWH YDULDEOHV IURP GLIIHUHQW DJJUHJDWLRQ OHYHOV LV WKH FODVV RI VR�FDOOHG PXOWLOHYHO

PRGHOV� 0XOWLOHYHO PRGHOV VXSSRUW DQDO\]LQJ YDULDEOHV IURP GLIIHUHQW OHYHOV VLPXOWDQHRXVO\�

WDNLQJ DFFRXQW RI WKH YDULRXV GHSHQGHQFLHV� 7KHVH PRGHOV HQWDLO D VWDWLVWLFDOO\ PRUH UHDOLVWLF
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VSHFL¿FDWLRQ RI GHSHQGHQFLHV DQG GR QRW ZDVWH LQIRUPDWLRQ� 7KH LPSRUWDQFH RI D PXOWLOHYHO

DSSURDFK LV IXOO\ GHVFULEHG E\ %XUVWHLQ ������� 'LIIHUHQW PHWKRGV DQG DOJRULWKPV KDYH

EHHQ GHYHORSHG IRU ¿WWLQJ D PXOWLOHYHO PRGHO� DQG WKHVH KDYH EHHQ LPSOHPHQWHG LQ VWDQGDUG

VRIWZDUH� 7KH (0 DOJRULWKP �'HPSVWHU HW� DO�� ������ WKH LWHUDWLYHO\ UHZHLJKWHG OHDVW VTXDUHV

PHWKRG RI *ROGVWHLQ ������� DQG )LVKHU VFRULQJ DOJRULWKP �/RQJIRUG� ����� KDYH EHFRPH

DYDLODEOH LQ VSHFLDOL]HG VRIWZDUH IRU ¿WWLQJ PXOWLOHYHO PRGHOV �+/0� 5DXGHQEXVK HW DO�� �����

0/ZL1 *ROGVWHLQ HW DO�� ����� 0SOXV� 0XWKpQ 	 0XWKpQ� ����� DQG 9$5&/� /RQJIRUG�

����� UHVSHFWLYHO\��

7KH ¿HOG RI PXOWLOHYHO UHVHDUFK LV EURDG DQG FRYHUV D ZLGH UDQJH RI SUREOHPV LQ GLIIHUHQW

DUHDV� ,Q VRFLDO UHVHDUFK� WKH EDVLF SUREOHP LV WR UHODWH VSHFL¿F DWWULEXWHV RI LQGLYLGXDOV DQG

FKDUDFWHULVWLFV RI JURXSV DQG VWUXFWXUHV LQ ZKLFK WKH LQGLYLGXDOV IXQFWLRQ� ,Q VRFLRORJ\�

PXOWLOHYHO DQDO\VLV LV D SDUWLFXODUO\ XVHIXO VWUDWHJ\ IRU FRQWH[WXDO DQDO\VLV� ZKLFK IRFXVHV

RQ WKH HIIHFWV RI WKH VRFLDO FRQWH[W RQ LQGLYLGXDO EHKDYLRU �VHH� IRU H[DPSOH� 0DVRQ HW

DO�� ������ ,Q WKH VDPH ZD\� UHODWLQJ PLFUR DQG PDFUR OHYHOV LV DQ LPSRUWDQW SUREOHP LQ

HFRQRPLFV� IRU DQ RYHUYLHZ� VHH %DOWDJL ������� 0RUHRYHU� ZLWK UHSHDWHG PHDVXUHPHQWV RI D

YDULDEOH RQ D VXEMHFW� LQWHUHVW LV IRFXVHG RQ WKH UHODWLRQVKLS RI WKH YDULDEOH WR WLPH �%U\N 	

5DXGHQEXVK� ����� *ROGVWHLQ� ����� /RQJIRUG� ������ )XUWKHU� %U\N DQG 5DXGHQEXVK ������

KDYH LQWURGXFHG PXOWLOHYHO PRGHOV LQ PHWD�DQDO\VLV� 7KH PXOWLOHYHO PRGHO KDV EHHQ XVHG

H[WHQVLYHO\ LQ HGXFDWLRQDO UHVHDUFK� VHH� IRU H[DPSOH� %RFN� ������� %U\N DQG 5DXGHQEXVK

������� *ROGVWHLQ ������ DQG +R[ ������� ([WHQVLYH RYHUYLHZV RI PXOWLOHYHO PRGHOV FDQ EH

IRXQG LQ +�WWQHU DQG YDQ GHQ (HGHQ ������� .UHIW DQG GH /HHXZ ������ DQG /RQJIRUG �������

,Q PDQ\ UHVHDUFK DUHDV� VXFK DV SK\VLFDO RU VRFLDO VFLHQFHV� VWXGLHV PD\ LQYROYH YDULDEOHV

WKDW FDQQRW EH REVHUYHG GLUHFWO\ RU DUH REVHUYHG VXEMHFW WR HUURU� )RU H[DPSOH� D SHUVRQ¶V

PDWKHPDWLFDO DELOLW\ FDQQRW EH PHDVXUHG GLUHFWO\� RQO\ WKH SHUIRUPDQFH RQ D QXPEHU RI
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PDWKHPDWLFDO WHVW LWHPV� $OVR GDWD FROOHFWHG IURP UHVSRQGHQWV FRQWDLQ UHSRQVH HUURU� 7KDW

LV� WKHUH LV UHVSRQVH YDULDWLRQ LQ DQVZHUV WR WKH VDPH TXHVWLRQ ZKHQ UHSHDWHGO\ DGPLQLVWHUHG

WR WKH VDPH SHUVRQ� 0HDVXUHPHQW HUURU FDQ RFFXU LQ ERWK LQGHSHQGHQW H[SODQDWRU\ DQG

GHSHQGHQW YDULDEOHV� 7KH UHOLDELOLW\ RI H[SODQDWRU\ YDULDEOHV LV DQ LPSRUWDQW PHWKRGRORJLFDO

TXHVWLRQ� :KHQ WKH UHOLDELOLW\ LV NQRZQ� FRUUHFWLRQV FDQ EH PDGH �)XOOHU� ������ RU� LI

UHSHDWHG PHDVXUHPHQWV DUH DYDLODEOH� WKH UHOLDELOLW\ FDQ EH LQFRUSRUDWHG LQ WKH PRGHO DQG

HVWLPDWHG GLUHFWO\� 7KH XVH RI XQUHOLDEOH H[SODQDWRU\ YDULDEOHV OHDGV WR ELDVHG HVWLPDWLRQ RI

UHJUHVVLRQ FRHI¿FLHQWV DQG WKH UHVXOWLQJ VWDWLVWLFDO LQIHUHQFH FDQ EH YHU\ PLVOHDGLQJ XQOHVV

FDUHIXO DGMXVWPHQWV DUH PDGH �&DUUROO HW DO�� ����� )XOOHU� ������ 7R FRUUHFW IRU PHDVXUHPHQW

HUURU� GDWD WKDW DOORZ IRU HVWLPDWLRQ RI WKH SDUDPHWHUV LQ WKH PHDVXUHPHQW HUURU PRGHO

DUH FROOHFWHG� 0HDVXUHPHQW HUURU PRGHOV KDYH EHHQ DSSOLHG LQ GLIIHUHQW UHVHDUFK DUHDV WR

PRGHO HUURUV�LQ�YDULDEOHV SUREOHPV� LQFRUSRUDWLQJ HUURU LQ WKH UHVSRQVH DV ZHOO DV LQ WKH

FRYDULDWHV� ,Q HSLGHPLRORJ\� FRYDULDWHV� VXFK DV EORRG SUHVVXUH RU OHYHO RI FKROHVWHURO�

DUH IUHTXHQWO\ PHDVXUHG ZLWK HUURU �VHH� IRU H[DPSOH� %XRQDFFRUVL� -�� ����� 0�OOHU 	

5RHGHU� ����� :DNH¿HOG 	 0RUULV� ������ ,Q HGXFDWLRQDO UHVHDUFK� VWXGHQWV¶ SUH�WHVW VFRUHV�

VRFLR�HFRQRPLF VWDWXV RU LQWHOOLJHQFH DUH RIWHQ XVHG DV H[SODQDWRU\ YDULDEOHV LQ SUHGLFWLQJ

VWXGHQWV¶ H[DPLQDWLRQ UHVXOWV� )XUWKHU� VWXGHQWV¶ H[DPLQDWLRQ UHVXOWV RU DELOLWLHV DUH PHDVXUHG

VXEMHFW WR HUURU RU FDQQRW EH REVHUYHG GLUHFWO\� 7KH PHDVXUHPHQW HUURUV DVVRFLDWHG ZLWK

WKH H[SODQDWRU\ YDULDEOHV RU YDULDEOHV WKDW FDQQRW EH REVHUYHG GLUHFWO\ DUH RIWHQ LJQRUHG RU

DQDO\VHV DUH FDUULHG RXW XVLQJ DVVXPSWLRQV WKDW PD\ QRW DOZD\V EH UHDOLVWLF �VHH� IRU H[DPSOH�

$LWNLQ 	 /RQJIRUG� ����� *ROGVWHLQ� ������

$OWKRXJK WKH WRSLF RI PRGHOLQJ PHDVXUHPHQW HUURU KDV UHFHLYHG D FRQVLGHUDEOH DPRXQW

RI DWWHQWLRQ LQ WKH IUHTXHQWLVW OLWHUDWXUH� IRU WKH JUHDWHU SDUW� WKLV DWWHQWLRQ KDV IRFXVHG RQ

OLQHDU PHDVXUHPHQW HUURU PRGHOV� PRUH VSHFL¿FDOO\� WKH FODVVLFDO DGGLWLYH PHDVXUHPHQW HUURU
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PRGHO� H�J� &DUUROO HW DO� ������� )XOOHU ������� *ROGVWHLQ ������� DQG /RQJIRUG ������� 7KH

FODVVLFDO DGGLWLYH PHDVXUHPHQW HUURU PRGHO LV EDVHG RQ WKH DVVXPSWLRQ RI KRPRVFHGDVWLFLW\�

ZKLFK HQWDLOV HTXDO YDULDQFH RI PHDVXUHPHQW HUURUV FRQGLWLRQDO RQ GLIIHUHQW OHYHOV RI WKH

GHSHQGHQW YDULDEOH� )XUWKHU� LW LV RIWHQ DVVXPHG WKDW WKH PHDVXUHPHQW HUURU YDULDQFH FDQ EH

HVWLPDWHG IURP UHSOLFDWH PHDVXUHPHQWV RU YDOLGDWLRQ GDWD� RU WKDW LW LV D SULRUL NQRZQ IRU

LGHQWL¿FDWLRQ RI WKH PRGHO� 2IWHQ WKH PHDVXUHPHQW HUURU PRGHOV DUH YHU\ FRPSOH[� )RU

H[DPSOH� FHUWDLQ HSLGHPLRORJ\ VWXGLHV LQYROYH QRQOLQHDU PHDVXUHPHQW HUURU PRGHOV WR UHODWH

REVHUYHG PHDVXUHPHQWV WR WKHLU WUXH YDOXHV �VHH� IRU H[DPSOH� %XRQDFFRUVL 	 7RVWHVRQ� �����

&DUUROO HW DO�� ������ ,Q HGXFDWLRQDO WHVWLQJ� LWHP UHVSRQVH PRGHOV UHODWH DFKLHYHPHQWV RI

WKH VWXGHQWV WR WKHLU UHVSRQVH SDWWHUQV �VHH� IRU LQVWDQFH� /RUG� ���� RU YDQ GHU /LQGHQ 	

+DPEOHWRQ� ������

0HDVXUHPHQW HUURU PRGHOV DUH RIWHQ FDOLEUDWHG XVLQJ H[WHUQDO GDWD� 7R FRUUHFW IRU

PHDVXUHPHQW HUURU LQ VWUXFWXUDO PRGHOLQJ� WKH HVWLPDWHV IURP WKH PHDVXUHPHQW HUURU PRGHO DUH

LPSXWHG LQ WKH HVWLPDWLRQ SURFHGXUH IRU WKH SDUDPHWHUV RI WKH VWUXFWXUDO PRGHO� 7KLV PHWKRG

KDV VHYHUDO GUDZEDFNV� ,Q FDVH RI D VLQJOH PHDVXUHPHQW ZLWK D OLQHDU UHJUHVVLRQ FDOLEUDWLRQ

FXUYH IRU WKH DVVRFLDWLRQ RI REVHUYHG DQG WUXH VFRUHV� DQG D KRPRVFHGDVWLF QRUPDOO\ GLVWULEXWHG

HUURU WHUP� WKH UHVXOWV DUH H[DFW �%XRQDFFRUVL� ������ %XW LI D GHSHQGHQW RU H[SODQDWRU\

YDULDEOH VXEMHFW WR PHDVXUHPHQW HUURU LQ WKH VWUXFWXUDO PRGHO KDV D QRQFRQVWDQW FRQGLWLRQDO

YDULDQFH� WKH UHJUHVVLRQ FDOLEUDWLRQ DSSUR[LPDWLRQ VXJJHVWV D KRPRVFHGDVWLF OLQHDU PRGHO

JLYHQ WKDW WKH YDULDQFHV DUH KHWHURVFHGDVWLF �&DUUROO HW DO�� ����� SS� ���� $OVR LQ FDVH RI D

QRQOLQHDU PHDVXUHPHQW HUURU PRGHO DQG D QRQOLQHDU VWUXFWXUDO PRGHO WKH HVWLPDWHV DUH ELDVHG

LQ FHUWDLQ FDVHV �%XRQDFFRUVL 	 7RVWHVRQ� ����� &DUUROO HW DO�� ����� SS� �������

8QWLO UHFHQWO\� PHDVXUHPHQW HUURU UHFHLYHG UHODWLYHO\ OLWWOH DWWHQWLRQ LQ WKH %D\HVLDQ

OLWHUDWXUH �=HOOQHU� ����� SS� ��������� 6ROXWLRQV IRU PHDVXUHPHQW HUURU SUREOHPV LQ D
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%D\HVLDQ DQDO\VLV ZHUH PDLQO\ GHYHORSHG DIWHU WKH LQWURGXFWLRQ RI 0DUNRY FKDLQ 0RQWH &DUOR

VDPSOLQJ �*HOIDQG 	 6PLWK� ����� *HPDQ 	 *HPDQ� ������ VHH� IRU H[DPSOH� %HUQDUGLQHOOL

HW DO� ������� 0DOOLFN DQG *HOIDQG ������� 0�OOHU DQG 5RHGHU ������� 5LFKDUGVRQ ������ RU

:DNH¿HOG DQG 0RUULV ������� 7KH %D\HVLDQ IUDPHZRUN SURYLGHV D QDWXUDO ZD\ RI WDNLQJ LQWR

DFFRXQW DOO VRXUFHV RI XQFHUWDLQW\ LQ WKH HVWLPDWLRQ RI WKH SDUDPHWHUV� $OVR� WKH %D\HVLDQ

DSSURDFK LV ÀH[LEOH� GLIIHUHQW VRXUFHV RI LQIRUPDWLRQ DUH HDVLO\ LQWHJUDWHG DQG WKH FRPSXWDWLRQ

RI WKH SRVWHULRU GLVWULEXWLRQV� ZKLFK XVXDOO\ LQYROYHV KLJK�GLPHQVLRQDO LQWHJUDWLRQ� FDQ EH

FDUULHG RXW VWUDLJKWIRUZDUGO\ E\ 0DUNRY FKDLQ 0RQWH &DUOR PHWKRGV�

7KLV FKDSWHU ZLOO GHDO ZLWK PHDVXUHPHQW HUURU LQ ERWK WKH GHSHQGHQW DQG LQGHSHQGHQW

YDULDEOHV RI D VWUXFWXUDO PXOWLOHYHO PRGHO� 7KH REVHUYHG GDWD FRQVLVW RI UHVSRQVHV WR

TXHVWLRQQDLUHV RU WHVWV DQG FRQWDLQ PHDVXUHPHQW HUURU� ,W ZLOO EH VKRZQ WKDW PHDVXUHPHQW

HUURU LQ ERWK WKH GHSHQGHQW DQG LQGHSHQGHQW YDULDEOHV OHDGV WR DWWHQXDWHG SDUDPHWHU HVWLPDWHV

RI WKH VWUXFWXUDO PXOWLOHYHO PRGHO� 7KHUHIRUH� WKH UHVSRQVH HUURU LQ WKH REVHUYHG YDULDEOHV LV

PRGHOHG E\ DQ LWHP UHVSRQVH PRGHO DQG D FODVVLFDO WUXH VFRUH PRGHO WR FRUUHFW IRU DWWHQXDWLRQ�

7KH *LEEV VDPSOHU FDQ EH XVHG WR HVWLPDWH DOO SDUDPHWHUV� RI WKH PHDVXUHPHQW PRGHO DQG

WKH VWUXFWXUDO PXOWLOHYHO PRGHO� DW RQFH� :LWK WKH XVH RI D VLPXODWLRQ VWXG\ DUH ERWK PRGHOV

FRPSDUHG WR HDFK RWKHU� 7KH FKDSWHU LV GLYLGHG LQWR WKH IROORZLQJ VHFWLRQV� 7KH QH[W VHFWLRQ

ZLOO GHVFULEH WKH FRQWH[W LQ ZKLFK WKH PRGHO FDQ EH DSSOLHG� 7KHQ� GLIIHUHQW PHDVXUHPHQW HUURU

PRGHOV IRU UHVSRQVH HUURU DUH GLVFXVVHG� $IWHU GHVFULELQJ WKH FRPELQDWLRQ RI WKH VWUXFWXUDO

PRGHO ZLWK GLIIHUHQW PHDVXUHPHQW HUURU PRGHOV� ¿WWLQJ WKHVH PRGHOV LV GLVFXVVHG� )LQDOO\� LW

ZLOO EH VKRZQ WKDW WKH SDUDPHWHU HVWLPDWHV RI WKH VWUXFWXUDO PXOWLOHYHO PRGHO DUH DWWHQXDWHG

ZKHQ WKH PHDVXUHPHQW HUURU LV LJQRUHG� 7KLV LV LOOXVWUDWHG ZLWK DQ DUWL¿FLDO H[DPSOH� 7KH

FKDSWHU ZLOO EH FRQFOXGHG ZLWK D GLVFXVVLRQ�
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6FKRRO (IIHFWLYHQHVV 5HVHDUFK

0RQLWRULQJ VWXGHQW RXWFRPHV IRU HYDOXDWLQJ WHDFKHU DQG VFKRRO SHUIRUPDQFH KDV D ORQJ

KLVWRU\� $ JHQHUDO RYHUYLHZ ZLWK UHVSHFW WR WKH PHWKRGRORJLFDO DVSHFWV DQG ¿QGLQJV LQ WKH

¿HOG RI VFKRRO HIIHFWLYHQHVV UHVHDUFK FDQ EH IRXQG LQ 6FKHHUHQV DQG %RVNHU ������� 0HWKRGV

DQG VWDWLVWLFDO PRGHOLQJ LVVXHV LQ VFKRRO HIIHFWLYHQHVV VWXGLHV DUH JLYHQ LQ� IRU H[DPSOH� $LWNLQ

DQG /RQJIRUG ������ DQG *ROGVWHLQ ������� 7KH DSSOLFDWLRQV LQ WKLV FKDSWHU IRFXV RQ VFKRRO

HIIHFWLYHQHVV UHVHDUFK ZLWK IXQGDPHQWDO LQWHUHVW LQ WKH GHYHORSPHQW RI NQRZOHGJH DQG VNLOO RI

LQGLYLGXDO VWXGHQWV LQ UHODWLRQ WR VFKRRO FKDUDFWHULVWLFV� 'DWD DUH DQDO\]HG DW WKH LQGLYLGXDO

OHYHO DQG LW LV DVVXPHG WKDW FODVVURRPV� VFKRROV� DQG H[SHULPHQWDO LQWHUYHQWLRQV KDYH DQ HIIHFW

RQ DOO VWXGHQWV H[SRVHG WR WKHP� ,Q VFKRRO RU WHDFKHU HIIHFWLYHQHVV UHVHDUFK� ERWK OHYHOV RI WKH

PXOWLOHYHO PRGHO DUH RI LPSRUWDQFH EHFDXVH WKH REMHFWV RI LQWHUHVW DUH VFKRROV DQG WHDFKHUV

DV ZHOO DV VWXGHQWV� ,QWHUHVW PD\ H[LVW LQ WKH HIIHFW RQ VWXGHQW OHDUQLQJ RI WKH RUJDQL]DWLRQDO

VWUXFWXUH RI WKH VFKRRO� FKDUDFWHULVWLFV RI D WHDFKHU� DQG WKH FKDUDFWHULVWLFV RI WKH VWXGHQW�

0XOWLOHYHO PRGHOV DUH XVHG WR PDNH LQIHUHQFHV DERXW WKH UHODWLRQVKLSV EHWZHHQ

H[SODQDWRU\ YDULDEOHV DQG UHVSRQVH RU RXWFRPH YDULDEOHV ZLWKLQ DQG EHWZHHQ VFKRROV� 7KLV

W\SH RI PRGHO VLPXOWDQHRXVO\ KDQGOHV VWXGHQW�OHYHO UHODWLRQVKLSV DQG WDNHV DFFRXQW RI WKH ZD\

VWXGHQWV DUH JURXSHG LQ VFKRROV� 0XOWLOHYHO PRGHOV LQFRUSRUDWH D XQLTXH UDQGRP HIIHFW IRU

HDFK RUJDQL]DWLRQDO XQLW� 6WDQGDUG HUURUV DUH HVWLPDWHG WDNLQJ LQWR DFFRXQW WKH YDULDELOLW\ RI WKH

UDQGRP HIIHFWV� 7KLV YDULDWLRQ DPRQJ WKH JURXSV LQ WKHLU VHWV RI FRHI¿FLHQWV FDQ EH PRGHOHG

DV PXOWLYDULDWH RXWFRPHV ZKLFK PD\� LQ WXUQ� EH SUHGLFWHG IURP /HYHO � H[SODQDWRU\ YDULDEOHV�

7KH PRVW FRPPRQ PXOWLOHYHO PRGHO IRU DQDO\]LQJ FRQWLQXRXV RXWFRPHV LV D WZR�OHYHO PRGHO

LQ ZKLFK /HYHO � UHJUHVVLRQ SDUDPHWHUV DUH DVVXPHG WR EH PXOWLYDULDWH QRUPDOO\ GLVWULEXWHG

DFURVV /HYHO � XQLWV� +HUH� VWXGHQWV �/HYHO ��� LQGH[HG �� E� ' �c � � � c ?�c � ' �c � � � c a� c

DUH QHVWHG ZLWKLQ VFKRROV �/HYHO ��� LQGH[HG � E� ' �c � � � c a�� ,Q LWV JHQHUDO IRUP� /HYHO
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� RI WKH WZR OHYHO PRGHO FRQVLVWV RI D UHJUHVVLRQ PRGHO� IRU HDFK RI WKH a /HYHO � JURXSV

E� ' �c � � � c a�c LQ ZKLFK WKH RXWFRPHV DUH PRGHOHG DV D IXQFWLRQ RI' SUHGLFWRU YDULDEOHV� 7KH

RXWFRPHV RU GHSHQGHQW YDULDEOHV LQ WKH UHJUHVVLRQ RQ /HYHO �� VXFK DV� VWXGHQWV¶ DFKLHYHPHQW

RU DWWHQGDQFH� DUH GHQRWHG E\ /�� E� ' �c � � � c ?�c � ' �c � � � c a�� 7KH ' H[SODQDWRU\ YDULDEOHV

DW /HYHO � FRQWDLQ LQIRUPDWLRQ RQ VWXGHQWV¶ FKDUDFWHULVWLFV� VXFK DV� JHQGHU DQG DJH� ZKLFK

DUH PHDVXUHG ZLWKRXW HUURU� /HYHO � H[SODQDWRU\ YDULDEOHV FDQ DOVR EH ODWHQW YDULDEOHV� VXFK

DV� VRFLR�HFRQRPLF VWDWXV� LQWHOOLJHQFH� FRPPXQLW\ OR\DOW\� RU VRFLDO FRQVFLRXVQHVV� 7KH

XQREVHUYHG /HYHO � FRYDULDWHV DUH GHQRWHG E\ �c WKH GLUHFWO\ REVHUYHG FRYDULDWHV E\ \� /HYHO

� RI WKH PRGHO LV IRUPXODWHG DV

/�� ' qf� n q��w��� n � � �n q^�w^�� n qE^n���\E^n���� n � � �n q'�\'�� n e��c ���

ZKHUH WKH ¿UVW ^ SUHGLFWRUV FRUUHVSRQG WR XQREVHUYDEOH YDULDEOHV DQG WKH UHPDLQLQJ ' � ^

SUHGLFWRUV FRUUHVSRQG WR GLUHFWO\ REVHUYHG YDULDEOHV� 5DQGRP HUURU i� LV DVVXPHG WR EH

QRUPDOO\ GLVWULEXWHG ZLWK PHDQ f DQG YDULDQFH j2�W?�
� 7KH UHJUHVVLRQ SDUDPHWHUV DUH WUHDWHG

DV RXWFRPHV LQ D /HYHO � PRGHO� DOWKRXJK� WKH YDULDWLRQ LQ WKH FRHI¿FLHQWV RI RQH RU PRUH

SDUDPHWHUV FRXOG EH FRQVWUDLQHG WR ]HUR� 7KH /HYHO � PRGHO� FRQWDLQLQJ SUHGLFWRUV ZLWK

PHDVXUHPHQW HUURU� �� DQG GLUHFWO\ REVHUYHG FRYDULDWHV� Kc LV IRUPXODWHG DV

q^� ' �^f n �^�l�^� n � � �n �^rlr^� n �^Ern��KErn��^� n � � �n �^7K7^� n �^�c ���

IRU ^ ' fc � � � c'c ZKHUH WKH ¿UVW r SUHGLFWRUV FRUUHVSRQG WR XQREVHUYDEOH YDULDEOHV DQG WKH

UHPDLQLQJ 7 � r FRUUHVSRQG WR GLUHFWO\ REVHUYHG YDULDEOHV�

7KH VHW RI YDULDEOHV � LV QHYHU REVHUYHG GLUHFWO\ EXW VXSSOHPHQWHG LQIRUPDWLRQ DERXW ��

GHQRWHG DV jc LV DYDLODEOH� ,Q WKLV FDVH� j LV VDLG WR EH D VXUURJDWH� WKDW LV�j LV FRQGLWLRQDOO\
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LQGHSHQGHQW RI $ JLYHQ WKH WUXH FRYDULDWHV �� ,Q WKH VDPH ZD\� v DQG ` DUH GH¿QHG DV

VXUURJDWHV IRU $ DQG �c UHVSHFWLYHO\� )RU LWHP UHVSRQVHV� WKH GLVWULEXWLRQ RI WKH VXUURJDWH

UHVSRQVH GHSHQGV RQO\ RQ WKH ODWHQW YDULDEOH� $OO WKH LQIRUPDWLRQ LQ WKH UHODWLRQVKLS EHWZHHQj

DQG WKH SUHGLFWRUV� �c LV H[SODLQHG E\ WKH ODWHQW YDULDEOH� 7KLV LV FKDUDFWHULVWLF RI QRQGLIIHUHQWLDO

PHDVXUHPHQW HUURU �&DUUROO HW DO�� ����� SS� ������� 1RQGLIIHUHQWLDO PHDVXUHPHQW HUURU LV

LPSRUWDQW EHFDXVH SDUDPHWHUV LQ UHVSRQVH PRGHOV FDQ EH HVWLPDWHG JLYHQ WKH WUXH GHSHQGHQW

DQG H[SODQDWRU\ YDULDEOHV� HYHQ ZKHQ WKHVH YDULDEOHV E$c�c �� DUH QRW GLUHFWO\ REVHUYHG� 7KH

REVHUYHG YDULDEOHV DUH DOVR FDOOHG PDQLIHVW YDULDEOHV RU SUR[LHV�

0RGHOV IRU 0HDVXUHPHQW (UURU

$ SV\FKRORJLFDO RU HGXFDWLRQDO WHVW LV D GHYLFH IRU PHDVXULQJ WKH H[WHQW WR ZKLFK D

SHUVRQ SRVVHVVHV D FHUWDLQ WUDLW� 7KHVH WUDLWV DUH� IRU H[DPSOH� LQWHOOLJHQFH� DULWKPHWLF DQG

OLQJXLVWLF DELOLW\� 6XSSRVH WKDW D WHVW LV DGPLQLVWHUHG UHSHDWHGO\ WR D VXEMHFW� WKDW WKH SHUVRQ¶V

SURSHUWLHV GR QRW FKDQJH RYHU WKH WHVW SHULRG� DQG WKDW VXFFHVVLYH PHDVXUHPHQWV DUH XQDIIHFWHG

E\ SUHYLRXV PHDVXUHPHQWV� 7KH DYHUDJH YDOXH RI WKHVH REVHUYDWLRQV ZLOO FRQYHUJH� ZLWK

SUREDELOLW\ RQH� WR D FRQVWDQW� FDOOHG WKH WUXH VFRUH RI WKH VXEMHFW� ,Q SUDFWLFH� GXH WR WKH

OLPLWHG QXPEHU RI LWHPV LQ WKH WHVW DQG WKH UHVSRQVH YDULDWLRQ� WKH REVHUYHG WHVW VFRUHV GHYLDWH

IURP WKH WUXH VFRUH� /HW t��& GHQRWH WKH WHVW VFRUH RI D VXEMHFW �� RQ LWHP &c ZLWK DQ HUURU

RI PHDVXUHPHQW 0��&� 7KHQ t��& � 0��& LV WKH WUXH PHDVXUHPHQW RU WKH WUXH VFRUH� )XUWKHU� OHW

+��& GHQRWH WKH UHDOL]DWLRQ RI t��&� 7KH K\SRWKHWLFDO GLVWULEXWLRQ GH¿QHG RYHU WKH LQGHSHQGHQW

PHDVXUHPHQWV RQ WKH VDPH SHUVRQ LV FDOOHG WKH SURSHQVLW\ GLVWULEXWLRQ RI WKH UDQGRP YDULDEOH

t��&� $FFRUGLQJO\� WKH WUXH VFRUH RI D SHUVRQc GHQRWHG DJDLQ DV w�� � LV GH¿QHG DV WKH H[SHFWHG

YDOXH RI WKH REVHUYHG VFRUH t��& ZLWK UHVSHFW WR WKH SURSHQVLW\ GLVWULEXWLRQ� 7KH HUURU RI



0HDVXUHPHQW (UURU � ��

PHDVXUHPHQW 0��& LV WKH GLVFUHSDQF\ EHWZHHQ WKH REVHUYHG DQG WKH WUXH VFRUH� IRUPDOO\�

t��& ' w�� n 0��&� ���

$ SHUVRQ KDV D ¿[HG WUXH VFRUH DQG RQ HDFK RFFDVLRQ D SDUWLFXODU REVHUYHG DQG HUURU VFRUH ZLWK

SUREDELOLW\ JRYHUQHG E\ WKH SURSHQVLW\ GLVWULEXWLRQ� 7KH FODVVLFDO WHVW WKHRU\ PRGHO LV EDVHG RQ

WKH FRQFHSW RI WKH WUXH VFRUH DQG WKH DVVXPSWLRQ WKDW HUURU VFRUHV RQ GLIIHUHQW PHDVXUHPHQWV

DUH XQFRUUHODWHG� $Q H[WHQVLYH WUHDWPHQW RI WKH FODVVLFDO WHVW WKHRU\ PRGHO FDQ EH IRXQG LQ

/RUG DQG 1RYLFN ������� 7KH PRGHO LV DSSOLHG LQ D EURDG UDQJH RI UHVHDUFK DUHDV ZKHUH VRPH

FKDUDFWHULVWLF LV DVVHVVHG E\ TXHVWLRQQDLUHV RU WHVWV� IRU H[DPSOH� LQ WKH ¿HOG RI HSLGHPLRORJLF

VWXGLHV �VHH� H�J�� )UHHGPDQ HW DO�� ����� 5RVQHU HW DO�� ������

$QRWKHU FODVV RI PRGHOV WR GHVFULEH WKH UHODWLRQVKLS EHWZHHQ DQ H[DPLQHH¶V DELOLW\ DQG

UHVSRQVHV LV EDVHG RQ WKH FKDUDFWHULVWLFV RI WKH LWHPV RI WKH WHVW� 7KLV FODVV LV ODEHOOHG LWHP

UHVSRQVH PRGHOV� 7KH GHSHQGHQFH RI WKH REVHUYHG UHVSRQVHV WR ELQDU\ VFRUHG LWHPV RQ WKH

ODWHQW DELOLW\ LV IXOO\ VSHFL¿HG E\ WKH LWHP FKDUDFWHULVWLF IXQFWLRQ� ZKLFK LV WKH UHJUHVVLRQ RI

LWHP VFRUH RQ WKH ODWHQW DELOLW\� 7KH LWHP UHVSRQVH IXQFWLRQ LV XVHG WR PDNH LQIHUHQFHV DERXW

WKH ODWHQW DELOLW\ IURP WKH REVHUYHG LWHP UHVSRQVHV� 7KH LWHP FKDUDFWHULVWLF IXQFWLRQV FDQQRW

EH REVHUYHG GLUHFWO\ EHFDXVH WKH DELOLW\ SDUDPHWHU� �c LV QRW REVHUYHG� %XW XQGHU FHUWDLQ

DVVXPSWLRQV LW LV SRVVLEOH WR LQIHU LQIRUPDWLRQ DERXW H[DPLQHH¶V DELOLW\ IURP WKH H[DPLQHH¶V

UHVSRQVHV WR WKH WHVW LWHPV� VHH� /RUG DQG 1RYLFN ������ RU /RUG ������� 2QH RI WKH IRUPV RI

WKH LWHP UHVSRQVH IXQFWLRQ IRU D GLFKRWRPRXV LWHP LV WKH QRUPDO RJLYH�

� Et��& ' � m w��c @&cK&� ' x E@&w�� � K&� c ���
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ZKHUH xE�� GHQRWHV WKH VWDQGDUG QRUPDO FXPXODWLYH GLVWULEXWLRQ IXQFWLRQ� K& LV WKH DELOLW\

OHYHO DW WKH SRLQW RI LQÀH[LRQ� ZKHUH WKH SUREDELOLW\ RI D FRUUHFW UHVSRQVH HTXDOV �D DQG @&

LV SURSRUWLRQDO WR WKH VORSH RI WKH FXUYH DW WKH LQÀH[LRQ SRLQW� 7KH SDUDPHWHUV @& DQG K&

DUH FDOOHG WKH GLVFULPLQDWLRQ DQG GLI¿FXOW\ SDUDPHWHUV� UHVSHFWLYHO\� )RU H[WHQVLRQV RI WKLV

PRGHO WR KDQGOH WKH HIIHFW RI JXHVVLQJ RU SRO\WRPRXVO\ VFRUHG LWHPV� VHH� H�J�� +DPEOHWRQ DQG

6ZDPLQDWKDQ ������ RU YDQ GHU /LQGHQ DQG +DPEOHWRQ �������

7KH WUXH VFRUH�

g[
&'�

� Et��& ' � m w��� c ���

LV D PRQRWRQLF WUDQVIRUPDWLRQ RI WKH ODWHQW DELOLW\ XQGHUO\LQJ WKH QRUPDO RJLYH PRGHO� IRUPXOD

Ee�� (YHU\ SHUVRQ ZLWK WKH VDPH DELOLW\ KDV WKH VDPH H[SHFWHG QXPEHU�ULJKW WUXH VFRUH�

)XUWKHUPRUH� WKH SUREDELOLW\ RI D FRUUHFW VFRUH LV DQ LQFUHDVLQJ IXQFWLRQ RI WKH DELOLW\� WKXV� WKH

QXPEHU�ULJKW WUXH VFRUH LV DQ LQFUHDVLQJ IXQFWLRQ RI WKH DELOLW\� 7KH WUXH VFRUH� IRUPXOD ED� c

DQG WKH ODWHQW DELOLW\ DUH WKH VDPH WKLQJ H[SUHVVHG RQ GLIIHUHQW VFDOHV RI PHDVXUHPHQW �/RUG 	

1RYLFN� ����� SS� ������� 6LQFH WKH WUXH VFRUH DQG WKH ODWHQW DELOLW\� DUH HTXLYDOHQW� WKH WHUPV

ZLOO EH XVHG LQWHUFKDQJHDEO\� )XUWKHU� WKH FRQWH[W RI WKH PRGHO XQGHU FRQVLGHUDWLRQ ZLOO UHYHDO

ZKHWKHU � UHSUHVHQWV D WUXH VFRUH RU D ODWHQW DELOLW\�

0XOWLOHYHO ,57

7KH FRPELQDWLRQ RI D PXOWLOHYHO PRGHO ZLWK RQH RU PRUH ODWHQW YDULDEOHV PRGHOHG E\ DQ

LWHP UHVSRQVH PRGHO LV FDOOHG D PXOWLOHYHO ,57 PRGHO� 7KH VWUXFWXUH RI WKH PRGHO LV GHSLFWHG

ZLWK D SDWK GLDJUDP LQ )LJXUH �� 7KH SDWK GLDJUDP JLYHV D UHSUHVHQWDWLRQ RI D V\VWHP RI

VLPXOWDQHRXV HTXDWLRQV DQG SUHVHQWV WKH UHODWLRQVKLSV ZLWKLQ WKH PRGHO� ,W LOOXVWUDWHV WKH
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FRPELQDWLRQ RI WKH VWUXFWXUDO PRGHO ZLWK WKH PHDVXUHPHQW HUURU PRGHOV� 7KH V\PEROV LQ

WKH SDWK GLDJUDP DUH GH¿QHG DV IROORZV� 9DULDEOHV HQFORVHG LQ D VTXDUH ER[ DUH REVHUYHG

ZLWKRXW HUURU DQG WKH XQREVHUYHG RU ODWHQW YDULDEOHV DUH HQFORVHG LQ D FLUFOH� 7KH HUURU WHUPV

DUH QRW HQFORVHG DQG SUHVHQWHG RQO\ DV DUURZV RQ WKH VTXDUH ER[HV� 6WUDLJKW VLQJOH KHDGHG

DUURZV EHWZHHQ YDULDEOHV VLJQLI\ WKH DVVXPSWLRQ WKDW D YDULDEOH DW WKH EDVH RI WKH DUURZ

µFDXVHV¶ YDULDEOH DW WKH KHDG RI WKH DUURZ� 7KH VTXDUH ER[ ZLWK D GRWWHG OLQH� DURXQG WKH

PXOWLOHYHO SDUDPHWHUV� VLJQL¿HV WKH VWUXFWXUDO PXOWLOHYHO PRGHO� 7KH XSSHU SDUW LV GHQRWHG DV

WKH ZLWKLQ�JURXS UHJUHVVLRQ� WKDW LV� UHJUHVVLRQ DW /HYHO �� DQG WKH ORZHU SDUW LV GHQRWHG DV WKH

UHJUHVVLRQ DW /HYHO � DFURVV JURXSV� $FFRUGLQJO\� WKH UHJUHVVLRQ DW /HYHO � FRQWDLQV WZR W\SHV

RI H[SODQDWRU\ YDULDEOHV� REVHUYHG RU PDQLIHVW DQG XQREVHUYHG RU ODWHQW YDULDEOHV DQG ERWK DUH

GLUHFWO\ UHODWHG WR WKH XQREVHUYHG GHSHQGHQW YDULDEOH� $OVR /HYHO � FRQVLVWV RI REVHUYHG DQG

ODWHQW YDULDEOHV�

7KH PRGHO DVVXPHV WKDW WKH ODWHQW YDULDEOHV ZLWKLQ WKH VWUXFWXUDO PXOWLOHYHO PRGHO

GHWHUPLQH WKH UHVSRQVHV WR WKH LWHPV� 7KDW LV� WKH ODWHQW YDULDEOHV $� � DQG � GHWHUPLQH WKH

REVHUYHG UHVSRQVHV vc j DQG`c UHVSHFWLYHO\� 7KH SDLU RI D ODWHQW YDULDEOH DQG DQ REVHUYHG

YDULDEOH HQFORVHG LQ DQ HOOLSVH ZLWK D GRWWHG OLQH GH¿QHV D PHDVXUHPHQW HUURU PRGHO� ,Q DQ

LWHP UHVSRQVH WKHRU\ PRGHO LWHP SDUDPHWHUV DOVR GHWHUPLQH WKH UHVSRQVHV WR WKH LWHPV�

7KH PRGHO LQ )LJXUH � LV QRW LGHQWL¿HG� ,GHQWL¿FDWLRQ RI WKH PRGHO LV SRVVLEOH E\ ¿[LQJ

WKH RULJLQ DQG VFDOH RI WKH ODWHQW YDULDEOHV� +RZHYHU� WKH VFDOH RI WKH ODWHQW GLPHQVLRQ LV

DVVRFLDWHG ZLWK VHYHUDO YDULDQFH FRPSRQHQWV� )XUWKHU� LQ PXOWLOHYHO PRGHOLQJ� RQH RIWHQ ¿WV

YDULRXV PRGHOV HQWDLOLQJ GLIIHUHQW GHFRPSRVLWLRQV RI WKH DELOLW\ YDULDQFH� VR ¿[LQJ RQH RI WKHVH

FRPSRQHQWV LV QRW SUDFWLFDO� $ PRUH FRQYHQLHQW ZD\ LV WR LPSRVH LGHQWLI\LQJ UHVWULFWLRQV RQ

WKH LWHP SDUDPHWHUV RI HDFK WHVW� ,Q FDVH RI WKH FODVVLFDO WUXH VFRUH PRGHO DV PHDVXUHPHQW HUURU
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PRGHO� WKH PHDVXUHPHQW HUURU YDULDQFHV RXJKW WR EH NQRZQ� RU HVWLPDWHG SURSHUO\� WR LGHQWLI\

WKH PRGHO� 2QH FRXOG� IRU H[DPSOH� IURP UHSHDWHG PHDVXUHPHQWV HVWLPDWH WKH HUURU YDULDQFH�

+DQGOLQJ UHVSRQVH HUURU LQ ERWK WKH GHSHQGHQW DQG LQGHSHQGHQW YDULDEOHV LQ D PXOWLOHYHO

PRGHO XVLQJ LWHP UHVSRQVH PRGHOV KDV VHYHUDO DGYDQWDJHV LQ FRPSDULVRQ WR WKH XVH RI WKH

FODVVLFDO WUXH VFRUH PRGHO �)R[ 	 *ODV� ����� ������ ,Q LWHP UHVSRQVH WKHRU\� PHDVXUHPHQW

HUURU FDQ EH GH¿QHG ORFDOO\� IRU LQVWDQFH� DV WKH SRVWHULRU YDULDQFH RI WKH DELOLW\ SDUDPHWHU

JLYHQ D UHVSRQVH SDWWHUQ� 7KLV UHVXOWV LQ D PRUH UHDOLVWLF� KHWHURVFHGDVWLF WUHDWPHQW RI WKH

PHDVXUHPHQW HUURU� %HVLGHV� WKH IDFW WKDW LQ ,57 UHOLDELOLW\ FDQ EH GH¿QHG FRQGLWLRQDOO\ RQ WKH

YDOXH RI WKH ODWHQW YDULDEOH RIIHUV WKH SRVVLELOLW\ RI VHSDUDWLQJ WKH LQÀXHQFH RI LWHP GLI¿FXOW\

DQG DELOLW\ OHYHO� ZKLFK VXSSRUWV WKH XVH RI LQFRPSOHWH WHVW DGPLQLVWUDWLRQ GHVLJQV� RSWLPDO

WHVW DVVHPEO\� FRPSXWHU DGDSWLYH WHVWLQJ DQG WHVW HTXDWLQJ� )LQDOO\� WKH PRGHO LV LGHQWL¿HG LQ D

QDWXUDO ZD\� ZLWKRXW QHHGLQJ DQ\ SULRU NQRZOHGJH�

0DUNRY FKDLQ 0RQWH &DUOR

$QDO\]LQJ WKH MRLQW SRVWHULRU GLVWULEXWLRQ RI WKH SDUDPHWHUV RI LQWHUHVW LQ WKH PRGHO LQ E��

DQG E2� LV LQIHDVLEOH� &RPSXWLQJ H[SHFWDWLRQV RI PDUJLQDO GLVWULEXWLRQV XVLQJ� IRU H[DPSOH�

*DXVV�+HUPLWH TXDGUDWXUH LV DOVR TXLWH GLI¿FXOW �)R[� ����� )R[ 	 *ODV� ������ 7KHUHIRUH�

D VDPSOLQJ�EDVHG DSSURDFK XVLQJ DQ 0&0& DOJRULWKP WR REWDLQ UDQGRP GUDZV IURP WKH

MRLQW SRVWHULRU GLVWULEXWLRQ RI WKH SDUDPHWHUV RI LQWHUHVW JLYHQ WKH GDWD LV FRQVLGHUHG� 0&0&

LV D VLPXODWLRQ EDVHG WHFKQLTXH IRU VDPSOLQJ IURP KLJK GLPHQVLRQDO MRLQW GLVWULEXWLRQV�

)URP D SUDFWLFDO SHUVSHFWLYH� WKH 0DUNRY FKDLQV DUH UHODWLYHO\ HDV\ WR FRQVWUXFW DQG 0&0&

WHFKQLTXHV DUH VWUDLJKWIRUZDUG WR LPSOHPHQW� %HVLGHV� WKH\ DUH W\SLFDOO\ WKH RQO\ FXUUHQWO\

DYDLODEOH WHFKQLTXHV IRU H[SORULQJ WKHVH KLJK GLPHQVLRQDO SUREOHPV� ,Q SDUWLFXODU� WKH *LEEV

VDPSOHU �*HOIDQG 	 6PLWK� ����� *HPDQ 	 *HPDQ� ����� LV D SURFHGXUH IRU VDPSOLQJ

IURP WKH FRPSOHWH FRQGLWLRQDO GLVWULEXWLRQV RI DOO HVWLPDQGV� 7KH DOJRULWKP LV GHVFULEHG DV
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IROORZV� &RQVLGHU D MRLQW GLVWULEXWLRQ Z GH¿QHG RQ D VHW � � U
& �LQ WKLV VHFWLRQ � LV WKH

JHQHULF SDUDPHWHU RI Zc QRW QHFHVVDULO\ DQ DELOLW\ SDUDPHWHU LQ DQ ,57 PRGHO�� 7KH 0&0&

DOJRULWKP FRQVLVWV RI VSHFLI\LQJ D 0DUNRY FKDLQ ZLWK VWDWLRQDU\ GLVWULEXWLRQ Z� 7KH HOHPHQWV

RI � DUH SDUWLWLRQHG LQWR & FRPSRQHQWV Ew�c � � � c w&� � (DFK FRPSRQHQW RI � PD\ EH D VFDODU RU

D YHFWRU� 2QH LWHUDWLRQ RI WKH *LEEV VDPSOHU LV GH¿QHG DV DQ XSGDWLQJ RI RQH FRPSRQHQW RI ��

7R REWDLQ D VDPSOH IURP WKH WDUJHW GLVWULEXWLRQ Zc WKH *LEEV VDPSOHU FUHDWHV D WUDQVLWLRQ IURP

�E|� WR �E|n��� 8SGDWLQJ WKH ¿UVW FRPSRQHQW� w�c FRQVLVWV RI VDPSOLQJ IURP WKH IXOO FRQGLWLRQDO

GLVWULEXWLRQ
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ZKLFK LV WKH GLVWULEXWLRQ RI WKH ¿UVW FRPSRQHQW RI � FRQGLWLRQDO RQ DOO RWKHU FRPSRQHQWV�
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ZKLFK FRPSOHWHV XSGDWLQJ WKH FRPSRQHQWV WR �E|n���

7KH RUGHU RI XSGDWLQJ WKH GLIIHUHQW FRPSRQHQWV LV XVXDOO\ ¿[HG� DOWKRXJK WKLV LV QRW

QHFHVVDU\� 5DQGRP SHUPXWDWLRQV RI WKH XSGDWLQJ RUGHU DUH DFFHSWDEOH� 7KH FKRLFH RI XSGDWLQJ

VFKHPH FDQ HIIHFW WKH FRQYHUJHQFH RI WKH VDPSOHU �5REHUWV 	 6DKX� ������ 7KDW LV� D

GLIIHUHQW XSGDWLQJ VWUDWHJ\ FDQ PDNH WKH DOJRULWKP FRQYHUJHQFH IDVWHU� ,Q VRPH DSSOLFDWLRQV

D PXOWLYDULDWH FRPSRQHQW VDPSOHU� LQVWHDG RI D VLQJOH FRPSRQHQW VDPSOHU� LV D PRUH
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QDWXUDO FKRLFH� 7KLV VR�FDOOHG EORFNLQJ RI WKH *LEEV VDPSOHU E\ EORFNLQJ KLJKO\ FRUUHODWHG

FRPSRQHQWV LQWR D KLJKHU�GLPHQVLRQDO FRPSRQHQW FDQ LPSURYH WKH FRQYHUJHQFH RI WKH 0DUNRY

FKDLQ �*HOPDQ HW DO�� ����� 5REHUWV 	 6DKX� ������ 2Q WKH RWKHU KDQG� XSGDWLQJ LQ D EORFN

RU JURXS LV RIWHQ FRPSXWDWLRQDOO\ PRUH GHPDQGLQJ WKDQ WKH FRUUHVSRQGLQJ FRPSRQHQWZLVH

XSGDWLQJ VFKHPH�

5XQQLQJ PXOWLSOH FKDLQV UHGXFHV WKH YDULDQFH RI WKH SDUDPHWHU HVWLPDWHV DWWULEXWDEOH WR

WKH *LEEV VDPSOHU� 7KLV LV XVHIXO LQ REWDLQLQJ LQGHSHQGHQW VDPSOHV� EXW WKHVH DUH QRW UHTXLUHG

IRU HVWLPDWLQJ WKH SDUDPHWHUV RI LQWHUHVW� $ YHU\ ORQJ UXQ JLYHV WKH EHVW FKDQFH RI ¿QGLQJ QHZ

PRGHV� +RZHYHU� LQIHUHQFH IURP D 0DUNRY FKDLQ VLPXODWLRQ LV DOZD\V SUREOHPDWLF EHFDXVH

WKHUH DUH DUHDV RI WKH WDUJHW GLVWULEXWLRQ WKDW KDYH QRW EHHQ FRYHUHG E\ WKH ¿QLWH FKDLQ� ,Q

SUDFWLFH� ERWK PHWKRGV DUH GHVLUDEOH� WR FKHFN WKH EHKDYLRU DQG FRQYHUJHQFH RI WKH 0DUNRY

FKDLQ� 7KHUH DUH VHYHUDO PHWKRGV IRU PRQLWRULQJ FRQYHUJHQFH� EXW GHVSLWH PXFK UHFHQW ZRUN�

FRQYHUJHQFH GLDJQRVWLFV IRU WKH *LEEV VDPSOHU UHPDLQV D WRSLF IRU IXUWKHU UHVHDUFK� 7KH VRXUFH

RI WKH SUREOHP LV WKDW WKH VLPXODWLRQ FRQYHUJHV WR D WDUJHW GLVWULEXWLRQ UDWKHU WKDQ D WDUJHW

SRLQW� 'LIIHUHQW PHWKRGV FDQ EH IRXQG LQ� IRU H[DPSOH� %URRNV 	 *HOPDQ ������� &RZOHV

	 &DUOLQ ������ DQG *HOPDQ ������� ,Q WKH SUHVHQW FKDSWHU� FRQYHUJHQFH GLDJQRVWLFV DQG

PXOWLSOH FKDLQV IURP GLIIHUHQW VWDUWLQJ SRLQWV ZHUH XVHG WR YHULI\ WKDW WKH 0DUNRY FKDLQ KDG

FRQYHUJHG� ,Q DGGLWLRQ� D YLVXDO LQVSHFWLRQ RI WKH SORW RI UDQGRP GHYLDWHV DJDLQVW LWHUDWLRQ ZDV

PDGH WR GHFLGH ZKHWKHU WKH 0DUNRY FKDLQ KDG FRQYHUJHG�

$ GHWDLOHG GHVFULSWLRQ RI WKH LPSOHPHQWDWLRQ RI WKH *LEEV VDPSOHU WR HVWLPDWH WKH PRGHO

LQ )LJXUH � ZLOO QRW EH JLYHQ KHUH� 7KH IXOO FRQGLWLRQDO GLVWULEXWLRQV RI WKH SDUDPHWHUV RI

LQWHUHVW FDQ EH IRXQG LQ )R[ 	 *ODV ������ ������ +HUH� WKH *LEEV VDPSOHU LV XVHG WR HVWLPDWH

SDUDPHWHUV RI WKH PRGHO WR LOOXVWUDWH WKH HIIHFWV RI UHVSRQVH HUURU LQ ERWK WKH GHSHQGHQW DQG

LQGHSHQGHQW YDULDEOHV RI WKH VWUXFWXUDO PXOWLOHYHO PRGHO�
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,JQRUDEOH DQG 1RQ�,JQRUDEOH 0HDVXUHPHQW (UURU

7KLV VHFWLRQ IRFXVHV RQ SUREOHPV DVVRFLDWHG ZLWK PHDVXUHPHQW HUURU LQ WKH GHSHQGHQW

DQG LQGHSHQGHQW YDULDEOHV RI D VWUXFWXUDO PXOWLOHYHO PRGHO� ,Q FHUWDLQ FDVHV� PHDVXUHPHQW

HUURU GRHV QRW SOD\ D UROH� 7KDW LV� WKH PRGHO IRU WKH ODWHQW YDULDEOH DOVR KROGV IRU WKH PDQLIHVW

YDULDEOH ZLWK SDUDPHWHUV XQFKDQJHG� H[FHSW WKDW D PHDVXUHPHQW HUURU YDULDQFH FRPSRQHQW

LV DGGHG WR WKH YDULDQFH RI WKH UHVLGXDOV �&DUUROO HW DO�� ����� SS� ����� $Q H[DPSOH LV D

VWUXFWXUDO OLQHDU UHJUHVVLRQ PRGHO ZLWK PHDVXUHPHQW HUURU LQ WKH GHSHQGHQW YDULDEOH� ZKHUH

WKH PHDVXUHPHQW HUURU LV FRQIRXQGHG ZLWK WKH UHVLGXDOV� UHVXOWLQJ LQ JUHDWHU YDULDELOLW\ RI WKH

SDUDPHWHU HVWLPDWHV� 7KH PHDVXUHPHQW HUURU LV FDOOHG LJQRUDEOH LQ WKHVH FDVHV� ,I WKH HVWLPDWHV

RI WKH UHJUHVVLRQ FRHI¿FLHQWV DUH ELDVHG EHFDXVH PHDVXUHPHQW HUURU LQ WKH PDQLIHVW YDULDEOH

LV LJQRUHG� WKHQ WKH PHDVXUHPHQW HUURU LV FDOOHG QRQ�LJQRUDEOH� )RU H[DPSOH� LQ D OLQHDU

UHJUHVVLRQ PRGHO ZLWK PHDVXUHPHQW HUURU LQ D FRYDULDWH� WKH OHDVW VTXDUHV UHJUHVVLRQ FRHI¿FLHQW

LV ELDVHG WRZDUG ]HUR� WKDW LV� WKH UHJUHVVLRQ FRHI¿FLHQW LV DWWHQXDWHG E\ WKH PHDVXUHPHQW HUURU

�)XOOHU� ����� SS� ���

+HUH LW ZLOO EH VKRZQ WKDW UHVSRQVH HUURU LQ WKH GHSHQGHQW� LQGHSHQGHQW� RU ERWK YDULDEOHV

LQ D PXOWLOHYHO PRGHO LV QRW LJQRUDEOH� 7KDW LV� WKH SDUDPHWHU HVWLPDWHV RI WKH PXOWLOHYHO

PRGHO DUH DIIHFWHG E\ WKH SUHVHQFH RI WKH UHVSRQVH HUURU LQ WKH PDQLIHVW YDULDEOHV� ,W ZLOO EH

VKRZQ WKDW GLVDWWHQXDWHG SDUDPHWHU HVWLPDWHV RI WKH VWUXFWXUDO PXOWLOHYHO PRGHO DUH REWDLQHG

E\ PRGHOLQJ WKH UHVSRQVH HUURU LQ WKH PDQLIHVW YDULDEOHV ZLWK D FODVVLFDO WUXH VFRUH PRGHO� 7KH

JHQHUDOL]DWLRQ RI WKH UHVXOWV IURP D PXOWLOHYHO WUXH VFRUH PRGHO WR D PXOWLOHYHO ,57 PRGHO ZLOO

EH GLVFXVVHG DW WKH HQG RI WKLV VHFWLRQ�

&RQVLGHU WKH OLQHDU UHJUHVVLRQ PRGHO ZLWK WKH LQGHSHQGHQW YDULDEOH PHDVXUHG ZLWK HUURU�

/�� ' qf n q�w�� n e��c ���
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ZKHUH WKH HTXDWLRQ HUURUV DUH LQGHSHQGHQW DQG QRUPDOO\ GLVWULEXWHG ZLWK PHDQ ]HUR DQG

YDULDQFH j2� ,W LV DVVXPHG WKDW WKH GLVWULEXWLRQ RI WUXH VFRUHV� w��c LQ WKH SRSXODWLRQ LV VWDQGDUG

QRUPDO� WKDW LV� WKH w�� DUH XQREVHUYDEOH LQGHSHQGHQW UHDOL]DWLRQV RI D VWDQGDUG QRUPDO UDQGRP

YDULDEOH� )RU D JLYHQ SHUVRQ� WKH WUXH VFRUH LV D FRQVWDQW� EXW WKH REVHUYHG VFRUH DQG HUURU WHUP

DUH UDQGRP YDULDEOHV� VHH IRUPXOD E���

,Q WKH FODVVLFDO WUXH VFRUH PRGHO� LQIHUHQFHV DERXW w�� DUH PDGH IURP WKH UHVSRQVHV %��&

IRU & ' �c � � � cg� ZKLFK DUH UHODWHG WR w�� YLD

f�� ' w�� n 0
E%�
�� c ���

ZKHUH %�� LV D UHDOL]DWLRQ RI f��c WKH REVHUYHG WRWDO VFRUH RI SHUVRQ ��c DQG 0
E%�
�� DQ HUURU WHUP

WKDW LV LQGHSHQGHQW RI w�� DQG e��� 7KH VXSHUVFULSW % GHQRWHV WKH FRQQHFWLRQ ZLWK WKH REVHUYHG

YDULDEOH f��� )XUWKHU� LW LV DVVXPHG WKDW 0
E%�
�� DUH LQGHSHQGHQW QRUPDOO\ GLVWULEXWHG ZLWK PHDQ

]HUR DQG YDULDQFH )%c ZKHUH� DJDLQ� WKH VXEVFULSW % GHQRWHV WKH FRQQHFWLRQ ZLWK WKH REVHUYHG

YDULDEOH f�� � 2QH RI WKH FRQVHTXHQFHV RI WKH PHDVXUHPHQW HUURU LQ WKH LQGHSHQGHQW YDULDEOH

FDQ EH VHHQ LQ WKH SRVWHULRU H[SHFWDWLRQ RI WKH UHJUHVVLRQ FRHI¿FLHQW q� JLYHQ WKH YDULDEOHV

/��c %�� DQG WKH SDUDPHWHUV qfc j
2 DQG )%� 7KLV SRVWHULRU H[SHFWDWLRQ LV GHULYHG IURP WKH

FRQGLWLRQDO GLVWULEXWLRQ RI w�� JLYHQ %�� DQG )%c

s Ew�� m %��c )%� b s E%�� m w��c )%� s Ew��( fc �� c ���

ZKHUH WKH ULJKW�KDQG�VLGH FRQVLVWV RI D SURGXFW RI QRUPDO GHQVLWLHV� 'XH WR VWDQGDUG SURSHUWLHV

RI QRUPDO GLVWULEXWLRQV �H�J�� VHH� %R[ 	 7LDR� ����� /LQGOH\ 	 6PLWK� ����� WKH IXOO

FRQGLWLRQDO SRVWHULRU GHQVLW\ RI w�� JLYHQ %�� DQG )% LV DOVR QRUPDOO\ GLVWULEXWHG DQG LV JLYHQ
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E\

Ew�� m f��c )%� q �

�
)3�%

� n )3�%
%��c

�

� n )3�%

�
� ���

%HORZ� )3�% * E� n )3�% � ZLOO EH GHQRWHG E\ b%� 7KH UHJUHVVLRQ RQ /HYHO � LPSRVHV D GHQVLW\

s E/�� m �c w��c j
2� WKDW FDQ EH FRQVLGHUHG DV D OLNHOLKRRG� DQG IRUPXOD Eb� FDQ EH UHJDUGHG

DV WKH SULRU IRU WKH XQREVHUYHG w��� $FFRUGLQJO\� LW IROORZV WKDW WKH FRQGLWLRQDO SRVWHULRU

GLVWULEXWLRQ RI /�� LV JLYHQ E\

s
�
/�� m �c w��c j

2c %��c )%

�
b s

�
/�� m �c w��c j

2
�
s Ew�� m %��c )%� �

'XH WR SURSHUWLHV RI QRUPDO GLVWULEXWLRQV �/LQGOH\ 	 6PLWK� ������ WKH FRQGLWLRQDO GLVWULEXWLRQ

RI /�� LV DOVR QRUPDOO\ GLVWULEXWHG� WKDW LV�

�
/�� m �c j

2cf��c )%

�
q �

�
qf n b%q�%��c j

2 n q2� E�� b%�
�
� ����

,Q WKH VDPH ZD\ LW IROORZV WKDW� JLYHQ D XQLIRUP SULRU IRU q�c WKH FRQGLWLRQDO SRVWHULRU RI q�

JLYHQ $c qfc j
2c DQG )% LV QRUPDO ZLWK H[SHFWDWLRQ

.
�
q� m $c c qfc j

2c )%

�
' b3�%

eq�c ����

ZKHUH eq� LV WKH OHDVW VTXDUHV HVWLPDWRU LQ WKH UHJUHVVLRQ RI $ � qf RQ  � %HFDXVH RI WKH

PHDVXUHPHQW HUURU LQ WKH H[SODQDWRU\ YDULDEOH� WKH OHDVW VTXDUHV UHJUHVVLRQ FRHI¿FLHQW LV

ELDVHG WRZDUG ]HUR� WKDW LV� WKH UHJUHVVLRQ FRHI¿FLHQW LV DWWHQXDWHG E\ WKH PHDVXUHPHQW HUURU�

7KH UDWLR b% GH¿QHV WKH GHJUHH RI DWWHQXDWLRQ� ZKLFK LV D PHDVXUH RI WKH GHJUHH RI WUXH VFRUH

YDULDWLRQ UHODWLYH WR REVHUYHG VFRUH YDULDWLRQ� ,Q WKH VRFLDO VFLHQFH OLWHUDWXUH� WKLV UDWLR LV FDOOHG
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WKH UHOLDELOLW\ RI f�� � )URP E��� LW FDQ EH VHHQ WKDW LI WKH UDWLR b% LV NQRZQ� LW LV SRVVLEOH WR

FRQVWUXFW DQ XQELDVHG HVWLPDWRU RI q�� 6HYHUDO WHFKQLTXHV IRU HVWLPDWLQJ WKLV PRGHO� JLYHQ

b%� FDQ EH IRXQG LQ )XOOHU ������� 7KH HIIHFW RI HUURUV LQ YDULDEOHV RQ RUGLQDU\ OHDVW VTXDUHV

HVWLPDWRUV LV ZHOO NQRZQ� DQG LV GHVFULEHG LQ� IRU H[DPSOH� &RFKUDQ ������ DQG )XOOHU �������

1H[W� VXSSRVH WKH LQWHUFHSW DQG VORSH RI PRGHO ES� DUH UDQGRP FRHI¿FLHQWV� WKDW LV� WKH

FRHI¿FLHQWV YDU\ RYHU /HYHO � JURXSV� 7KH FRHI¿FLHQWV DUH WUHDWHG DV RXWFRPHV LQ D /HYHO �

PRGHO JLYHQ E\

qf� ' �ff n �f�l� n �f� ����

q�� ' ��f n ���c

ZKHUH WKH /HYHO � HUURU WHUPV �� KDYH D PXOWLYDULDWH QRUPDO GLVWULEXWLRQ ZLWK PHDQ ]HUR

DQG FRYDULDQFH PDWUL[ A� ,Q WKH VHTXHO� LW ZLOO EH DVVXPHG WKDW WKH HUURUV RQ /HYHO � DUH

XQFRUUHODWHG� 7KDW LV� WKH FRYDULDQFH PDWUL[ A FRQVLVWV RI GLDJRQDO HOHPHQWV �@h E�f�� ' �2f

DQG �@h E���� ' � 2�� 6XSSRVH WKDW WKH GHSHQGHQW YDULDEOH /�� LV QRW REVHUYHG H[DFWO\� EXW LWV

HUURU�SURQH YHUVLRQ t�� LV DYDLODEOH� 6R

t�� ' /�� n 0
E+�
�� c ����

ZKHUH WKH PHDVXUHPHQW HUURUV 0
E+�
�� DUH LQGHSHQGHQW RI /�� DQG e��c DQG LQGHSHQGHQW QRUPDOO\

GLVWULEXWHG ZLWK PHDQ ]HUR DQG YDULDQFH )+� 7KH VXSHUVFULSW DQG VXEVFULSW + HPSKDVL]H WKH

FRQQHFWLRQ ZLWK WKH REVHUYHG WRWDO VFRUH t��� $JDLQ� WKH FRQGLWLRQDO SRVWHULRU GLVWULEXWLRQ

RI v�c WKH REVHUYHG VFRUHV RI VWXGHQWV LQ JURXS �c JLYHQ ��c��c j
2 DQG )+ IROORZV IURP WKH
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VWDQGDUG SURSHUWLHV RI QRUPDO GLVWULEXWLRQV� WKDW LV�

s
�
)� m ��c��c j

2c )+

�
b s

�
)� m $�c )+

�
s
�
$� m ��c��c j

2
�
c

ZKHUH WKH VHFRQG IDFWRU RQ WKH ULJKW�KDQG VLGH GH¿QHV WKH GLVWULEXWLRQ RI WKH WUXH VFRUHV $� LQ

WKH SRSXODWLRQ� $V D UHVXOW�

�
v� m ��c��c j

2c )+

�
q �

�
qf� n q����c

�
)+ n j2

�
W?�

�
c ����

ZKHUH W?�
LV WKH LGHQWLW\ PDWUL[ RI GLPHQVLRQ ?�� 2EYLRXVO\� WKH PHDVXUHPHQW HUURU

LQ WKH GHSHQGHQW YDULDEOH UHVXOWV LQ DQ H[WUD YDULDQFH FRPSRQHQW )+� &RPELQLQJ WKLV

FRQGLWLRQDO GLVWULEXWLRQ RI v� ZLWK WKH SULRU NQRZOHGJH DERXW ��c LQ IRUPXOD E�2� c UHVXOWV

LQ WKH FRQGLWLRQDO SRVWHULRU GLVWULEXWLRQ RI �� JLYHQ )�c��c j
2c�cAcl� DQG )+� 'H¿QH

P� '
�
j2 n )+

� �
O|

�O�

�
3�
� ZKHUHO� '

�
�?�

c��

�
� 7KHQ

�
�� m v�c��c j

2c�cAcl�c )+

�
q �

#
P3��

e�� nA3���

P3�� nA3�
c

�

P3�� nA3�

$
c ����

ZKHUH � GH¿QHV WKH VWUXFWXUH RI WKH H[SODQDWRU\ YDULDEOHV RQ /HYHO �� 7KH SRVWHULRU

H[SHFWDWLRQ RI �� LV WKH ZHOO�NQRZQ FRPSRVLWH RU VKULQNDJH HVWLPDWRU� ZKHUH WKH DPRXQW RI

ZHLJKW SODFHG RQ WKH HVWLPDWHV GHSHQGV RQ WKHLU SUHFLVLRQ� 1RWLFH WKDW WKH XVXDO OHDVW VTXDUHV

HVWLPDWRU� e��c EDVHG RQ WKH OLQHDU UHJUHVVLRQ RQ /HYHO � JLYHQ �� DQG v�c LV ZHLJKWHG E\

P3�� c ZKLFK FRQWDLQV WKH PHDVXUHPHQW HUURU LQ WKH GHSHQGHQW YDULDEOH� 7KXV� WKH HVWLPDWRU

RI �� LV QRW HTXLYDOHQW WR WKH VWDQGDUG OHDVW VTXDUHV HVWLPDWRU RI �c DQG DV FRQVHTXHQFH� WKH

PHDVXUHPHQW HUURU LQ WKH GHSHQGHQW YDULDEOH RI D VWUXFWXUDO PXOWLOHYHO PRGHO LV QRW LJQRUDEOH�

7KH HVWLPDWHV RI WKH UDQGRP UHJUHVVLRQ FRHI¿FLHQWV DUH DWWHQXDWHG ZKHQ WKH PHDVXUHPHQW
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HUURU LQ WKH GHSHQGHQW YDULDEOH LV LJQRUHG EHFDXVH WKH OHDVW VTXDUHV HVWLPDWRU e�� LV DWWHQXDWHG

E\ WKH PHDVXUHPHQW HUURU�

1H[W� LW ZLOO EH VKRZQ WKDW WKH SRVWHULRU H[SHFWDWLRQ RI �� JLYHQ WKH PDQLIHVW YDULDEOHV LV

DIIHFWHG E\ PHDVXUHPHQW HUURU LQ WKH H[SODQDWRU\ YDULDEOH RQ /HYHO �� )URP IRUPXOD E�f� DQG

E�e� WKH FRQGLWLRQDO GLVWULEXWLRQ RIv� FDQ EH GHULYHG DV

Ev� m j�c��c j
2c )+c )%� q �

�
qf� n b%q�� �c

�
)+ n j2 n q2�� E�� b%�

�
W?�

�
� ����

7KH FRQGLWLRQDO SRVWHULRU GLVWULEXWLRQ RI �� FDQ EH GHULYHG E\ FRQVLGHULQJ WKLV FRQGLWLRQDO

GLVWULEXWLRQ RI v� DV WKH OLNHOLKRRG DQG IRUPXOD E�2� DV WKH SULRU IRU LWV SDUDPHWHU YHFWRU

��� 7R REWDLQ DQ DQDO\WLFDO H[SUHVVLRQ IRU WKLV FRQGLWLRQDO SRVWHULRU GLVWULEXWLRQ� LW PXVW EH

DVVXPHG WKDW WKH YDULDQFH LQ E�S� LV NQRZQ� 'HQRWH WKLV YDULDQFH� IRU JURXS �c DV ��� ,Q

SUDFWLFH� DQ HPSLULFDO %D\HV HVWLPDWRU FRXOG EH XVHG� 'H¿QH P� ' ��

�
O|

�O�

�
3�
� ZKHUH

O� ' d�c b% �o � 7KHQ LW IROORZV WKDW

E�� m v�cj�c j
2c�cAcl�c )+c )%� q �

#
P3��

e�� nA3���

P3�� nA3�
c

�

P3�� nA3�

$
c ����

ZKHUH WKH RWKHU YDULDEOHV DUH GH¿QHG DV LQ IRUPXOD E�D� � 7KH SRVWHULRU H[SHFWDWLRQ LV D

VKULQNDJH HVWLPDWRU ZKHUH e�� '
�
O|

�O�

�
3�

O|
�)� DQG WKH YDULDQFH RI e�� LQFUHDVHV GXH WR WKH

PHDVXUHPHQW HUURU LQ WKH GHSHQGHQW DQG LQGHSHQGHQW YDULDEOHV� %HVLGHV WKH PHDVXUHPHQW HUURU

LQ WKH GHSHQGHQW YDULDEOH� WKH UHOLDELOLW\ UDWLR b% IXUWKHU LQÀXHQFHV WKH OHDVW VTXDUHV UHJUHVVLRQ

FRHI¿FLHQWV e���
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)LQDOO\� DVVXPH WKDW WKH H[SODQDWRU\ YDULDEOH RQ /HYHO �� �� LV XQREVHUYHG DQG LQVWHDG D

YDULDEOH` LV REVHUYHG ZLWK PHDVXUHPHQW HUURU YDULDQFH )�c WKDW LV�

`� ' l� n 0
E��
� c

ZKHUH WKH PHDVXUHPHQW HUURUV 0
E��
� DUH LQGHSHQGHQW RI l� DQG �f�c DQG LQGHSHQGHQWO\ QRUPDOO\

GLVWULEXWHG ZLWK PHDQ ]HUR DQG YDULDQFH )�� )XUWKHU� LW LV DVVXPHG WKDW WKH WUXH VFRUHV� l�c

LQ WKH SRSXODWLRQ DUH VWDQGDUG QRUPDOO\ GLVWULEXWHG� $QDORJRXV WR WKH GHULYDWLRQ RI E�f� c LW

IROORZV WKDW

Eqf� m `�c�c �
2
fc )�� q �

�
�ff n b��f���c �

2
f n �2f� E�� b��

�
c ����

ZKHUH b� ' )3�� * E� n )3�� � � $JDLQ� WKH SRVWHULRU H[SHFWDWLRQ RI �� FDQ EH GHULYHG E\

FRPELQLQJ WKH SULRU LQIRUPDWLRQ IRU qf� DQG WKH VWDQGDUG SULRU LQIRUPDWLRQ IRU q��c IURP

E�2� c ZLWK WKH OLNHOLKRRG LQ IRUPXOD E�S�� +HQFH WKH FRQGLWLRQDO SRVWHULRU GLVWULEXWLRQ RI

�� LV HTXLYDOHQW WR IRUPXOD E�.� c H[FHSW WKDW WKH ¿UVW GLDJRQDO�HOHPHQW RI A LV LQFUHDVHG E\

�2f� E�� b�� c DQG WKH ¿UVW URZ RI � ' E�c b�`�c f�� $FFRUGLQJO\� WKH VKULQNDJH HVWLPDWRU LV

D FRPELQDWLRQ RI WZR ZHLJKWHG HVWLPDWRUV� ZKHUH ERWK SDUWV DUH LQÀXHQFHG E\ PHDVXUHPHQW

HUURU LQ WKH GHSHQGHQW DQG LQGHSHQGHQW YDULDEOHV� $V D FRQVHTXHQFH� WKH PHDVXUHPHQW

HUURU LV QRW LJQRUDEOH DQG LJQRULQJ LW OHDGV WR DWWHQXDWHG HVWLPDWHV RI WKH UDQGRP UHJUHVVLRQ

FRHI¿FLHQWV�

%HVLGHV WKH HIIHFW RI PHDVXUHPHQW HUURU RQ WKH HVWLPDWHV RI UDQGRP UHJUHVVLRQ

FRHI¿FLHQWV� D SHUKDSV OHVV ZHOO�UHFRJQL]HG HIIHFW LV WKH LQFUHDVHG YDULDQFH RI WKH REVHUYHG

GHSHQGHQW YDULDEOH JLYHQ WKH REVHUYHG H[SODQDWRU\ YDULDEOHV� :LWKRXW PHDVXUHPHQW HUURU LQ
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WKH H[SODQDWRU\ YDULDEOHV WKH UHVLGXDO YDULDQFH RI t�� LV

�@h
�
t�� m w��c l�

�
' �2f n � 2�w

2
�� n j2 n )+�

%\ WDNLQJ LQWR DFFRXQW WKH PHDVXUHPHQW HUURU LQ WKH LQGHSHQGHQW YDULDEOHV� WKH UHVLGXDO

YDULDQFH RI WKH PDQLIHVW YDULDEOH� t��c LQFUHDVHV WR

�@h Et�� m %��c ��� ' ���nO��A
3�O|

��c

ZKHUH ��� '
�
)+ n j2 n q2�� E�� b%�

�
c O�� ' d�c b%%��o DQG A LV WKH GLDJRQDO PDWUL[ ZLWK

HOHPHQWV E� 2f n �2f� E�� b�� c �
2
�� � 1RWLFH WKDW WKH UHVSRQVH YDULDQFH LQ WKH GHSHQGHQW YDULDEOH

LV MXVW DQ H[WUD YDULDQFH FRPSRQHQW� EXW WKH PHDVXUHPHQW HUURU YDULDQFH LQ WKH H[SODQDWRU\

YDULDEOHV FDXVHV D FRPSOH[ YDULDQFH VWUXFWXUH� 7KH VWUXFWXUH JHWV HYHQ PRUH FRPSOH[ LI WKH

YDULDEOHV RU HUURU WHUPV DUH FRUUHODWHG �6FKDDOMH 	 %XWWV� ������

7KLV RYHUYLHZ RI QRQ�LJQRUDEOH PHDVXUHPHQW HUURU LV EDVHG RQ WKH FODVVLFDO WUXH VFRUH

PRGHO� 7KH FRQGLWLRQDO GLVWULEXWLRQV RI WKH UDQGRP UHJUHVVLRQ FRHI¿FLHQWV DUH GHULYHG E\

XVLQJ WKH VWDQGDUG SURSHUWLHV RI WKH QRUPDO GLVWULEXWLRQ� ,I WKH UHVSRQVH HUURU LV PRGHOHG E\

DQ LWHP UHVSRQVH PRGHO� WKH FRQGLWLRQDO GLVWULEXWLRQV RI WKHVH SDUDPHWHUV FDQ EH IRXQG LQ

WKH VDPH ZD\ E\ LQWURGXFLQJ DQ DXJPHQWHG YDULDEOH ~� ,QWHUSUHW WKH REVHUYDWLRQ ~��& DV DQ

LQGLFDWRU WKDW D FRQWLQXRXV YDULDEOH ZLWK QRUPDO GHQVLW\ LV QHJDWLYH RU SRVLWLYH� 'HQRWH WKLV

FRQWLQXRXV YDULDEOH DV ~
E%�
��& c ZKHUH WKH VXSHUVFULSW % GHQRWHV WKH FRQQHFWLRQ ZLWK WKH REVHUYHG

UHVSRQVH YDULDEOH f��&� ,W LV DVVXPHG WKDW f��& ' � LI ~
E%�
��& : f DQG f��& ' f RWKHUZLVH� ,W

IROORZV WKDW WKH FRQGLWLRQDO GLVWULEXWLRQ ~
E%�
��& JLYHQ w�� DQG 1

E%�
& LV QRUPDO� 7KLV GLVWULEXWLRQ FDQ

EH XVHG WR REWDLQ WKH FRQGLWLRQDO GLVWULEXWLRQV RI WKH UDQGRP UHJUHVVLRQ SDUDPHWHUV LQ WKH VDPH

ZD\ DV DERYH� ([SDQGLQJ WKH WZR SDUDPHWHU QRUPDO RJLYH PRGHO WR D WKUHH SDUDPHWHU QRUPDO
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RJLYH PRGHO WR FRUUHFW IRU JXHVVLQJ FDQ EH GRQH E\ LQWURGXFLQJ DQ H[WUD DXJPHQWHG YDULDEOH

�-RKQVRQ 	 $OEHUW� ����� SS� ��������� )XUWKHU� REVHUYHG RUGLQDO GDWD FDQ EH PRGHOHG E\

DVVXPLQJ WKDW D ODWHQW YDULDEOH XQGHUOLHV WKH RUGLQDO UHVSRQVH �-RKQVRQ 	 $OEHUW� ����� SS�

���������

$Q ,OOXVWUDWLYH ([DPSOH

,Q WKLV VHFWLRQ� WKH HIIHFWV RI PHDVXUHPHQW HUURU LQ GHSHQGHQW DQG H[SODQDWRU\ YDULDEOHV

DW GLIIHUHQW OHYHOV LQ D VWUXFWXUDO PXOWLOHYHO PRGHO DUH GHPRQVWUDWHG XVLQJ D VLPXODWLRQ VWXG\�

)XUWKHU� D QXPHULFDO H[DPSOH LV DQDO\]HG WR FRPSDUH WKH HIIHFWV RI PRGHOLQJ PHDVXUHPHQW

HUURU LQ GHSHQGHQW DQG LQGHSHQGHQW YDULDEOHV ZLWK DQ LWHP UHVSRQVH PRGHO DQG D FODVVLFDO WUXH

VFRUH PRGHO� 7KH PRGHO LV JLYHQ E\

/�� ' qf� n q��w�� n e�� ����

qf� ' �ff n �f�l� n �f�

q�� ' ��f n ���c

ZKHUH e�� q � Efc j2� DQG �� q � EfcA� � )XUWKHUPRUH� LW LV DVVXPHG WKDW WKH VXUURJDWHVvcj

DQG` DUH UHODWHG WR WKH ODWHQW SUHGLFWRUV $c� DQG �c UHVSHFWLYHO\� WKURXJK D WZR�SDUDPHWHU

QRUPDO RJLYH PRGHO�

)RU WKH VLPXODWLRQ VWXGLHV� ERWK RI WKH ODWHQW SUHGLFWRUV� � DQG �c ZHUH GUDZQ IURP WKH

VWDQGDUG QRUPDO GLVWULEXWLRQ� 7KH ODWHQW GHSHQGHQW YDULDEOH $ ZDV JHQHUDWHG DFFRUGLQJ WR WKH

DERYH PRGHO� 5HVSRQVH SDWWHUQV ZHUH JHQHUDWHG DFFRUGLQJ WR D QRUPDO RJLYH PRGHO IRU WHVWV

RI ef LWHPV� )RU WHVWV UHODWHG WR WKH GHSHQGHQW DQG LQGHSHQGHQW YDULDEOHV DW /HYHO �� Sc fff

UHVSRQVH SDWWHUQV ZHUH VLPXODWHG� 7KH WRWDO QXPEHU RI JURXSV ZDV a ' 2ffc HDFK JURXS RU
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FODVV FRQVLVWLQJ RI 2f DQG ef LQGLYLGXDOV� )RU WKH WHVW UHODWHG WR WKH ODWHQW FRYDULDWH � DW /HYHO

�� 2ff UHVSRQVH SDWWHUQV ZHUH JHQHUDWHG� 7KH JHQHUDWHG YDOXHV RI WKH ¿[HG DQG UDQGRP HIIHFWV�

�c j2 DQG Ac DUH VKRZQ XQGHU WKH ODEHO ³*HQHUDWHG´ LQ 7DEOH ��

([SODQDWRU\ 9DULDEOHV :LWKRXW 0HDVXUHPHQW (UURU

,Q WKH ¿UVW VLPXODWLRQ VWXG\� QR UHVSRQVH HUURU LQ WKH H[SODQDWRU\ YDULDEOHV RQ /HYHO �

DQG /HYHO � ZDV SUHVHQW� WKDW LV� WKH ODWHQW SUHGLFWRUV � DQG � ZHUH REVHUYHG GLUHFWO\ ZLWKRXW

DQ HUURU� 7KH GHSHQGHQW YDULDEOH ZDV XQREVHUYHG EXW LQIRUPDWLRQ DERXW $c GHQRWHG DV vc LV

DYDLODEOH� 7KH GDWD ZHUH VLPXODWHG E\ WKH PXOWLOHYHO ,57 PRGHO� 7KH VWUXFWXUDO PXOWLOHYHO

PRGHO ZLWK PHDVXUHPHQW HUURU LQ WKH GHSHQGHQW YDULDEOH ZDV HVWLPDWHG ZLWK WKH *LEEV

VDPSOHU� XVLQJ WKH QRUPDO RJLYH PRGHO DQG WKH FODVVLFDO WUXH VFRUH PRGHO DV PHDVXUHPHQW

HUURU PRGHOV� 1RQLQIRUPDWLYH SULRUV ZHUH XVHG IRU WKH ¿[HG HIIHFWV DQG YDULDQFH FRPSRQHQWV

LQ WKH PXOWLOHYHO PRGHO� VHH� )R[ DQG *ODV ������ ������ $OVR� WKH PHWKRGV IRU FRPSXWLQJ

VWDUWLQJ YDOXHV FDQ EH IRXQG WKHUH� $IWHU D EXUQ�LQ SHULRG RI �c fff LWHUDWLRQV� 2fc fff LWHUDWLRQV

ZHUH PDGH WR HVWLPDWH WKH SDUDPHWHUV RI WKH VWUXFWXUDO PRGHO ZLWK WKH WZR�SDUDPHWHU QRUPDO

RJLYH PRGHO� )RU WKH FODVVLFDO WUXH VFRUH PRGHO� Dff LWHUDWLRQV ZHUH QHFHVVDU\ DV D EXUQ�LQ

SHULRG DQG Dc fff LWHUDWLRQV ZHUH XVHG WR HVWLPDWH WKH SDUDPHWHUV� &RQYHUJHQFH RI WKH *LEEV

VDPSOHU ZDV LQYHVWLJDWHG E\ UXQQLQJ PXOWLSOH FKDLQV IURP GLIIHUHQW VWDUWLQJ SRLQWV WR YHULI\

WKDW WKH\ \LHOGHG VLPLODU DQVZHUV DQG E\ SORWWLQJ WKH 0&0& LWHUDWLRQV WR YHULI\ FRQYHUJHQFH�

)RU D FRPSUHKHQVLYH GLVFXVVLRQ RI FRQYHUJHQFH RI WKH *LEEV VDPSOHU� VHH &RZOHV DQG &DUOLQ

�������

,Q 7DEOH �� WKH H[SHFWHG D SRVWHULRUL HVWLPDWHV RI WKH SDUDPHWHUV RI WKH PXOWLOHYHO ,57

PRGHO REWDLQHG IURP WKH *LEEV VDPSOHU DUH JLYHQ XQGHU WKH ODEHO ³,57 0RGHO´� GHQRWHG DV

0RGHO��� 3DUDPHWHU HVWLPDWHV RI WKH VWUXFWXUDO PXOWLOHYHO PRGHO XVLQJ WKH FODVVLFDO WUXH VFRUH

PRGHO DUH JLYHQ XQGHU WKH ODEHO ³&ODVVLFDO 7UXH 6FRUH 0RGHO´� GHQRWHG DV 0RGHO �S�� 7KH



0HDVXUHPHQW (UURU � ��

PXOWLOHYHO ,57 PRGHO �� ZDV LGHQWL¿HG E\ ¿[LQJ D GLVFULPLQDWLRQ DQG D GLI¿FXOW\ SDUDPHWHU

WR HQVXUH WKDW WKH ODWHQW GHSHQGHQW YDULDEOH ZDV VFDOHG WKH VDPH ZD\ DV LQ WKH GDWD JHQHUDWLRQ

SKDVH� 7KH VWUXFWXUDO PRGHO ZLWK WKH FODVVLFDO WUXH VFRUH PRGHO DV PHDVXUHPHQW HUURU PRGHO

ZDV LGHQWL¿HG E\ VSHFLI\LQJ WKH SDUDPHWHUV RI WKH PHDVXUHPHQW HUURU GLVWULEXWLRQ� 7KHUHIRUH�

WKH JURXS VSHFL¿F HUURU YDULDQFH ZDV D SULRUL HVWLPDWHG� 7KH XQELDVHG HVWLPDWHV RI WKH HUURU

YDULDQFHV RI LQGLYLGXDO H[DPLQHHV ZHUH DYHUDJHG WR REWDLQ WKH JURXS VSHFL¿F HUURU YDULDQFH

�/RUG 	 1RYLFN� ������ 7KH JURXS VSHFL¿F HUURU YDULDQFH UHODWLQJ WR WKH XQZHLJKWHG VXPV RI

LWHP UHVSRQVHV RU WHVW VFRUHV t��c )+ ZDV ���Hc IRU HYHU\ LQGLYLGXDO ��� 7KH REVHUYHG VXP VFRUHV

ZHUH VFDOHG LQ WKH VDPH ZD\ DV WKH WUXH ODWHQW GHSHQGHQW YDULDEOH /��� 7KH UHSRUWHG VWDQGDUG

GHYLDWLRQV DUH WKH SRVWHULRU VWDQGDUG GHYLDWLRQV� 7KH bfI KLJKHVW SRVWHULRU SUREDELOLW\ �+3'�

LQWHUYDOV IRU SDUDPHWHUV RI LQWHUHVW ZHUH FRPSXWHG IURP D VDPSOH IURP WKHLU PDUJLQDO SRVWHULRU

GLVWULEXWLRQ XVLQJ WKH *LEEV VDPSOHU �VHH� &KHQ 	 6KDR� ������

7KH WUXH SDUDPHWHU YDOXHV ZHUH ZHOO ZLWKLQ WKH +3' LQWHUYDOV REWDLQHG IURP WKH

PXOWLOHYHO ,57 PRGHO� ��� H[FHSW IRU WKH FRYDULDQFH RI WKH /HYHO � UHVLGXDOV� �2f�c ZKLFK

ZDV WRR KLJK� )XUWKHU� WKH ¿[HG HIIHFW� ��fc ZDV QRW VLJQL¿FDQWO\ GLIIHUHQW IURP ]HUR� 7KH

SDUDPHWHU HVWLPDWHV RI WKH UDQGRP DQG ¿[HG HIIHFWV DUH JLYHQ XQGHU WKH ODEHO ³&ODVVLFDO 7UXH

6FRUH 0RGHO´� 0RGHO �S�� +HUH� PRUH SDUDPHWHU HVWLPDWHV GLIIHUHG IURP WKH WUXH SDUDPHWHU

YDOXHV� 6SHFL¿FDOO\� WKH YDULDQFH DW /HYHO � DQG WKH YDULDQFH RI WKH UHVLGXDOV RI WKH UDQGRP

VORSH SDUDPHWHU ZHUH WRR ORZ� $V D UHVXOW� WKH HVWLPDWHV RI WKH VORSH SDUDPHWHUV FRUUHVSRQGLQJ

WR WKH GLIIHUHQW JURXSV ZHUH PRUH DOLNH LQ FRPSDULVRQ WR WKH FRUUHVSRQGLQJ HVWLPDWHV UHVXOWLQJ

IURP WKH PXOWLOHYHO ,57 PRGHO DQG WKH WUXH VLPXODWHG YDOXHV� ,Q WKH ¿W RI 0RGHO �S�� WKH

VORSH SDUDPHWHU HVWLPDWHV YDULHG OHVV DFURVV JURXSV� 7KH HVWLPDWHV RI WKH YDULDQFH FRPSRQHQWV

DIIHFWHG WKH HVWLPDWH RI WKH LQWUDFODVV FRUUHODWLRQ FRHI¿FLHQW� 7KLV LV WKH SURSRUWLRQ RI WKH WRWDO

UHVLGXDO YDULDWLRQ WKDW LV GXH WR YDULDWLRQ LQ WKH UDQGRP LQWHUFHSWV� DIWHU FRQWUROOLQJ IRU WKH
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/HYHO � SUHGLFWRU YDULDEOH� 7KH VLPXODWLQJ YDOXHV LPSOLHG DQ LQWUDFODVV FRUUHODWLRQ FRHI¿FLHQW

RI 4 ' �2HSc WKH PXOWLOHYHO ,57 HVWLPDWH ZDV 4 ' ����c DQG WKH 0RGHO �S� HVWLPDWH 4 ' ���e�

7KHVH HVWLPDWHV ZHUH EDVHG RQ LWHUDWHV RI WKH YDULDQFH FRPSRQHQWV DQG ZHUH QRW EDVHG RQ WKH

SRVWHULRU PHDQV RI WKH YDULDQFH FRPSRQHQWV�

([SODQDWRU\ 9DULDEOHV :LWK 0HDVXUHPHQW (UURU

,Q WKH VHFRQG VLPXODWLRQ VWXG\� ERWK WKH GHSHQGHQW DQG LQGHSHQGHQW REVHUYHG YDULDEOHV

KDG PHDVXUHPHQW HUURU� 7DEOH � SUHVHQWV WKH UHVXOWV RI HVWLPDWLQJ WKH SDUDPHWHUV RI WKH

PXOWLOHYHO PRGHO XVLQJ REVHUYHG VFRUHV� GHQRWHG DV 0RGHO �Jc XVLQJ D QRUPDO RJLYH PRGHO

DV PHDVXUHPHQW HUURU PRGHO� GHQRWHG DV 0RGHO �2c DQG XVLQJ WKH FODVVLFDO WUXH VFRUH PRGHO

DV PHDVXUHPHQW HUURU PRGHO� GHQRWHG DV 0RGHO �S2� ERWK IRU WKH GHSHQGHQW DQG LQGHSHQGHQW

YDULDEOHV� ,Q WKH HVWLPDWLRQ SURFHGXUH� DOO XQFHUWDLQWLHV ZHUH WDNHQ LQWR DFFRXQW� ZKHUH WKH

JURXS VSHFL¿F HUURU YDULDQFHV IRU WKH VXP VFRUHV UHODWLQJ WR WKH /HYHO � DQG /HYHO � SUHGLFWRUV�

)% DQG )�c ZHUH ��f� DQG ��fbc UHVSHFWLYHO\� 7KH PXOWLOHYHO ,57 PRGHO� ZKHUH PHDVXUHPHQW

HUURU LQ WKH FRYDULDWHV ZDV PRGHOHG E\ D QRUPDO RJLYH PRGHO� 0RGHO �2� ZDV LGHQWL¿HG E\

¿[LQJ D GLVFULPLQDWLRQ DQG D GLI¿FXOW\ SDUDPHWHU RI HDFK WHVW� 0RGHO �S2 ZDV LGHQWL¿HG E\

VSHFLI\LQJ WKH UHVSRQVH YDULDQFH RI WKH REVHUYHG VFRUHV� 7KH WUXH SDUDPHWHUV ZHUH WKH VDPH

DV LQ 7DEOH �� 7KH WUXH SDUDPHWHU YDOXHV ZHUH ZHOO ZLWKLQ WKH +3' UHJLRQV RI WKH PXOWLOHYHO

,57 HVWLPDWHV� 0RGHO �2� 7KDW LV� WKH SDUDPHWHU HVWLPDWHV ZHUH DOPRVW WKH VDPH DV WKH

SDUDPHWHU HVWLPDWHV UHVXOWLQJ IURP 0RGHO��c ZKHUH WKH WUXH SDUDPHWHU YDOXHV ZHUH XVHG IRU

WKH SUHGLFWRU YDULDEOHV LQVWHDG RI PRGHOLQJ WKH YDULDEOHV ZLWK DQ ,57 PRGHO� 7KH VDPH DSSOLHG

WR WKH SDUDPHWHU HVWLPDWHV RI 0RGHO �S2 ZKLFK ZHUH FRPSDUDEOH WR WKH HVWLPDWHV RI 0RGHO

�S�� 6XEVHTXHQWO\� WKH GH¿FLHQFLHV RI WKH ¿W RI PRGHO �S� DOVR DSSOLHG WR WKH ¿W RI 0RGHO

�S2� 7KH SRVWHULRU YDULDQFHV RI WKH HVWLPDWHV RI 0RGHO �2 DQG �S2 ZHUH VOLJKWO\ KLJKHU LQ

FRPSDULVRQ WR 0RGHO �� DQG �S� EHFDXVH WKH PHDVXUHPHQW HUURUV LQ WKH SUHGLFWRU YDULDEOHV
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ZHUH WDNHQ LQWR DFFRXQW� EXW WKH GLIIHUHQFHV ZHUH UDWKHU VPDOO� 7KH HVWLPDWHV JLYHQ XQGHU WKH

ODEHO ³2EVHUYHG 6FRUHV´ UHVXOWHG IURP HVWLPDWLQJ WKH PXOWLOHYHO PRGHO XVLQJ REVHUYHG VFRUHV

IRU ERWK WKH GHSHQGHQW DQG LQGHSHQGHQW YDULDEOHV� LJQRULQJ PHDVXUHPHQW HUURU LQ DOO YDULDEOHV�

,W ZDV YHUL¿HG WKDW WDNLQJ DFFRXQW RI PHDVXUHPHQW HUURU LQ WKH REVHUYHG YDULDEOHV UHVXOWHG LQ

GLIIHUHQW SDUDPHWHU HVWLPDWHV� HVSHFLDOO\ IRU WKH YDULDQFH FRPSRQHQWV�

7DEOHV � DQG � VKRZ WKDW WKH HVWLPDWHV RI WKH YDULDQFH FRPSRQHQWV ZHUH DWWHQXDWHG

EHFDXVH WKH PHDVXUHPHQW HUURU ZDV LJQRUHG� $V VHHQ LQ WKH SUHFHHGLQJ VHFWLRQ� WKH HVWLPDWHV

RI WKH UDQGRP LQWHUFHSW DQG UDQGRP VORSH SDUDPHWHUV ZHUH VWURQJO\ LQÀXHQFHG E\ WKH YDULDQFH

FRPSRQHQWV� 7KH HIIHFWV RI PHDVXUHPHQW HUURU LQ WKH GHSHQGHQW DQG LQGHSHQGHQW YDULDEOHV

ZHUH DOVR UHÀHFWHG LQ WKH HVWLPDWHV RI WKH UDQGRP UHJUHVVLRQ SDUDPHWHUV� )LJXUH � VKRZV WKH

H[SHFWHG D SRVWHULRUL HVWLPDWHV RI WKH GHSHQGHQW YDOXHV LQ DQ DUELWUDU\ JURXS XVLQJ 0RGHO ��

DQG �S�� 7KHUH ZDV QR KRUL]RQWDO VKLIW LQ WKH HVWLPDWHV EHFDXVH ERWK PRGHOV XVHG WKH WUXH

LQGHSHQGHQW YDULDEOHV� 7KH HVWLPDWHV RI ERWK PRGHOV ZHUH TXLWH FORVH WR WKH WUXH YDOXHV� EXW

WKH PRUH H[WUHPH YDOXHV ZHUH EHWWHU HVWLPDWHG E\ 0RGHO ��c ZKHUH WKH QRUPDO RJLYH PRGHO

ZDV WKH PHDVXUHPHQW PRGHO� 7KH UHJUHVVLRQ SUHGLFWHG E\ 0RGHO �� UHVXOWHG LQ D KLJKHU

LQWHUFHSW� WKH VORSH SDUDPHWHU QHDUO\ HTXDOHG WKH WUXH VORSH SDUDPHWHU� 7KH UHJUHVVLRQ OLQHV

ZHUH EDVHG RQ SRVWHULRU PHDQV RI WKH UDQGRP UHJUHVVLRQ FRHI¿FLHQWV� 7KH SUHGLFWHG UHJUHVVLRQ

VORSH� XVLQJ 0RGHO �S�� ZDV RI RSSRVLWH VLJQ DQG UHVXOWHG LQ GLIIHUHQW FRQFOXVLRQV� ,Q WKH

VDPH JURXS DV LQ )LJXUH �� WKH H[SHFWHG D SRVWHULRUL HVWLPDWHV RI WKH GHSHQGHQW YDOXHV EDVHG

RQ GHSHQGHQW DQG LQGHSHQGHQW YDULDEOHV PHDVXUHG ZLWK DQ HUURU� XVLQJ WKH FODVVLFDO WUXH VFRUH

PRGHO DQG WKH QRUPDO RJLYH PRGHO� DUH JLYHQ LQ )LJXUH �� 7KH KRUL]RQWDO VKLIWV LQ WKH H[SHFWHG

D SRVWHULRUL HVWLPDWHV� LQ UHODWLRQ WR WKH HVWLPDWHV LQ )LJXUH �� ZHUH FDXVHG E\ WKH PHDVXUHPHQW

HUURU LQ WKH LQGHSHQGHQW YDULDEOHV� 7KH HVWLPDWHV ZHUH VKUXQN WRZDUGV WKH PHDQ RI ERWK

YDULDEOHV� 7KH HVWLPDWHV IROORZLQJ IURP 0RGHO �2 ZHUH FORVHU WR WKH PRUH H[WUHPH WUXH
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YDOXHV� $V D UHVXOW� WKH SUHGLFWHG UHJUHVVLRQ DFFRUGLQJ WR 0RGHO �2 KDG D ZLGHU UDQJH� DQG

ZDV FORVHU WR WKH WUXH UHJUHVVLRQ� $V LQ )LJXUH �� WKH VORSH HVWLPDWH RI WKH SUHGLFWHG UHJUHVVLRQ

RI 0RGHO �S2 ZDV SRVLWLYH� HYHQ WKRXJK WKH WUXH SDUDPHWHU VORSH ZDV QHJDWLYH� ,Q WKLV JURXS�

WKH SUHGLFWHG UHJUHVVLRQ EDVHG RQ REVHUYHG VFRUHV� 0RGHO �fc IROORZHG WKH UHJUHVVLRQ RI

0RGHO �S2c DQG VHHPHG WR IROORZ WKH WUXH UHJUHVVLRQ EHWWHU� 1RWLFH WKDW WKH SUHGLFWLRQV DUH

VOLJKWO\ EHWWHU LQ )LJXUH �� ZKHUH WKH H[SODQDWRU\ YDULDEOHV ZHUH PRGHOHG ZLWK WKH FODVVLFDO

WUXH VFRUH PRGHO RU WKH QRUPDO RJLYH PRGHO� ,W VHHPHG WKDW WKH PRUH FRPSOH[ PRGHO� ZKLFK

WDNHV PHDVXUHPHQW HUURU LQ DOO YDULDEOHV LQWR DFFRXQW� ZDV PRUH ÀH[LEOH� UHVXOWLQJ LQ D EHWWHU

¿W RI WKH PRGHO� %RWK ¿JXUHV LQGLFDWH WKDW WKH QRUPDO RJLYH PRGHO IRU WKH PHDVXUHPHQW HUURU

PRGHO \LHOGHG EHWWHU HVWLPDWHV RI WKH RXWFRPHV� HVSHFLDOO\� LQ FDVH RI WKH PRUH H[WUHPH YDOXHV�

)XUWKHU� WKH HVWLPDWHV RI WKH UDQGRP UHJUHVVLRQ FRHI¿FLHQWV GHSHQGHG RQ WKH YDOXHV RI WKH

YDULDQFH FRPSRQHQWV DQG ZHUH VHQVLWLYH WR PHDVXUHPHQW HUURU LQ WKH YDULDEOHV� $V VKRZQ LQ

)LJXUH � DQG �� PHDVXUHPHQW HUURU LQ WKH GHSHQGHQW DQG LQGHSHQGHQW YDULDEOHV PD\ OHDG WR

LQFRUUHFW FRQFOXVLRQV�

'LVFXVVLRQ

(UURUV LQ WKH GHSHQGHQW RU LQGHSHQGHQW YDULDEOHV RI D PXOWLOHYHO PRGHO DUH PRGHOHG

E\ DQ LWHP UHVSRQVH PRGHO RU D FODVVLFDO WUXH VFRUH PRGHO� 7KH *LEEV VDPSOHU FDQ EH XVHG

WR HVWLPDWH DOO SDUDPHWHUV� 2WKHU HVWLPDWLRQ SURFHGXUHV� VXFK DV HUURU FDOLEUDWLRQ PHWKRGV

�&DUUROO HW� DO�� ������ GR QRW WDNH DOO SDUDPHWHU YDULDELOLW\ LQWR DFFRXQW�

$ IXOO\ %D\HVLDQ DSSURDFK DFFRPPRGDWHV ERWK FRYDULDWH DQG UHVSRQVH PHDVXUHPHQW

HUURU� DQG SURYLGHV PRUH UHOLDEOH HVWLPDWHV RI WKH YDULDELOLW\ RI WKH PRGHO SDUDPHWHUV� 2Q

WKH RWKHU KDQG� WKH %D\HVLDQ DSSURDFK LV FRPSXWHU LQWHQVLYH DQG VWLOO XQUHFRJQL]HG LQ PDQ\
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ZRUNLQJ HQYLURQPHQWV� %HVLGHV� WKH ODFN RI SURJUDPV IRU KDQGOLQJ PHDVXUHPHQW HUURUV LQ

PDMRU VWDWLVWLFDO FRPSXWHU SDFNDJHV IXUWKHU LPSHGHV WKH XVH RI VWUXFWXUDO PXOWLOHYHO PRGHOV�

,Q WKLV VWXG\� WKH FRQVHTXHQFHV RI LJQRULQJ PHDVXUHPHQW HUURU DUH H[DPLQHG WR HYDOXDWH

HVWLPDWLRQ PHWKRGV WKDW DUH DEOH WR KDQGOH PHDVXUHPHQW HUURU LQ ERWK WKH H[SODQDWRU\ DQG

GHSHQGHQW YDULDEOHV RI D VWUXFWXUDO PXOWLOHYHO PRGHO� ,W ZDV VKRZQ WKDW WKH HVWLPDWHV RI WKH

YDULDQFH FRPSRQHQWV DQG UDQGRP UHJUHVVLRQ FRHI¿FLHQWV DUH VHQVLWLYH WR PHDVXUHPHQW HUURU LQ

ERWK WKH GHSHQGHQW DQG H[SODQDWRU\ YDULDEOHV� 6LPXODWLRQ VWXGLHV ZHUH XVHG WR H[HPSOLI\ WKH

LPSDFW RI WKH PHDVXUHPHQW HUURU� 2WKHU IRUPV RI PHDVXUHPHQW HUURU FDQ EH KDQGOHG VLPLODUO\�

EXW LQIRUPDWLRQ FRQFHUQLQJ WKH SUREDELOLW\ VWUXFWXUH LV QHFHVVDU\� 1RWLFH WKDW WKH FODVVLFDO

WUXH VFRUH PRGHO DV PHDVXUHPHQW HUURU PRGHO UHTXLUHV D SULRUL HVWLPDWHV RI WKH JURXS VSHFL¿F

HUURU YDULDQFHV� 7KHVH HVWLPDWHV VWURQJO\ DIIHFW WKH SDUDPHWHU HVWLPDWHV �)R[ 	 *ODV� ������

7KDW LV� D VPDOO FKDQJH LQ WKH D SULRUL HVWLPDWHV FRXOG OHDG WR GLIIHUHQW FRQFOXVLRQV� $ GHWDLOHG

GHVFULSWLRQ RI WKH %D\HVLDQ HVWLPDWLRQ SURFHGXUH FDQ EH IRXQG LQ )R[ DQG *ODV ������ ������

7KH SURFHGXUH LV ÀH[LEOH LQ WKH VHQVH WKDW RWKHU PHDVXUHPHQW HUURU PRGHOV� DQG RWKHU SULRUV

FDQ EH XVHG� 7KLV VXSSRUWV D PRUH UHDOLVWLF ZD\ RI PRGHOLQJ PHDVXUHPHQW HUURU� $OVR� WKH

HVWLPDWLRQ SURFHGXUH FDQ KDQGOH PXOWLOHYHO PRGHOV ZLWK WKUHH RU PRUH OHYHOV� ,W WDNHV WKH

IXOO HUURU VWUXFWXUH LQWR DFFRXQW DQG DOORZV IRU HUURUV LQ ERWK WKH GHSHQGHQW DQG LQGHSHQGHQW

YDULDEOHV�

$ERXW WKH DXWKRUV

-HDQ�3DXO )R[ VWXGLHG $SSOLHG 0DWKHPDWLFV DW WKH 8QLYHUVLW\ RI 7ZHQWH DQG JUDGXDWHG

LQ ����� )RU D SHULRG RI DOPRVW � \HDUV KH ZDV HPSOR\HG DV D VWDWLVWLFLDQ DW ,	2 5HVHDUFK

LQ (QVFKHGH� ,Q 6HSWHPEHU ���� KH VWDUWHG ZRUNLQJ DV D 3K�'� VWXGHQW DW WKH GHSDUWPHQW

RI (GXFDWLRQDO 0HDVXUHPHQW DQG 'DWD $QDO\VLV DW WKH 8QLYHUVLW\ RI 7ZHQWH� )URP -DQXDU\



0HDVXUHPHQW (UURU � ��

�� ����� KH FRQWLQXHV KLV ZRUN DV D SRVW�GRF UHVHDUFKHU� +LV VSHFLDOL]DWLRQV DUH PXOWLOHYHO

PRGHOLQJ DQG LWHP UHVSRQVH WKHRU\�

&HHV $�:� *ODV VWXGLHG SV\FKRORJ\ ZLWK D VSHFLDOL]DWLRQ LQ PDWKHPDWLFDO DQG VWDWLVWLFDO

SV\FKRORJ\� )URP ���� WR ���� KH ZRUNHG DW WKH 1DWLRQDO ,QVWLWXWH RI (GXFDWLRQDO

0HDVXUHPHQW �&LWR� LQ WKH 1HWKHUODQGV� ,Q ���� KH MRLQHG WKH GHSDUWPHQW RI (GXFDWLRQDO

0HDVXUHPHQW DQG 'DWD $QDO\VLV� DW WKH 8QLYHUVLW\ RI 7ZHQWH� ZKHUH KH VSHFLDOL]HV LQ LWHP

UHVSRQVH WKHRU\ DQG PXOWLOHYHO PRGHOLQJ�

5HIHUHQFHV

$LWNLQ� 0�� 	 /RQJIRUG� 1� ������� 6WDWLVWLFDO PRGHOOLQJ LVVXHV LQ VFKRRO HIIHFWLYHQHVV

VWXGLHV� -RXUQDO RI WKH 5R\DO 6WDWLVWLFDO 6RFLHW\� 6HULHV $� ���� �����

%DOWDJL� %� +� ������� (FRQRPHWULF DQDO\VLV RI SDQHO GDWD� &KLFKHVWHU� :LOH\�

%HUQDUGLQHOOL� /�� 3DVFXWWR� &�� %HVW� 1� *�� 	 *LONV� :� 5� ������� 'LVHDVH PDSSLQJ ZLWK

HUURUV LQ FRYDULDWHV� 6WDWLVWLFV LQ 0HGLFLQH� ��� ��������

%RFN� 5� '� �(G�� ������� 0XOWLOHYHO DQDO\VLV RI HGXFDWLRQDO GDWD� 6DQ 'LHJR� &$�

$FDGHPLF 3UHVV� ,QF�

%R[� *� (� 3�� 	 7LDR� *� &� ������� %D\HVLDQ LQIHUHQFH LQ VWDWLVWLFDO DQDO\VLV� 5HDGLQJ�

0$� $GGLVRQ�:HVOH\ 3XEOLVKLQJ &RPSDQ\�

%URRNV� 6� 3�� 	 *HOPDQ� $� ������� *HQHUDO PHWKRGV IRU PRQLWRULQJ FRQYHUJHQFH RI

LWHUDWLYH VLPXODWLRQV� -RXUQDO RI &RPSXWDWLRQDO DQG *UDSKLFDO 6WDWLVWLFV� �� ��������

%U\N� $� 6�� 	 5DXGHQEXVK� 6� :� ������� $SSO\LQJ WKH KLHUDUFKLFDO OLQHDU PRGHO WR

PHDVXUHPHQW RI FKDQJH SUREOHPV� 3V\FKRORJLFDO %XOOHWLQ� ���� ��������

%XRQDFFRUVL� -� 3� ������� 0HDVXUHPHQW HUURUV� OLQHDU FDOLEUDWLRQ DQG LQIHUHQFHV IRU

PHDQV� &RPSXWDWLRQDO 6WDWLVWLFV 	 'DWD $QDO\VLV� ��� ��������

%XRQDFFRUVL� -� 3�� 	 7RVWHVRQ� '� ������� &RUUHFWLQJ IRU QRQOLQHDU PHDVXUHPHQW HUURUV

LQ WKH GHSHQGHQW YDULDEOH LQ WKH JHQHUDO OLQHDU PRGHO� &RPPXQLFDWLRQV LQ 6WDWLVWLFV� 7KHRU\ 	

0HWKRGV� ��� ����������

%XUVWHLQ� /� ������� 7KH DQDO\VLV RI PXOWLOHYHO GDWD LQ HGXFDWLRQDO UHVHDUFK DQG HYDOXDWLRQ�
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5HYLHZ RI 5HVHDUFK LQ (GXFDWLRQ� �� ��������

&DUUROO� 5�� 5XSSHUW� '�� 	 6WHIDQVNL� /� $� ������� 0HDVXUHPHQW HUURU LQ QRQOLQHDU

PRGHOV� /RQGRQ� &KDSPDQ 	 +DOO�

&KHQ� 0� �+�� 	 6KDR� 4� �0� ������� 0RQWH &DUOR HVWLPDWLRQ RI %D\HVLDQ FUHGLEOH DQG

+3' LQWHUYDOV� -RXUQDO RI &RPSXWDWLRQDO DQG *UDSKLFDO 6WDWLVWLFV� �� ������

&RFKUDQ� :� *� ������� (UURUV RI PHDVXUHPHQW LQ VWDWLVWLFV� 7HFKQRPHWULFV� ��� ��������

&RZOHV� 0� .�� 	 &DUOLQ� %� 3� ������� 0DUNRY FKDLQ 0RQWH &DUOR FRQYHUJHQFH

GLDJQRVWLFV� $ FRPSDUDWLYH UHYLHZ� -RXUQDO RI WKH $PHULFDQ 6WDWLVWLFDO $VVRFLDWLRQ� ���

��������

'HPSVWHU� $� 3�� /DLUG� 1� 0�� 	 5XELQ� '� %� ������� 0D[LPXP OLNHOLKRRG IURP

LQFRPSOHWH GDWD YLD WKH (0 DOJRULWKP �ZLWK GLVFXVVLRQ�� -RXUQDO RI WKH 5R\DO 6WDWLVWLFDO

6RFLHW\� 6HULHV %� ��� �����

)R[� -��3� ������� 6WRFKDVWLF (0 IRU HVWLPDWLQJ WKH SDUDPHWHUV RI D PXOWLOHYHO ,57 PRGHO�

7HFKQLFDO 5HSRUW 55 ������ (QVFKHGH� 8QLYHUVLW\ RI 7ZHQWH�

)R[� -��3�� 	 *ODV� &� $� :� ������� %D\HVLDQ PRGHOLQJ RI PHDVXUHPHQW HUURU LQ SUHGLFWRU

YDULDEOHV XVLQJ ,WHP 5HVSRQVH 7KHRU\ PRGHOV� 7HFKQLFDO 5HSRUW 55 ������ (QVFKHGH�

8QLYHUVLW\ RI 7ZHQWH�

)R[� -��3�� 	 *ODV� &� $� :� ������� %D\HVLDQ HVWLPDWLRQ RI D PXOWLOHYHO ,57 PRGHO XVLQJ

*LEEV VDPSOLQJ� 3V\FKRPHWULND ���� ��������

)UHHGPDQ� /� 6�� &DUUROO� 5� -�� 	 :D[� <� ������� (VWLPDWLQJ WKH UHODWLRQ EHWZHHQ

GLHWDU\ LQWDNH REWDLQHG IURP D IRRG IUHTXHQF\ TXHVWLRQQDLUH DQG WUXH DYHUDJH LQWDNH� $PHULFDQ

-RXUQDO RI (SLGHPLRORJ\� ���� ��������

)XOOHU� :� $� ������� 0HDVXUHPHQW HUURU PRGHOV� 1HZ <RUN� -RKQ :LOH\ 	 6RQV� ,QF�

*HOIDQG� $� (�� 	 6PLWK� $� )� 0� ������� 6DPSOLQJ�EDVHG DSSURDFKHV WR FDOFXODWLQJ

PDUJLQDO GHQVLWLHV� -RXUQDO RI WKH $PHULFDQ 6WDWLVWLFDO $VVRFLDWLRQ� ��� ��������

*HOPDQ� $� ������� ,QIHUHQFH DQG PRQLWRULQJ FRQYHUJHQFH� ,Q :�5� *LONV� 6� 5LFKDUGVRQ�

	 '�-� 6SLHJHOKDOWHU �(GV��� 0DUNRY &KDLQ 0RQWH &DUOR LQ SUDFWLFH �SS� ��������� /RQGRQ�

&KDSPDQ 	 +DOO�

*HOPDQ� $�� &DUOLQ� -� %�� 6WHUQ� +� 6�� 	 5XELQ� '� %� ������� %D\HVLDQ GDWD DQDO\VLV�

/RQGRQ� &KDSPDQ 	 +DOO�
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*HPDQ� 6�� 	 *HPDQ� '� ������� 6WRFKDVWLF UHOD[DWLRQ� *LEEV GLVWULEXWLRQ� DQG WKH

%D\HVLDQ UHVWRUDWLRQ RI LPDJHV� ,((( 7UDQVDFWLRQV RQ 3DWWHUQ $QDO\VLV DQG 0DFKLQH

,QWHOOLJHQFH� �� ��������

*ROGVWHLQ� +� ������� 0XOWLOHYHO PL[HG OLQHDU PRGHO DQDO\VLV XVLQJ LWHUDWLYH JHQHUDOL]HG

OHDVW VTXDUHV� %LRPHWULND� ��� ������

*ROGVWHLQ� +� ������� 0XOWLOHYHO PRGHOV LQ HGXFDWLRQDO DQG VRFLDO UHVHDUFK ��QG HG���

/RQGRQ� (GZDUG $UQROG�

*ROGVWHLQ� +� ������� 0RGHOV IRU PXOWLOHYHO UHVSRQVH YDULDEOHV ZLWK DQ DSSOLFDWLRQ WR

JURZWK FXUYHV� ,Q 5�'� %RFN �(G���0XOWLOHYHO DQDO\VLV RI HGXFDWLRQDO GDWD �SS� ��������� 6DQ

'LHJR� &$� $FDGHPLF 3UHVV� ,QF�

*ROGVWHLQ� +� ������� 0HWKRGV LQ VFKRRO HIIHFWLYHQHVV UHVHDUFK� 6FKRRO (IIHFWLYHQHVV DQG

6FKRRO ,PSURYHPHQW� �� ��������

*ROGVWHLQ� +�� 5DVEDVK� -�� 3OHZLV� ,�� 'UDSHU� '�� %URZQH� :�� <DQJ� 0�� :RRGKRXVH� *��

	 +HDO\� 0� ������� $ XVHU¶V JXLGH WR 0/ZL1� /RQGRQ� 0XOWLOHYHO 0RGHOV 3URMHFW� ,QVWLWXWH RI

(GXFDWLRQ� 8QLYHUVLW\ RI /RQGRQ�

+DPEOHWRQ� 5� .�� 	 6ZDPLQDWKDQ� +� ������� ,WHP UHVSRQVH WKHRU\� 3ULQFLSOHV DQG

DSSOLFDWLRQV� %RVWRQ� .OXZHU 1LMKRII 3XEOLVKLQJ�

+R[� -� -� ������� $SSOLHG PXOWLOHYHO DQDO\VLV ��QG HG��� $PVWHUGDP� 77�3XEOLNDWLHV�

+�WWQHU� +� -� 0�� 	 YDQ GHQ (HGHQ� 3� ������� 7KH PXOWLOHYHO GHVLJQ� $ JXLGH ZLWK DQ

DQQRWDWHG ELEOLRJUDSK\ ����������:HVWSRUW� *UHHQZRRG 3UHVV�

-RKQVRQ� 9� (�� 	 $OEHUW� -� +� �������2UGLQDO GDWD PRGHOLQJ�1HZ<RUN� 6SULQJHU�9HUODJ�

,QF�

.UHIW� ,� *� *�� 	 'H /HHXZ� -� ������� ,QWURGXFLQJ PXOWLOHYHO PRGHOLQJ� /RQGRQ� 6DJH

3XEOLFDWLRQV�

/LQGOH\� '� 9�� 	 6PLWK� $� )� 0� ������� %D\HV HVWLPDWHV IRU WKH OLQHDU PRGHO� -RXUQDO RI

WKH 5R\DO 6WDWLVWLFDO 6RFLHW\� 6HULHV %� ��� �����

/RQJIRUG� 1� 7� ������� 9$5&/� 6RIWZDUH IRU YDULDQFH FRPSRQHQW DQDO\VLV RI GDWD ZLWK

QHVWHG UDQGRP HIIHFWV �PD[LPXP OLNHOLKRRG�� 3ULQFHWRQ� 1-� (GXFDWLRQDO 7HVWLQJ 6HUYLFH�

/RQJIRUG� 1� 7� ������� 5DQGRP FRHI¿FLHQW PRGHOV� 1HZ <RUN� 2[IRUG XQLYHUVLW\ SUHVV�

,QF�



0HDVXUHPHQW (UURU � ��

/RUG� )� 0� ������� $SSOLFDWLRQV RI LWHP UHVSRQVH WKHRU\ WR SUDFWLFDO WHVWLQJ SUREOHPV�

+LOOVGDOH� 1HZ -HUVH\� /DZUHQFH (UOEDXP $VVRFLDWHV� ,QF�� 3XEOLVKHUV�

/RUG� )� 0�� 	 1RYLFN� 0� 5� ������� 6WDWLVWLFDO WKHRULHV RI PHQWDO WHVW VFRUHV� 5HDGLQJ�

0$� $GGLVRQ�:HVOH\�

0DOOLFN� %� .�� 	 *HOIDQG� $� (� ������� 6HPLSDUDPHWULF HUURUV�LQ�YDULDEOHV PRGHOV� $

%D\HVLDQ DSSURDFK� -RXUQDO RI 6WDWLVWLFDO 3ODQQLQJ DQG ,QIHUHQFH� ��� ��������

0DVRQ� :� 0�� :RQJ� *� <�� 	 (QWZLVOH� %� ������� &RQWH[WXDO DQDO\VLV WKURXJK WKH

PXOWLOHYHO OLQHDU PRGHO� ,Q 6� /HLQKDUGW �(G��� 6RFLRORJLFDO PHWKRGRORJ\ �SS� �������� 6DQ

)UDQFLVFR� -RVVH\�%DVV�

0�OOHU� 3�� 	 5RHGHU� .� ������� $ %D\HVLDQ VHPLSDUDPHWULF PRGHO IRU FDVH�FRQWURO

VWXGLHV ZLWK HUURUV LQ YDULDEOHV� %LRPHWULND� ��� SS ��������

0XWKpQ� .� /�� 	 0XWKpQ� %� 2� ������� 0SOXV� 7KH FRPSUHKHQVLYH PRGHOLQJ SURJUDP

IRU DSSOLHG UHVHDUFKHUV� /RV $QJHOHV� &$� 0XWKpQ 	 0XWKpQ�

5DXGHQEXVK� 6� :�� %U\N� $� 6�� &KHRQJ� <� )�� 	 &RQJGRQ� 5� 7�� -U� ������� +/0

�� +LHUDUFKLFDO OLQHDU DQG QRQOLQHDU PRGHOLQJ� /LQFROQZRRG� ,/� 6FLHQWL¿F 6RIWZDUH

,QWHUQDWLRQDO� ,QF�

5LFKDUGVRQ� 6� ������� 0HDVXUHPHQW HUURU� ,Q :�5� *LONV� 6� 5LFKDUGVRQ� 	 '�-�

6SLHJHOKDOWHU �(GV���0DUNRY &KDLQ 0RQWH &DUOR LQ SUDFWLFH �SS� ��������� /RQGRQ� &KDSPDQ

	 +DOO�

5REHUWV� *� 2�� 	 6DKX� 6� .� ������� 8SGDWLQJ VFKHPHV� FRUUHODWLRQ VWUXFWXUH� EORFNLQJ

DQG SDUDPHWUL]DWLRQ IRU WKH *LEEV VDPSOHU� -RXUQDO RI WKH 5R\DO 6WDWLVWLFDO 6RFLHW\� 6HULHV %�

��� ��������

5RVQHU� %�� :LOOHWW� :� &�� 	 6SLHJHOPDQ� '� ������� &RUUHFWLRQ RI ORJLVWLF UHJUHVVLRQ

UHODWLYH ULVN HVWLPDWHV DQG FRQ¿GHQFH LQWHUYDOV IRU V\VWHPDWLF ZLWKLQ�SHUVRQ PHDVXUHPHQW

HUURU� 6WDWLVWLFV LQ 0HGLFLQH� �� ����������

6FKDDOMH� *� %�� 	 %XWWV� 5� $� ������� 6RPH HIIHFWV RI LJQRULQJ FRUUHODWHG PHDVXUHPHQW

HUURUV LQ VWUDLJKW OLQH UHJUHVVLRQ DQG SUHGLFWLRQ� %LRPHWULFV� ��� ����������

6FKHHUHQV� -�� 	 %RVNHU� 5� -� ������� 7KH IRXQGDWLRQV RI HGXFDWLRQDO HIIHFWLYHQHVV�

2[IRUG� 3HUJDPRQ�

6QLMGHUV� 7� $� %�� 	 %RVNHU� 5� -� �������0XOWLOHYHO DQDO\VLV� /RQGRQ� 6DJH 3XEOLFDWLRQV
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/WG�

YDQ GHU /LQGHQ� :� -�� 	 +DPEOHWRQ� 5� .� �(GV�� ������� +DQGERRN RI PRGHUQ LWHP

UHVSRQVH WKHRU\� 6SULQJHU�9HUODJ 1HZ <RUN� ,QF�

:DNH¿HOG� -�� 	 0RUULV� 6� ������� 6SDWLDO GHSHQGHQFH DQG HUURUV�LQ�YDULDEOHV LQ

HQYLURQPHQWRO HSLGHPLRORJ\� ,Q -�0� %HUQDUGR� -�2� %HUJHU� $�3� 'DZLG� 	 $�)�0� 6PLWK

�(GV��� %D\HVLDQ VWDWLVWLFV � �SS� ��������� 1HZ <RUN� 2[IRUG 8QLYHUVLW\ 3UHVV� ,QF�

=HOOQHU� $� ������� $Q LQWURGXFWLRQ WR %D\HVLDQ LQIHUHQFH LQ HFRQRPHWULFV� 1HZ <RUN�

-RKQ :LOH\ 	 6RQV� ,QF�
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)LJXUH &DSWLRQV

)LJXUH �� $ SDWK GLDJUDP RI D 0XOWLOHYHO ,57 PRGHO� ZKHUH LWHP UHVSRQVH PRGHOV

PHDVXUH WKH ODWHQW YDULDEOHV ZLWKLQ WKH VWUXFWXUDO PXOWLOHYHO PRGHO�

)LJXUH � � ([SHFWHG D SRVWHULRUL HVWLPDWHV DQG SUHGLFWLRQV RI WKH GHSHQGHQW YDOXHV JLYHQ

WKH WUXH LQGHSHQGHQW YDULDEOHV�

)LJXUH � � ([SHFWHG D SRVWHULRUL HVWLPDWHV DQG SUHGLFWLRQV RI WKH GHSHQGHQW YDOXHV JLYHQ

WKDW WKH H[SODQDWRU\ YDULDEOHV DW /HYHO � DQG /HYHO � DUH PHDVXUHG ZLWK DQ HUURU�
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7DEOH �� 3DUDPHWHU HVWLPDWHV RI WKH PXOWLOHYHO PRGHO ZLWK PHDVXUHPHQW HUURU LQ WKH
GHSHQGHQW YDULDEOH�

*HQHUDWHG ,57 0RGHO &ODVVLFDO 7UXH 6FRUH 0RGHO

P4 P
f4

)L[HG &RHII� &RHII� V�G� +3' &RHII� V�G� +3'

(IIHFWV

�
33

=333 �=365 =375 ^�=434> =36<` �=389 =365 ^�=43:>�=33:`
�34 =433 =3;5 =359 ^=373> =457` =3:; =359 ^=36;> =454`
�
43

=433 =388 =367 ^�=335> =43<` =387 =35; ^=345> =436`

5DQGRP 9DU� 9DU� V�G� +3' 9DU� V�G� +3'

(IIHFWV &RPS� &RPS� &RPS�

�5
3

=533 =567 =35; ^=4;9> =5;:` =533 =355 ^=498> =569`
�54 =533 =534 =356 ^=48<> =57:` =46; =349 ^=448> =49:`
�5
34

=433 =49< =358 ^=464> =544` =44; =348 ^=3<7> =476`
�5 =833 =846 =35; ^=793> =8:6` =768 =343 ^=74;> =783`
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7DEOH �� 3DUDPHWHU HVWLPDWHV RI WKH PXOWLOHYHO PRGHO ZLWK PHDVXUHPHQW HUURU LQ ERWK
WKH GHSHQGHQW DQG LQGHSHQGHQW YDULDEOHV�

2EVHUYHG 6FRUHV ,57 0RGHO &ODVVLFDO 7UXH 6FRUH 0RGHO

P
r

P5 P
f5

)L[HG &RHII� V�G� &RHII� V�G� +3' &RHII� V�G� +3'

(IIHFWV

�
33

�=38: =365 �=37; =378 ^�=453> =35:` �=38; =367 ^�=445> =333`
�34 =38; =359 =3;4 =363 ^=365> =463` =38; =359 ^=34;> =436`
�
43

=383 =359 =388 =367 ^=333> =443` =37< =359 ^=338> =3<4`

5DQGRP 9DU� V�G� 9DU� V�G� +3' 9DU� V�G� +3'

(IIHFWV &RPS� &RPS� &RPS�

�5
3

=534 =356 =566 =363 ^=4;7> =5:;` =533 =356 ^=498> =56;`
�54 =459 =348 =533 =35: ^=48:> =574` =46; =347 ^=3<;> =477`
�5
34

=443 =348 =49: =357 ^=45;> =537` =44; =348 ^=3;6> =464`
�5 =893 =343 =848 =368 ^=787> =895` =768 =343 ^=749> =783`
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)LJXUH �� $ SDWK GLDJUDP RI D 0XOWLOHYHO ,57 PRGHO� ZKHUH LWHP UHVSRQVH PRGHOV
PHDVXUH WKH ODWHQW YDULDEOHV ZLWKLQ WKH VWUXFWXUDO PXOWLOHYHO PRGHO�
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Simulated Regression
Prediction (M1)
Prediction (Mc1)

Simulated Values
EAP Estimate (M1)
EAP Estimate (Mc1)

)LJXUH �� ([SHFWHG D SRVWHULRUL HVWLPDWHV DQG SUHGLFWLRQV RI WKH GHSHQGHQW YDOXHV JLYHQ
WKH WUXH LQGHSHQGHQW YDULDEOHV�
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Explanatory Variable Level 1
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Simulated Regression
Prediction (M2)
Prediction (Mc2)
Prediction (Mo)

Simulated Values
EAP Estimate (M2)
EAP Estimate (Mc2)

)LJXUH �� ([SHFWHG D SRVWHULRUL HVWLPDWHV DQG SUHGLFWLRQV RI WKH GHSHQGHQW YDOXHV JLYHQ
WKDW WKH H[SODQDWRU\ YDULDEOHV DW /HYHO � DQG /HYHO � DUH PHDVXUHG ZLWK DQ HUURU�


