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Dfnqrzohgjphqwv

Wklv wkhvlv lv wkh uhvxow ri p| irxu0|hdu uhvhdufk dw wkh Ghsduwphqw
ri Hgxfdwlrqdo Phdvxuhphqw dqg Gdwd Dqdo|vlv +RPG, dw wkh Xqlyhu0
vlw| ri Wzhqwh1 L wkdqn p| froohdjxhv iru wkh sohdvdqw dqg vxssruwlyh
dwprvskhuh wkdw zdv dozd|v suhvhqw1 L kdyh ehhq iruwxqdwh zlwk wkh
rssruwxqlw| ri zulwlqj wklv glvvhuwdwlrq dw RPG1
Lq sduwlfxodu L zrxog olnh wr wkdqn Fhhv Jodv iru surylglqj fruuhfwlrqv

dqg jxlgdqfh iru foduli|lqj vrph ri wkh glvfxvvlrqv/ zklfk zdvq*w dozd|v
hdv|1 L dovr olnh wr wkdqn Zlp ydq ghu Olqghq iru uhylhzlqj vrph ri wkh
fkdswhuv1
Dv wkh odvw rqh ri wkh jurxs ri irxu/ L zrxog olnh wr wkdqn/ Dqwrq

Eìjxlq/ Hglwk ydq Nulpshq0Vwrrs/ dqg Ehuqdug Yhogndps iru wkh fr�hh
euhdnv lq wkh jrrg rog gd|v/ dqg wkh qhfhvvdu| glvwudfwlrq iurp wlph wr
wlph1 Wkh glvfxvvlrqv zlwk Dqwrq dqg Ehuqdug zhuh wlphv qrw wr irujhw1
P| wkdqnv dovr wr p| idplo| iru wkhlu vxssruw/ lq sduwlfxodu/ p|

sduhqwv zkr dozd|v eholhyhg lq ph/ exw uhpdlqhg zrqghulqj zkdw nhsw
ph exv| doo wkh wlph1 Zhoo/ wklv lv lw1
Ilqdoo|/ L zdqw wr wkdqn Pludqgd1 Zulwlqj wklv wkhvlv uhtxluhg pxfk

wlph dqg hqhuj|1 Lq d shulrg zkhuh |rx zdqwhg wr pryh rq lw pxvw
kdyh ihow dv li wlph vwrrg vwloo1 P| vlqfhuh wkdqnv iru |rxu vxssruw dqg
sdwlhqfh1

Hqvfkhgh/ mxqh 5334
Mhdq0Sdxo Ir{
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Dfnqrzohgjphqwv y

Olvw ri Iljxuhv l{

Olvw ri Wdeohv {l

Olvw ri V|perov {lll

41 Lqwurgxfwlrq 4

41 Pxowlohyho Gdwd 4
51 Phdvxuhphqw Huuru 5
61 Remhfwlyhv dqg Rxwolqh 7

51 Wkh H�hfwv ri Phdvxuhphqw Huuru lq d Pxowlohyho Prgho :

41 Vfkrro H�hfwlyhqhvv Uhvhdufk :
51 Prghov iru Phdvxuhphqw Huuru <
61 Pxowlohyho LUW 43
71 Ljqrudeoh dqg Qrq0Ljqrudeoh Phdvxuhphqw Huuru 47
81 Dq Looxvwudwlyh H{dpsoh 4<
91 Glvfxvvlrq 57

61 Ed|hvldq Hvwlpdwlrq ri d Pxowlohyho LUW Prgho 5<

41 Lqwurgxfwlrq 5<
51 Pxowlohyho LUW Prghov 65
61 PFPF Hvwlpdwlrq Surfhgxuh iru d Pxowlohyho LUW Prgho 66
71 Vlpxodwhg dqg Uhdo0Gdwd H{dpsohv 73
81 Glvfxvvlrq 84

71 Ed|hvldq Prgholqj ri Phdvxuhphqw Huuru lq Suhglfwru
Yduldeohv 88

41 Lqwurgxfwlrq 88
51 Wkh Vwuxfwxudo Pxowlohyho Prgho 8:
61 Phdvxuhphqw Huuru Prghov 8<

yll
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71 PFPF Hvwlpdwlrq Surfhgxuh iru d Pxowlohyho Prgho zlwk
Phdvxuhphqw Huuru 94

81 Phdvxuhphqw Huuru lq Fruuhodwhg Suhglfwru Yduldeohv 9;
91 D Vlpxodwlrq Vwxg| :4
:1 H{dpsoh ri Phdvxuhphqw Huuru lq Klhudufklfdo Prghov :9
;1 Glvfxvvlrq ;4

81 Ed|hvldq Prgho Fkhfnlqj dqg Uhvlgxdo Dqdo|vlv ;8

41 Lqwurgxfwlrq ;8
51 Ed|hvldq Uhvlgxdo Dqdo|vlv ;:
61 Ghwhfwlrq ri Rxwolhuv <4
71 Khwhurvfhgdvwlflw| <6
81 Fkrlfh ri Sulruv <:
91 Dq Dqdo|vlv ri d Gxwfk Sulpdu| Vfkrro Pdwkhpdwlfv Whvw 433
:1 Glvfxvvlrq 43;

91 D Vwrfkdvwlf HP Dssurdfk 43<

41 Lqwurgxfwlrq 43<
51 D Pxowlohyho LUW Prgho 444
61 Wkh VHP Dojrulwkp 446
71 Pd{lpxp Olnholkrrg Hvwlpdwlrq 447
81 Lpsohphqwdwlrq ri wkh VHP Dojrulwkp 448
91 VHP lq Frpsdulvrq zlwk wkh Jleev Vdpsolqj Dssurdfk 454
:1 D Gxwfk Sulpdu| Vfkrro Odqjxdjh Whvw 455
;1 Glvfxvvlrq 45<

Hslorjxh 46:

Vxppdu| lq Gxwfk 474

Uhihuhqfhv 478

Dxwkru Lqgh{ 488

Vxemhfw Lqgh{ 48<



Olvw ri Iljxuhv

514 D sdwk gldjudp ri d Pxowlohyho LUW prgho/ zkhuh
lwhp uhvsrqvh wkhru| prghov phdvxuh wkh odwhqw
yduldeohv zlwklq wkh vwuxfwxudo pxowlohyho prgho1 44

515 H{shfwhg srvwhulru hvwlpdwhv dqg suhglfwlrqv ri
wkh ghshqghqw ydoxhv jlyhq wkh wuxh lqghshqghqw
yduldeohv1 58

516 H{shfwhg srvwhulru hvwlpdwhv dqg suhglfwlrqv ri
wkh ghshqghqw ydoxhv jlyhq wkdw wkh h{sodqdwru|
yduldeohv dw Ohyho 4 dqg Ohyho 5 duh phdvxuhg zlwk
dq huuru1 59

614 Srvwhulru ghqvlwlhv ri d& iru lwhpv 5/ 8/ : dqg ;1
Grwwhg olqh lv dq hvwlpdwh ri ghqvlw| diwhu 833 ydo0
xhv/ dqg vrolg olqh lv dq hvwlpdwh ri ghqvlw| diwhu
53> 333 ydoxhv1 76

615 H{shfwhg srvwhulru hvwlpdwh dqg suhglfwlrq ri vwx0
ghqwv* delolwlhv lq d Flwr dqg qrq0Flwr vfkrro dv d
ixqfwlrq ri VHV/ frqwuroolqj iru LVL dqg Jhqghu1 7<

616 Vwxghqwv* Q0vfruhv dqg suhglfwhg Q0vfruhv lq d Flwr
dqg qrq0Flwr vfkrro dv d ixqfwlrq ri VHV/ frqwuro0
olqj iru LVL dqg Jhqghu1 83

714 Wkh H
�
O2

�
iru wkh pxowlohyho LUW prgho dqg wkh

pxowlohyho wuxh vfruh prgho1 :9
715 Ghqvlw| sorwv ri wkh revhuyhg dqg uhsolfdwhg gdwd

xvlqj wkh qrupdo rjlyh prgho dqg wkh fodvvlfdo wuxh
vfruh prgho1 ::

716 Wkh H
�
O2

�
dqg H

�
O2
�

�
iru gl�huhqw ydoxhv ri wkh

huuru yduldqfh wr prgho wkh odwhqw suhglfwru ydul0
deohv rq Ohyho 4 dqg Ohyho 5 zlwk wkh fodvvlfdo wuxh
vfruh prgho1 ;4

l{



{ PXOWLOHYHO LUW= D ED\HVLDQ SHUVSHFWLYH

814 Ed|hvldq odwhqw uhvlgxdov sorwwhg djdlqvw wkh sure0
delolwlhv ri d fruuhfw uhvsrqvh dqg wkh rxwo|lqj sure0
delolwlhv1 435

815 Srvwhulru ghqvlwlhv ri wkh Ed|hvldq odwhqw uhvlgxdov
fruuhvsrqglqj wr Lwhp 4: iru d qxpehu ri vwxghqwv1 436

816 Qrupdo suredelolw| sorw ri vwdqgdugl}hg uhvlgxdov
dw Ohyho 41 438

817 Whvwlqj khwhurvfhgdvwlflw| dw Ohyho 41 439
914 Sodxvleoh uhjlrq iru +�> �,/ jhqhudwhg e| wkh vwrfkdv0

wlf HP dojrulwkp1 45;



Olvw ri Wdeohv

514 Sdudphwhu hvwlpdwhv ri wkh pxowlohyho prgho zlwk
phdvxuhphqw huuru lq wkh ghshqghqw yduldeoh1 54

515 Sdudphwhu hvwlpdwhv ri wkh pxowlohyho prgho zlwk
phdvxuhphqw huuru lq erwk wkh ghshqghqw dqg lq0
ghshqghqw yduldeohv1 56

614 Lwhp sdudphwhu hvwlpdwhv ri wkh qrupdo rjlyh LUW
prgho xvlqj wkh Jleev vdpsohu1 75

615 Sdudphwhu hvwlpdwhv ri wkh pxowlohyho prgho/ zlwk
wkh Jleev vdpsohu dqg KOP iru Zlqgrzv1 77

616 Sdudphwhu uhfryhu| ri wkh pxowlohyho prgho zlwk
vwdqgdugl}hg wuxh odwhqw vfruhv dqg ]0vfruhv dv gh0
shqghqw yduldeohv1 78

617 Sdudphwhu hvwlpdwhv ri wkh pxowlohyho prgho zlwk
wkh Jleev vdpsohu dqg KOP xvlqj Q0vfruhv dqg
uhvfdohg Q0vfruhv dv ghshqghqw yduldeohv1 7:

714 Lwhp sdudphwhu hvwlpdwhv ri wkh qrupdo rjlyh LUW
prgho dw Ohyho 41 :5

715 Sdudphwhu hvwlpdwhv ri wkh pxowlohyho prgho zlwk
phdvxuhphqw huuru lq wkh fryduldwhv1 :6

716 Sdudphwhu hvwlpdwhv ri wkh pxowlohyho prgho zlwk
wkh qrupdo rjlyh dqg wkh fodvvlfdo wuxh vfruh prgho
dv phdvxuhphqw huuru prghov1 :<

717 Sdudphwhu hvwlpdwhv ri wkh pxowlohyho prgho zlwk
wkh qrupdo rjlyh dqg wkh fodvvlfdo wuxh vfruh prgho
dv phdvxuhphqw huuru prghov rq erwk ohyhov1 ;3

814 Sdudphwhu hvwlpdwhv ri d pxowlohyho LUWprgho zlwk
h{sodqdwru| yduldeoh Hqg rq Ohyho 51 434

{l
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815 Sdudphwhu hvwlpdwhv ri d pxowlohyho LUWprgho zlwk
h{sodqdwru| yduldeohv LVL dqg VHV rq Ohyho 4 dqg
Hqg rq Ohyho 51 437

816 Sdudphwhu hvwlpdwhv ri d pxowlohyho LUWprgho zlwk
h{sodqdwru| yduldeohv LVL dqg VHV rq Ohyho 4 dqg
Hqg rq Ohyho 5 xvlqj surshu lqirupdwlyh sulruv1 43:

914 Sdudphwhu hvwlpdwhv ri wkh glvfulplqdwlrq sdudp0
hwhu zlwk VHP dqg wkh Jleev vdpsohu1 457

915 Sdudphwhu hvwlpdwhv ri wkh gl!fxow| sdudphwhu zlwk
VHP dqg wkh Jleev vdpsohu1 458

916 Sdudphwhu hvwlpdwhv ri wkh pxowlohyho prgho zlwk
wkh Jleev vdpsohu/ vwrfkdvwlf HP/ dqg KOP xvlqj
vxp vfruhv1 459



Olvw ri V|perov

Jhqhudo Qrwdwlrq

� E�� Suredelolw| ri dq hyhqw
R E�� Pdujlqdo ghqvlw| ixqfwlrq
R E� � �� Frqglwlrqdo ghqvlw| ixqfwlrq
xE�� Vwdqgdug qrupdo fxpxodwlyh glvwulexwlrq
� E�� Ghqvlw| ri wkh vwdqgdug qrupdo glvwulexwlrq
8 E�� I glvwulexwlrq
�2 E�� Fkl0vtxduh glvwulexwlrq
U?� 3 �2 E�� Lqyhuvh0fkl0vtxduh glvwulexwlrq
U?� 3`�r�@o| E�� Lqyhuvh0zlvkduw glvwulexwlrq
� Qxpehu ri uhvsrqghqwv
a Qxpehu ri jurxsv
g Qxpehu ri lwhpv
?� Qxpehu ri uhvsrqghqwv zlwklq jurxs �

�� Lqgh{ ri uhvsrqghqw � lq jurxs �

R��& Suredelolw| ri d fruuhfw uhvsrqvh ri shuvrq �� rq lwhp &

h Uhdol}hg uhvlgxdov dw wkh lwhp ohyho

V|perov ri wkh Vwuxfwxudo Pxowlohyho prgho

� Ghshqghqw ru lqghshqghqw odwhqw yduldeoh+v, dw Ohyho 4
$ Ghshqghqw odwhqw yduldeoh dw Ohyho 4
� Lqghshqghqw odwhqw yduldeohv dw Ohyho 5
\ Lqghshqghqw yduldeohv dw Ohyho 4 zlwkrxw dq huuru
K Lqghshqghqw yduldeohv dw Ohyho 5 zlwkrxw dq huuru
vc) Ghshqghqw yduldeohv dw Ohyho 4
jc Lqghshqghqw yduldeohv dw Ohyho 4
`c� Lqghshqghqw yduldeohv dw Ohyho 5
' Pd{lpxp qxpehu ri fryduldwhv dw Ohyho 4
7 Pd{lpxp qxpehu ri fryduldwhv dw Ohyho 5
l Vhw ri lqghshqghqw yduldeohv dw Ohyho 4

{lll



{ly PXOWLOHYHO LUW= D ED\HVLDQ SHUVSHFWLYH

l3 Vhw ri lqghshqghqw yduldeohv dw Ohyho 4 zlwkrxw �^
[ Vhw ri lqghshqghqw yduldeohv dw Ohyho 5
[3 Vhw ri lqghshqghqw yduldeohv dw Ohyho 5 zlwkrxw �r
�El� Vhw ri uhjuhvvlrq frh!fhqwv dw Ohyho 4 uhodwlqj wr l3

�E[� Vhw ri �{hg h�hfwv dw Ohyho 5 uhodwlqj wr [3

q^ Uhjuhvvlrq frh!flhqw ^ dw Ohyho 4
q^� Udqgrp uhjuhvvlrq frh!flhqw ^ ri jurxs � dw Ohyho 4
�^r Il{hg h�hfw r uhodwlqj wr q^�
i Uhvlgxdov dw Ohyho 4
� Uhvlgxdov dw Ohyho 5
j2 Uhvlgxdo yduldqfh dw Ohyho 4
A Uhvlgxdo yduldqfh pdwul{ dw Ohyho 5
�2^� Uhvlgxdo yduldqfh ri wkh uhjuhvvlrq ri q^� rq `^�

4 Lqwudfodvv fruuhodwlrq frh!flhqw

V|perov ri wkh Phdvxuhphqw Huuru Prgho

Lwhp Uhvsrqvh Wkhru| Prgho

@& Glvfulplqdwlrq sdudphwhu uhodwlqj wr lwhp &

K& Gl!fxow| sdudphwhu uhodwlqj wr lwhp &

S& Jxhvvlqj sdudphwhu uhodwlqj wr lwhp &

�& Vhw ri lwhp sdudphwhuv uhodwlqj wr lwhp &

/�� Delolw| sdudphwhu ri shuvrq � lq jurxs �

w�� Delolw| sdudphwhu ri shuvrq � lq jurxs �

l� Fkdudfwhulvwlf ri jurxs � ru ri d shuvrq uhsuhvhqwlqj jurxs �

#��& Htxdov @&w�� 3 K&
vc) Uhvsrqvh sdwwhuqv uhodwlqj wr $ ru �
jc Uhvsrqvh sdwwhuqv uhodwlqj wr �
`c� Uhvsrqvh sdwwhuqv uhodwlqj wr �
% Odwhqw uhvlgxdov dw wkh lwhp ohyho

Fodvvlfdo Wuxh Vfruh Prgho

/�� Wuxh vfruh ri shuvrq � lq jurxs �

w�� Wuxh vfruh ri shuvrq � lq jurxs �

l� Wuxh fkdudfwhulvwlf ri jurxs � ru ri d shuvrq uhsuhvhqwlqj jurxs �

vc) Revhuyhg vfruhv uhodwlqj wr $ ru �
jc Revhuyhg vfruhv uhodwlqj wr �
`c� Revhuyhg vfruhv uhodwlqj wr �
% Huuru vfruhv

%E+� Huuru vfruhv uhodwlqj wr wkh revhuyhg vfruhv v

%E%� Huuru vfruhv uhodwlqj wr wkh revhuyhg vfruhv j

%E�� Huuru vfruhv uhodwlqj wr wkh revhuyhg vfruhv `
) Jurxs vshfl�f huuru yduldqfh



Fkdswhu 4

Lqwurgxfwlrq

41 Pxowlohyho Gdwd

Lq d zlgh ydulhw| ri uhvhdufk duhdv/ dqdo|vwv duh frqiurqwhg zlwk klhu0
dufklfdo vwuxfwxuhg gdwd1 H{dpsohv ri wklv qhvwhg vwuxfwxuh ri wkh gdwd
lqfoxgh orqjlwxglqdo gdwd zkhuh vhyhudo revhuydwlrqv duh qhvwhg zlwklq
lqglylgxdov/ furvv0qdwlrqdo gdwd zkhuh revhuydwlrqv duh qhvwhg lq jhr0
judsklfdo/ srolwlfdo ru dgplqlvwudwlyh xqlwv/ gdwd iurp vxuyh|v zkhuh
uhvsrqghqwv duh qhvwhg xqghu dq lqwhuylhzhu/ dqg whvw gdwd ri vwxghqwv
zlwklq vfkrrov +vhh/ iru h{dpsoh/ Orqjirug/ 4<<6,1 Wkh qhvwhg vwuxfwxuh
jlyhv ulvh wr pxowlohyho gdwd1 Wkh sureohp lv surshuo| dqdo|}lqj wkh gdwd
wdnlqj wkh klhudufklfdo vwuxfwxuh lqwr dffrxqw1

Wkhuh duh wzr riwhq fulwlfl}hg dssurdfkhv iru dqdo|}lqj yduldeohv iurp
gl�huhqw ohyhov dw rqh vlqjoh ohyho1 Wkh �uvw lv wr glvdjjuhjdwh doo kljkhu
rughu yduldeohv wr wkh lqglylgxdo ohyho1 Wkdw lv/ gdwd iurp kljkhu ohyhov
duh dvvljqhg wr d pxfk odujhu qxpehu ri xqlwv dw Ohyho 41 Lq wklv ds0
surdfk/ doo glvdjjuhjdwhg ydoxhv duh dvvxphg wr eh lqghshqghqw ri hdfk
rwkhu/ zklfk lv d plvvshfl�fdwlrq wkdw wkuhdwhqv wkh ydolglw| ri wkh lq0
ihuhqfhv1 Lq wkh vhfrqg dssurdfk/ wkh gdwd dw wkh lqglylgxdo ohyho duh
djjuhjdwhg wr wkh kljkhu ohyho1 Dv d uhvxow/ doo zlwklq jurxs lqirupdwlrq
lv orvw1 Wklv lv hvshfldoo| vhulrxv ehfdxvh uhodwlrqv ehwzhhq wkh djjuh0
jdwhg yduldeohv fdq eh pxfk vwurqjhu dqg gl�huhqw iurp wkh uhodwlrqv
ehwzhhq qrq0djjuhjdwhg yduldeohv +vhh/ iru lqvwdqfh/ Vqlmghuv ) Ervnhu/
4<<</ ss1 47,1 Zkhq wkh qhvwhg vwuxfwxuh zlwklq pxowlohyho gdwd lv
ljqruhg/ vwdqgdug huuruv duh hvwlpdwhg zlwk eldv1

D fodvv ri prghov wkdw wdnhv wkh pxowlohyho vwuxfwxuh lqwr dffrxqw dqg
pdnhv lw srvvleoh wr lqfrusrudwh yduldeohv iurp gl�huhqw djjuhjdwlrq ohy0
hov lv wkh fodvv ri vr0fdoohg pxowlohyho prghov1 Pxowlohyho prghov vxssruw

4
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dqdo|}lqj yduldeohv iurp gl�huhqw ohyhov vlpxowdqhrxvo|/ wdnlqj dffrxqw
ri wkh ydulrxv ghshqghqflhv1 Wkhvh prghov hqwdlo d vwdwlvwlfdoo| pruh uh0
dolvwlf vshfl�fdwlrq ri ghshqghqflhv dqg gr qrw zdvwh lqirupdwlrq1 Wkh
lpsruwdqfh ri d pxowlohyho dssurdfk lv ixoo| ghvfulehg e| Exuvwhlq +4<;3,1
Gl�huhqw phwkrgv dqg dojrulwkpv kdyh ehhq ghyhorshg iru �wwlqj d pxo0
wlohyho prgho/ dqg wkhvh kdyh ehhq lpsohphqwhg lq vwdqgdug vriwzduh1
Wkh HP dojrulwkp +Ghpsvwhu/ Odlug/ ) Uxelq/ 4<:;,/ wkh lwhudwlyho|
uhzhljkwhg ohdvw vtxduhv phwkrg ri Jrogvwhlq +4<;9,/ dqg Ilvkhu vfrulqj
dojrulwkp +Orqjirug/ 4<<6, kdyh ehfrph dydlodeoh lq vshfldol}hg vriw0
zduh iru �wwlqj pxowlohyho prghov +KOP/ Udxghqexvk/ Eu|n/ Fkhrqj/
) Frqjgrq/ 5333/ POzlQ/ Jrogvwhlq/ Udvedvk/ Sohzlv/ Gudshu/ Eurzq/
\dqj/ Zrrgkrxvh/ ) Khdo|/ 4<<;/ Psoxv/ Pxwkìq ) Pxwkìq/ 4<<;/ dqg
YDUFO/ Orqjirug/ 4<<3/ uhvshfwlyho|,1
Wkh �hog ri pxowlohyho uhvhdufk lv eurdg dqg fryhuv d zlgh udqjh ri

sureohpv lq gl�huhqw duhdv1 Lq vrfldo uhvhdufk/ wkh edvlf sureohp lv wr
uhodwh vshfl�f dwwulexwhv ri lqglylgxdov dqg fkdudfwhulvwlfv ri jurxsv dqg
vwuxfwxuhv lq zklfk wkh lqglylgxdov ixqfwlrq1 Lq vrflrorj|/ pxowlohyho
dqdo|vlv lv d sduwlfxoduo| xvhixo vwudwhj| iru frqwh{wxdo dqdo|vlv/ zklfk
irfxvhv rq wkh h�hfwv ri wkh vrfldo frqwh{w rq lqglylgxdo ehkdylru +vhh/
iru h{dpsoh/ Pdvrq/ Zrqj/ ) Hqwzlvoh/ 4<;6,1 Lq wkh vdph zd|/ uhodw0
lqj plfur dqg pdfur ohyhov lv dq lpsruwdqw sureohp lq hfrqrplfv> iru dq
ryhuylhz/ vhh Edowdjl +4<<8,1 Pruhryhu/ zlwklq uhshdwhg phdvxuhphqwv
ri d yduldeoh rq d vxemhfw/ lqwhuhvw lv irfxvhg rq wkh uhodwlrqvkls ri wkh
yduldeoh wr wlph +Eu|n ) Udxghqexvk/ 4<;:> Jrogvwhlq/ 4<;<> Orqjirug/
4<<6,1 Ixuwkhu/ Eu|n dqg Udxghqexvk +4<;:, kdyh lqwurgxfhg pxowlohyho
prghov lq phwd0dqdo|vlv1 Wkh pxowlohyho prgho kdv ehhq xvhg h{whqvlyho|
lq hgxfdwlrqdo uhvhdufk/ vhh/ iru h{dpsoh/ Erfn/ +4<;<,/ Eu|n dqg Udx0
ghqexvk +4<;:,/ Jrogvwhlq +4<<8, dqg Kr{ +4<<8,1 H{whqvlyh ryhuylhzv
ri pxowlohyho prghov fdq eh irxqg lq Kÿwwqhu dqg ydq ghq Hhghq +4<<8,/
Nuhiw dqg gh Ohhxz +4<<;, dqg Orqjirug +4<<6,1

51 Phdvxuhphqw Huuru

Lq pdq| uhvhdufk duhdv/ vxfk dv sk|vlfdo ru vrfldo vflhqfhv/ vwxglhv
pd| lqyroyh yduldeohv wkdw fdqqrw eh revhuyhg gluhfwo| ru duh revhuyhg
vxemhfw wr huuru1 Iru h{dpsoh/ d shuvrq*v pdwkhpdwlfdo delolw| fdqqrw eh
phdvxuhg gluhfwo|/ rqo| wkh shuirupdqfh rq d qxpehu ri pdwkhpdwlfdo
whvw lwhpv1 Dovr gdwd froohfwhg iurp uhvsrqghqwv frqwdlq uhvsrqvh hu0
uru1 Wkdw lv/ wkhuh lv uhvsrqvh yduldwlrq lq dqvzhuv wr wkh vdph txhvwlrq
zkhq uhshdwhgo| dgplqlvwhuhg wr wkh vdph shuvrq1 Phdvxuhphqw huuru
fdq rffxu lq erwk lqghshqghqw h{sodqdwru| dqg ghshqghqw yduldeohv1
Wkh uholdelolw| ri h{sodqdwru| yduldeohv lv dq lpsruwdqw phwkrgrorjl0
fdo txhvwlrq1 Zkhq wkh uholdelolw| lv nqrzq/ fruuhfwlrqv fdq eh pdgh
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+Ixoohu/ 4<;:,/ ru/ li uhshdwhg phdvxuhphqwv duh dydlodeoh/ wkh uholdelolw|
fdq eh lqfrusrudwhg lq wkh prgho dqg hvwlpdwhg gluhfwo|1 Wkh xvh ri
xquholdeoh h{sodqdwru| yduldeohv ohdgv wr eldvhg hvwlpdwlrq ri uhjuhvvlrq
frh!flhqwv dqg wkh uhvxowlqj vwdwlvwlfdo lqihuhqfh fdq eh yhu| plvohdg0
lqj xqohvv fduhixo dgmxvwphqwv duh pdgh +Fduuroo/ Uxshuw/ ) Vwhidqvnl/
4<<8> Ixoohu/ 4<;:,1 Wr fruuhfw iru phdvxuhphqw huuru/ gdwd wkdw doorz
iru hvwlpdwlrq ri wkh sdudphwhuv lq wkh phdvxuhphqw huuru prgho duh
froohfwhg1 Phdvxuhphqw huuru prghov kdyh ehhq dssolhg lq gl�huhqw uh0
vhdufk duhdv wr prgho huuruv0lq0yduldeohv sureohpv/ lqfrusrudwlqj huuru
lq wkh uhvsrqvh dv zhoo dv lq wkh fryduldwhv1 Lq hslghplrorj|/ fryduldwhv/
vxfk dv eorrg suhvvxuh ru ohyho ri fkrohvwhuro/ duh iuhtxhqwo| phdvxuhg
zlwk huuru +vhh/ iru h{dpsoh/ Exrqdffruvl/ 4<<4> Pÿoohu ) Urhghu/ 4<<:>
Zdnh�hog ) Pruulv/ 4<<<,1 Lq hgxfdwlrqdo uhvhdufk/ vwxghqwv* suh0whvw
vfruhv/ vrflr0hfrqrplf vwdwxv ru lqwhooljhqfh duh riwhq xvhg dv h{sodqd0
wru| yduldeohv lq suhglfwlqj vwxghqwv* h{dplqdwlrq uhvxowv1 Ixuwkhu/ vwx0
ghqwv* h{dplqdwlrq uhvxowv ru delolwlhv duh phdvxuhg vxemhfw wr huuru ru
fdqqrw eh revhuyhg gluhfwo|1 Wkh phdvxuhphqw huuruv dvvrfldwhg zlwk
wkh h{sodqdwru| yduldeohv ru yduldeohv wkdw fdqqrw eh revhuyhg gluhfwo|
duh riwhq ljqruhg ru dqdo|vhv duh fduulhg rxw xvlqj dvvxpswlrqv wkdw
pd| qrw dozd|v eh uhdolvwlf +vhh/ iru h{dpsoh/ Dlwnlq ) Orqjirug/ 4<;9>
Jrogvwhlq/ 4<<8,1

Dowkrxjk wkh wrslf ri prgholqj phdvxuhphqw huuru kdv uhfhlyhg d frq0
vlghudeoh dprxqw ri dwwhqwlrq lq wkh iuhtxhqwlvw olwhudwxuh/ iru wkh juhdwhu
sduw/ wklv dwwhqwlrq lv irfxvhg rq olqhdu phdvxuhphqw huuru prghov/ pruh
vshfl�fdoo|/ wkh fodvvlfdo dgglwlyh phdvxuhphqw huuru prgho/ h1j1 Fduuroo
hw do1 +4<<8,/ Ixoohu +4<;:,/ Jrogvwhlq +4<<8,/ dqg Orqjirug +4<<6,1 Wkh
fodvvlfdo dgglwlyh phdvxuhphqw huuru prgho lv edvhg rq wkh dvvxpswlrq
ri krprvfhgdvwlflw|/ zklfk hqwdlov htxdo yduldqfh ri phdvxuhphqw huuruv
frqglwlrqdo rq gl�huhqw ohyhov ri wkh ghshqghqw yduldeoh1 Ixuwkhu/ lw lv ri0
whq dvvxphg wkdw wkh phdvxuhphqw huuru yduldqfh fdq eh hvwlpdwhg iurp
uhsolfdwh phdvxuhphqwv ru ydolgdwlrq gdwd/ ru wkdw lw lv d sulrul nqrzq
iru lghqwl�fdwlrq ri wkh prgho1 Riwhq wkh phdvxuhphqw huuru prghov duh
yhu| frpsoh{1 Iru h{dpsoh/ fhuwdlq hslghplrorj| vwxglhv lqyroyh qrqolq0
hdu phdvxuhphqw huuru prghov wr uhodwh revhuyhg phdvxuhphqwv wr wkhlu
wuxh ydoxhv +vhh/ iru h{dpsoh/ Exrqdffruvl ) Wrvwhvrq/ 4<<6> Fduuroo hw
do1/ 4<<8,1 Lq hgxfdwlrqdo whvwlqj/ lwhp uhvsrqvh prghov uhodwh dfklhyh0
phqwv ri wkh vwxghqwv wr wkhlu uhvsrqvh sdwwhuqv +vhh/ iru lqvwdqfh/ Orug/
4<;3 ru ydq ghu Olqghq ) Kdpeohwrq/ 4<<:,1

Phdvxuhphqw huuru prghov duh riwhq fdoleudwhg xvlqj h{whuqdo gdwd1
Wr fruuhfw iru phdvxuhphqw huuru lq vwuxfwxudo prgholqj/ wkh hvwlpdwhv
iurp wkh phdvxuhphqw huuru prgho duh lpsxwhg lq wkh hvwlpdwlrq sur0
fhgxuh iru wkh sdudphwhuv ri wkh vwuxfwxudo prgho1 Wklv phwkrg kdv
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vhyhudo gudzedfnv1 Lq fdvh ri d vlqjoh phdvxuhphqw zlwk d olqhdu uhjuhv0
vlrq fdoleudwlrq fxuyh iru wkh dvvrfldwlrq ri revhuyhg dqg wuxh vfruhv dqg
d krprvfhgdvwlf qrupdoo| glvwulexwhg huuru whup/ wkh uhvxowv duh h{dfw
+Exrqdffruvl/ 4<<4,1 Exw li d ghshqghqw ru h{sodqdwru| yduldeoh vxemhfw
wr phdvxuhphqw huuru lq wkh vwuxfwxudo prgho kdv d qrqfrqvwdqw frq0
glwlrqdo yduldqfh/ wkh uhjuhvvlrq fdoleudwlrq dssur{lpdwlrq vxjjhvwv d
krprvfhgdvwlf olqhdu prgho jlyhq wkdw wkh yduldqfhv duh khwhurvfhgdvwlf
+Fduuroo hw do1/ 4<<8/ ss1 96,1 Dovr lq fdvh ri d qrqolqhdu phdvxuhphqw
huuru prgho dqg d qrqolqhdu vwuxfwxudo prgho wkh hvwlpdwhv duh eldvhg
lq fhuwdlq fdvhv +Exrqdffruvl ) Wrvwhvrq/ 4<<6> Fduuroo hw do1/ 4<<8/ ss1
9509<,1
Xqwlo uhfhqwo|/ phdvxuhphqw huuru uhfhlyhg uhodwlyho| olwwoh dwwhqwlrq lq

wkh Ed|hvldq olwhudwxuh +]hooqhu/ 4<:4/ ss1 4470494,1 Vroxwlrqv iru phd0
vxuhphqw huuru sureohpv lq d Ed|hvldq dqdo|vlv zhuh pdlqo| ghyhorshg
diwhu wkh lqwurgxfwlrq ri Pdunry fkdlq Prqwh Fduor vdpsolqj +Jhoidqg
) Vplwk/ 4<<3> Jhpdq ) Jhpdq/ 4<;7,> vhh/ iru h{dpsoh/ Ehuqduglqhool/
Sdvfxwwr/ Ehvw/ ) Jlonv +4<<:,/ Pdoolfn dqg Jhoidqg +4<<9,/ Pÿoohu dqg
Urhghu +4<<:,/ Ulfkdugvrq +4<<9, ru Zdnh�hog dqg Pruulv +4<<<,1 Wkh
Ed|hvldq iudphzrun surylghv d qdwxudo zd| ri wdnlqj lqwr dffrxqw doo
vrxufhv ri xqfhuwdlqw| lq wkh hvwlpdwlrq ri wkh sdudphwhuv1 Dovr/ wkh
Ed|hvldq dssurdfk lv  h{leoh> gl�huhqw vrxufhv ri lqirupdwlrq duh hdvlo|
lqwhjudwhg dqg wkh frpsxwdwlrq ri wkh srvwhulru glvwulexwlrqv/ zklfk xvx0
doo| lqyroyhv kljk0glphqvlrqdo lqwhjudwlrq/ fdq eh fduulhg rxw vwudljkw0
iruzdugo| e| Pdunry fkdlq Prqwh Fduor +PFPF, phwkrgv1

61 Remhfwlyhv dqg Rxwolqh

Lq wklv wkhvlv d qhz prgho lv lqwurgxfhg iru ghdolqj zlwk phdvxuhphqw
huuru lq erwk wkh ghshqghqw dqg lqghshqghqw yduldeohv ri d vwuxfwxudo
pxowlohyho prgho1 Lw lv vkrzq wkdw wkh phdvxuhphqw huuru fdq eh prghohg
zlwk dq lwhp uhvsrqvh wkhru| +LUW, prgho dqg lw lv vkrzq wkdw wkh
sdudphwhuv ri wkh LUW prgho dqg wkh pxowlohyho prgho fdq eh hvwlpdwhg
frqfxuuhqwo|1 Wkh dssursuldwhqhvv ri dq LUW prgho iru phdvxuhphqw
huuru zloo eh hydoxdwhg e| d frpsdulvrq zlwk wkh fodvvlfdo wuxh vfruh
prgho1
Lq Fkdswhu 5/ dwwhqwlrq zloo eh irfxvhg rq h�hfwv ri phdvxuhphqw

huuru rq hvwlpdwlqj wkh sdudphwhuv/ zkhuh wkh uhvsrqvh huuru lv prghohg
zlwk dq lwhp uhvsrqvh prgho ru d fodvvlfdo wuxh vfruh prgho1 H{suhvvlrqv
iru wkh srvwhulru hvwlpdwhv ri wkh udqgrp uhjuhvvlrq frh!flhqwv zloo eh
ghulyhg wr looxvwudwh wkh lq xhqfh ri wkh phdvxuhphqw huuru rq hvwlpdwlqj
wkhvh sdudphwhuv1 Dq duwl�fldo gdwd vhw lv xvhg wr vkrz wkh h�hfwv ri
phdvxuhphqw huuru rq erwk wkh ghshqghqw dqg lqghshqghqw yduldeohv rq
hvwlpdwlqj doo sdudphwhuv ri lqwhuhvw1
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Lq Fkdswhu 6/ d ghvfulswlrq zloo eh jlyhq ri pxowlohyho LUW prgholqj/
zkhuh wkh ghshqghqw yduldeoh lv phdvxuhg zlwk huuru1 Ixuwkhu/ dgydq0
wdjhv ri prgholqj uhvsrqvh huuru zlwk dq lwhp uhvsrqvh prgho duh jlyhq
lq frpsdulvrq wr wkh xvh ri revhuyhg vfruhv1 D ixoo| Ed|hvldq hvwlpd0
wlrq surfhgxuh lv xvhg zklfk uhvxowhg lq d vwudljkwiruzdug dqg hdvlo| wr
eh lpsohphqwhg hvwlpdwlrq surfhgxuh1 Ghwdlov ri wkh PFPF dojrulwkp
duh jlyhq lq wkh vdph fkdswhu1 D qrwh lv jlyhq rq rwkhu dssurdfkhv iru
hvwlpdwlqj wkh sdudphwhuv1 D vlpxodwhg gdwd vhw lv xvhg wr looxvwudwh wkh
sdudphwhu uhfryhu| ri wkh ghvfulehg Jleev vdpsohu1 Ixuwkhu/ d Gxwfk
sulpdu| vfkrro pdwkhpdwlfv whvw lv dqdo|}hg wr looxvwudwh wkh sudfwlfdo
lpsdfw ri wkh sursrvhg pxowlohyho LUW prgho1

Fkdswhu 7 lv d orjlfdo frqwlqxdwlrq ri Fkdswhu 61 Lq wklv fkdswhu
lqghshqghqw yduldeohv ri wkh vwuxfwxudo pxowlohyho prgho duh phdvxuhg
zlwk dq huuru dqg prghohg e| dq lwhp uhvsrqvh prgho ru d fodvvlfdo wuxh
vfruh prgho1 Dgydqwdjhv ri prgholqj uhvsrqvh huuru zlwk dq lwhp uh0
vsrqvh prgho/ lq frpsdulvrq wr wkh xvh ri wkh fodvvlfdo wuxh vfruh prgho/
duh jlyhq1 D ghwdlohg ghvfulswlrq ri wkh PFPF hvwlpdwlrq surfhgxuh lv
jlyhq/ erwk iru wkh fdvh lq zklfk wkh lqghshqghqw yduldeohv duh fruuhodwhg
dqg xqfruuhodwhg1 Wkh txdolw| ri wkh sdudphwhu uhfryhu| e| wkh Jleev
vdpsohu lv vkrzq xvlqj d vlpxodwhg gdwd vhw1 Ixuwkhu/ wkh �w ri wkh vwuxf0
wxudo pxowlohyho prgho lq frpelqdwlrq zlwk dq lwhp uhvsrqvh prgho ru d
fodvvlfdo wuxh vfruh prgho duh frpsduhg uhodwlyh wr hdfk rwkhu1 Wkh lq x0
hqfhv ri wkh jurxs vshfl�f huuru yduldqfh lv hpskdvl}hg dqg looxvwudwhg
xvlqj d uhdo gdwd vhw iurp d odujh vfdoh vwxg| frqfhuqlqj d pdwkhpdwlfv
whvw +Ervnhu/ Eodwfkirug/ ) Phlmqhq/ 4<<<> Kripdq ) Ervnhu/ 4<<<,1

Lq Fkdswhu 8/ dq hvwlpdwru ri wkh Ed|hvldq odwhqw uhvlgxdov dqg wkhlu
yduldqfh lv sursrvhg1 Wkh Ed|hvldq odwhqw uhvlgxdov duh dqdo|}hg wr
fkhfn zkhwkhu wkh dvvxpswlrqv lq wkh pxowlohyho LUW prgho duh mxvwl�hg/
iru h{dpsoh/ dvvxpswlrqv dv krprvfhgdvwlflw| ri yduldqfh ru qrupdolw|1
Dovr/ vwdwlvwlfv wr whvw wkh dvvxpswlrq ri khwhurvfhgdvwlflw| dw Ohyho 4
ri wkh pxowlohyho LUW prgho duh ghyhorshg1 Rxwolhuv dprqj wkh uhjuhv0
vlrq uhvlgxdov duh ghwhfwhg1 Wkh srvwhulru glvwulexwlrq ri wkh rxwolhuv
fdq eh xvhg wr frpsxwh wkh suredelolw| wkdw dq revhuydwlrq lv dq rxw0
olhu1 Ixuwkhu/ wkh vhqvlwlylw| ri lqihuhqfhv wr uhdvrqdeoh fkdqjhv lq wkh
sulru glvwulexwlrqv lv h{dplqhg1 Ilqdoo|/ wkh �w ri vhyhudo pxowlohyho LUW
prghov lv glvfxvvhg xvlqj wkh gdwd xwlol}hg lq Fkdswhu 61

Lq Fkdswhu 9/ dqrwkhu hvwlpdwlrq surfhgxuh wr hvwlpdwh wkh sdudp0
hwhuv ri d pxowlohyho LUW prgho lv glvfxvvhg1 Lw zloo eh vkrzq wkdw d
vwrfkdvwlf HP dojrulwkp lv dq dsshdolqj dowhuqdwlyh wr wkh Jleev vdp0
sohu1 Wkh vwrfkdvwlf HP dojrulwkp kdqgohv frpsoh{ plvvlqj0gdwd vwuxf0
wxuhv lq zklfk kljk0glphqvlrqdo lqwhjudwlrq ryhu qxlvdqfh sdudphwhuv
pd| eh lqyroyhg1 Wklv ihdwxuh pdnhv lw dwwudfwlyh iru hvwlpdwlqj d pxo0
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wlohyho LUW prgho zlwk odwhqw yduldeohv gh�qhg e| d frpsoh{ vwuxfwxudo
prgho1 Ixuwkhu/ sdudphwhu hvwlpdwhv e| wkh vwrfkdvwlf HP dojrulwkp
dsshduhg wr eh forvh wr wkh pd{lpxp olnholkrrg hvwlpdwhv1 Erwk hvwl0
pdwlrq phwkrgv/ wkh Jleev vdpsohu dqg wkh vwrfkdvwlf HP dojrulwkp/
zhuh frpsduhg xvlqj d Gxwfk sulpdu| vfkrro odqjxdjh whvw1
Ilqdoo|/ d vxppdu| ri wkh pdlq uhvxowv lv jlyhq/ dqg vrph vxjjhv0

wlrqv iru ixuwkhu uhvhdufk duh pdgh1 Wkh fkdswhuv lq wklv wkhvlv duh vhoi0
frqwdlqhg> khqfh/ wkh| fdq eh uhdg vhsdudwho|1 Wkhuhiruh/ vrph ryhuods
frxog qrw eh dyrlghg1



Fkdswhu 5

Wkh H�hfwv ri Phdvxuhphqw Huuru lq d

Pxowlohyho Prgho

41 Vfkrro H�hfwlyhqhvv Uhvhdufk

Prqlwrulqj vwxghqw rxwfrphv iru hydoxdwlqj whdfkhu dqg vfkrro shu0
irupdqfh kdv d orqj klvwru|1 D jhqhudo ryhuylhz zlwk uhvshfw wr wkh
phwkrgrorjlfdo dvshfwv dqg �qglqjv lq wkh �hog ri vfkrro h�hfwlyhqhvv
uhvhdufk fdq eh irxqg lq Vfkhhuhqv dqg Ervnhu +4<<:,1 Phwkrgv dqg
vwdwlvwlfdo prgholqj lvvxhv lq vfkrro h�hfwlyhqhvv vwxglhv duh jlyhq lq/
iru h{dpsoh/ Dlwnlq dqg Orqjirug +4<;9, dqg Jrogvwhlq +4<<:,1 Wkh
dssolfdwlrqv lq wklv fkdswhu irfxv rq vfkrro h�hfwlyhqhvv uhvhdufk zlwk
ixqgdphqwdo lqwhuhvw lq wkh ghyhorsphqw ri nqrzohgjh dqg vnloo ri lqgl0
ylgxdo vwxghqwv lq uhodwlrq wr vfkrro fkdudfwhulvwlfv1 Gdwd duh dqdo|}hg
dw wkh lqglylgxdo ohyho dqg lw lv dvvxphg wkdw fodvvurrpv/ vfkrrov/ dqg h{0
shulphqwdo lqwhuyhqwlrqv kdyh dq h�hfw rq doo vwxghqwv h{srvhg wr wkhp1
Lq vfkrro ru whdfkhu h�hfwlyhqhvv uhvhdufk/ erwk ohyhov ri wkh pxowlohyho
prgho duh ri lpsruwdqfh ehfdxvh wkh remhfwv ri lqwhuhvw duh vfkrrov dqg
whdfkhuv dv zhoo dv vwxghqwv1 Lqwhuhvw pd| h{lvw lq wkh h�hfw rq vwxghqw
ohduqlqj ri wkh rujdql}dwlrqdo vwuxfwxuh ri wkh vfkrro/ fkdudfwhulvwlfv ri
d whdfkhu/ dqg wkh fkdudfwhulvwlfv ri wkh vwxghqw1

Pxowlohyho prghov duh xvhg wr pdnh lqihuhqfhv derxw wkh uhodwlrq0
vklsv ehwzhhq h{sodqdwru| yduldeohv dqg uhvsrqvh ru rxwfrph yduldeohv
zlwklq dqg ehwzhhq vfkrrov1 Wklv w|sh ri prgho vlpxowdqhrxvo| kdqgohv
vwxghqw ohyho uhodwlrqvklsv dqg wdnhv dffrxqw ri wkh zd| vwxghqwv duh
jurxshg lq vfkrrov1 Pxowlohyho prghov lqfrusrudwh d xqltxh udqgrp hi0
ihfw iru hdfk rujdql}dwlrqdo xqlw1 Vwdqgdug huuruv duh hvwlpdwhg wdnlqj
lqwr dffrxqw wkh yduldelolw| ri wkh udqgrp h�hfwv1 Wklv yduldwlrq dprqj
wkh jurxsv lq wkhlu vhwv ri frh!flhqwv fdq eh prghohg dv pxowlyduldwh
rxwfrphv zklfk pd|/ lq wxuq/ eh suhglfwhg iurp Ohyho 5 h{sodqdwru|

:
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yduldeohv1 Wkh prvw frpprq pxowlohyho prgho iru dqdo|}lqj frqwlqxrxv
rxwfrphv lv d wzr0ohyho prgho lq zklfk Ohyho 4 uhjuhvvlrq sdudphwhuv duh
dvvxphg wr eh pxowlyduldwh qrupdoo| glvwulexwhg dfurvv Ohyho 5 xqlwv1
Khuh/ vwxghqwv +Ohyho 4,/ lqgh{hg lm +l @ 4> = = = > q� > m @ 4> = = = > M, > duh
qhvwhg zlwklq vfkrrov +Ohyho 5,/ lqgh{hg m +m @ 4> = = = > M,1 Lq lwv jhqhudo
irup/ Ohyho 4 ri wkh wzr ohyho prgho frqvlvwv ri d uhjuhvvlrq prgho/ iru
hdfk ri wkh M Ohyho 5 jurxsv +m @ 4> = = = > M,> lq zklfk wkh rxwfrphv duh
prghohg dv d ixqfwlrq ri T suhglfwru yduldeohv1 Wkh rxwfrphv ru ghshq0
ghqw yduldeohv lq wkh uhjuhvvlrq rq Ohyho 4/ vxfk dv/ vwxghqwv* dfklhyh0
phqw ru dwwhqgdqfh/ duh ghqrwhg e| $�� +l @ 4> = = = > q� > m @ 4> = = = > M,1
Wkh T h{sodqdwru| yduldeohv dw Ohyho 4 frqwdlq lqirupdwlrq rq vwxghqwv*
fkdudfwhulvwlfv/ vxfk dv/ jhqghu dqg djh/ zklfk duh phdvxuhg zlwkrxw
huuru1 Ohyho 4 h{sodqdwru| yduldeohv fdq dovr eh odwhqw yduldeohv/ vxfk
dv/ vrflr0hfrqrplf vwdwxv/ lqwhooljhqfh/ frppxqlw| or|dow|/ ru vrfldo frq0
vflrxvqhvv1 Wkh xqrevhuyhg Ohyho 4 fryduldwhv duh ghqrwhg e| �> wkh
gluhfwo| revhuyhg fryduldwhv e| �1 Ohyho 4 ri wkh prgho lv irupxodwhg dv

$�� @ �f� . = = =. �^��^�� . �E^n����E^n���� . = = =. �'��'�� . h�� > +514,

zkhuh wkh �uvw t suhglfwruv fruuhvsrqg wr xqrevhuydeoh yduldeohv dqg
wkh uhpdlqlqj T�t suhglfwruv fruuhvsrqg wr gluhfwo| revhuyhg yduldeohv1
Udqgrp huuru h� lv dvvxphg wr eh qrupdoo| glvwulexwhg zlwk phdq 3 dqg
yduldqfh �2�L?� = Wkh uhjuhvvlrq sdudphwhuv duh wuhdwhg dv rxwfrphv lq d
Ohyho 5 prgho/ dowkrxjk/ wkh yduldwlrq lq wkh frh!flhqwv ri rqh ru pruh
sdudphwhuv frxog eh frqvwudlqhg wr }hur1 Wkh Ohyho 5 prgho/ frqwdlqlqj
suhglfwruv zlwk phdvxuhphqw huuru/ �/ dqg gluhfwo| revhuyhg fryduldwhv/
�> lv irupxodwhg dv

�^� @ �^f . = = =. �^r�r^� . �^Ern���Ern��^� . = = =. �^7�7^� . x^� >

+515,

iru t @ 3> = = = > T> zkhuh wkh �uvw v suhglfwruv fruuhvsrqg wr xqrevhuy0
deoh yduldeohv dqg wkh uhpdlqlqj V � v fruuhvsrqg wr gluhfwo| revhuyhg
yduldeohv1
Wkh vhw ri yduldeohv � lv qhyhu revhuyhg gluhfwo| exw vxssohphqwhg

lqirupdwlrq derxw �/ ghqrwhg dv [> lv dydlodeoh1 Lq wklv fdvh/ [ lv vdlg
wr eh d vxuurjdwh/ wkdw lv/ [ lv frqglwlrqdoo| lqghshqghqw ri $ jlyhq wkh
wuxh fryduldwhv �= Lq wkh vdph zd|/ \ dqg Z duh gh�qhg dv vxuurjdwhv
iru $ dqg �> uhvshfwlyho|1 Iru lwhp uhvsrqvhv/ wkh glvwulexwlrq ri wkh
vxuurjdwh uhvsrqvh ghshqgv rqo| rq wkh odwhqw yduldeoh1 Doo wkh lqirupd0
wlrq lq wkh uhodwlrqvkls ehwzhhq [ dqg wkh suhglfwruv/ �> lv h{sodlqhg
e| wkh odwhqw yduldeoh1 Wklv lv fkdudfwhulvwlf ri qrqgl�huhqwldo phdvxuh0
phqw huuru +Fduuroo hw do1/ 4<<8/ ss1 4904: ,1 Dffruglqjo|/ sdudphwhuv
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lq uhvsrqvh prghov fdq eh hvwlpdwhg jlyhq wkh wuxh ghshqghqw dqg h{0
sodqdwru| yduldeohv/ hyhq zkhq wkhvh yduldeohv +$>�> �, duh odwhqw1 Wkh
revhuyhg yduldeohv duh dovr fdoohg pdqlihvw yduldeohv ru sur{lhv1

51 Prghov iru Phdvxuhphqw Huuru

D sv|fkrorjlfdo ru hgxfdwlrqdo whvw lv d ghylfh iru phdvxulqj wkh h{0
whqw wr zklfk d shuvrq srvvhvvhv d fhuwdlq wudlw1 Wkhvh wudlwv duh/ iru
h{dpsoh/ lqwhooljhqfh/ dulwkphwlf dqg olqjxlvwlf delolw|1 Vxssrvh wkdw d
whvw lv dgplqlvwhuhg uhshdwhgo| wr d vxemhfw/ wkdw wkh shuvrq*v surshuwlhv
gr qrw fkdqjh ryhu wkh whvw shulrg/ dqg wkdw vxffhvvlyh phdvxuhphqwv
duh xqd�hfwhg e| suhylrxv phdvxuhphqwv1 Wkh dyhudjh ydoxh ri wkhvh
revhuydwlrqv zloo frqyhujh/ zlwk suredelolw| rqh/ wr d frqvwdqw/ fdoohg
wkh wuxh vfruh ri wkh vxemhfw1 Lq sudfwlfh/ gxh wr wkh olplwhg qxpehu
ri lwhpv lq wkh whvw dqg wkh uhvsrqvh yduldwlrq/ wkh revhuyhg whvw vfruhv
ghyldwh iurp wkh wuxh vfruh1 Ohw \��& ghqrwh wkh whvw vfruh ri d vxemhfw lm
rq lwhp n> zlwk dq huuru ri phdvxuhphqw %��&= Wkhq \��&�%��& lv wkh wuxh
phdvxuhphqw ru wkh wuxh vfruh1 Ixuwkhu/ ohw |��& ghqrwh wkh uhdol}dwlrq
ri \��&= Wkh k|srwkhwlfdo glvwulexwlrq gh�qhg ryhu wkh lqghshqghqw phd0
vxuhphqwv rq wkh vdph shuvrq lv fdoohg wkh surshqvlw| glvwulexwlrq ri wkh
udqgrp yduldeoh \��&= Dffruglqjo|/ wkh wuxh vfruh ri d shuvrq> ghqrwhg
djdlq dv ���/ lv gh�qhg dv wkh h{shfwhg ydoxh ri wkh revhuyhg vfruh \��&
zlwk uhvshfw wr wkh surshqvlw| glvwulexwlrq1 Wkh huuru ri phdvxuhphqw
%��& lv wkh glvfuhsdqf| ehwzhhq wkh revhuyhg dqg wkh wuxh vfruh/ irupdoo|/

\��& @ ��� . %��&= +516,

D shuvrq kdv d �{hg wuxh vfruh dqg rq hdfk rffdvlrq d sduwlfxodu re0
vhuyhg dqg huuru vfruh zlwk suredelolw| jryhuqhg e| wkh surshqvlw| glv0
wulexwlrq1 Wkh fodvvlfdo whvw wkhru| prgho lv edvhg rq wkh frqfhsw ri
wkh wuxh vfruh dqg wkh dvvxpswlrq wkdw huuru vfruhv rq gl�huhqw phd0
vxuhphqwv duh xqfruuhodwhg1 Dq h{whqvlyh wuhdwphqw ri wkh fodvvlfdo whvw
wkhru| prgho fdq eh irxqg lq Orug dqg Qrylfn +4<9;,1 Wkh prgho lv
dssolhg lq d eurdg udqjh ri uhvhdufk duhdv zkhuh vrph fkdudfwhulvwlf lv
dvvhvvhg e| txhvwlrqqdluhv ru whvwv/ iru h{dpsoh/ lq wkh �hog ri hslghplr0
orjlf vwxglhv +vhh/ h1j1/ Iuhhgpdq/ Fduuroo/ ) Zd{/ 4<<4> Urvqhu/ Zloohww/
) Vslhjhopdq/ 4<;<,1
Dqrwkhu fodvv ri prghov wr ghvfuleh wkh uhodwlrqvkls ehwzhhq dq h{dp0

lqhh*v delolw| dqg uhvsrqvhv lv edvhg rq wkh fkdudfwhulvwlfv ri wkh lwhpv
ri wkh whvw1 Wklv fodvv lv odehoohg lwhp uhvsrqvh prghov1 Wkh ghshqghqfh
ri wkh revhuyhg uhvsrqvhv wr elqdu| vfruhg lwhpv rq wkh odwhqw delolw|
lv ixoo| vshfl�hg e| wkh lwhp fkdudfwhulvwlf ixqfwlrq/ zklfk lv wkh uh0
juhvvlrq ri lwhp vfruh rq wkh odwhqw delolw|1 Wkh lwhp uhvsrqvh ixqfwlrq
lv xvhg wr pdnh lqihuhqfhv derxw wkh odwhqw delolw| iurp wkh revhuyhg
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lwhp uhvsrqvhv1 Wkh lwhp fkdudfwhulvwlf ixqfwlrqv fdqqrw eh revhuyhg
gluhfwo| ehfdxvh wkh delolw| sdudphwhu/ �> lv qrw revhuyhg1 Exw xqghu
fhuwdlq dvvxpswlrqv lw lv srvvleoh wr lqihu wkh lqirupdwlrq ri lqwhuhvw iurp
wkh h{dplqhh*v uhvsrqvhv wr wkh whvw lwhpv/ vhh/ Orug dqg Qrylfn +4<9;,
ru Orug +4<;3,1 Rqh ri wkh irupv ri wkh lwhp uhvsrqvh ixqfwlrq iru d
glfkrwrprxv lwhp lv wkh qrupdo rjlyh/

S +\��& @ 4 m ��� > d&ce&, @ � +d&��� � e&, > +517,

zkhuh �+=, ghqrwhv wkh vwdqgdug qrupdo fxpxodwlyh glvwulexwlrq ixqf0
wlrq/ e& lv wkh delolw| ohyho dw wkh srlqw ri lq h{lrq/ zkhuh wkh suredelolw|
ri d fruuhfw uhvsrqvh htxdov =8 dqg d& lv sursruwlrqdo wr wkh vorsh ri wkh
fxuyh dw wkh lq h{lrq srlqw1 Wkh sdudphwhuv d& dqg e& duh fdoohg wkh
glvfulplqdwlrq dqg gl!fxow| sdudphwhuv/ uhvshfwlyho|1 Iru h{whqvlrqv
ri wklv prgho wr kdqgoh wkh h�hfw ri jxhvvlqj ru sro|wrprxvo| vfruhg
lwhpv/ vhh/ h1j1/ Kdpeohwrq dqg Vzdplqdwkdq +4<;8, ru ydq ghu Olqghq
dqg Kdpeohwrq +4<<:,1
Wkh wuxh vfruh/

g[
&'�

S +\��& @ 4 m ���, > +518,

lv d prqrwrqlf wudqvirupdwlrq ri wkh odwhqw delolw| xqghuo|lqj wkh qrupdo
rjlyh prgho/ irupxod +5=7,1 Hyhu| shuvrq zlwk wkh vdph delolw| kdv wkh
vdph h{shfwhg qxpehu0uljkw wuxh vfruh1 Ixuwkhupruh/ wkh suredelolw| ri
d fruuhfw vfruh lv dq lqfuhdvlqj ixqfwlrq ri wkh delolw|> wkxv/ wkh qxpehu0
uljkw wuxh vfruh lv dq lqfuhdvlqj ixqfwlrq ri wkh delolw|1 Wkh wuxh vfruh/
irupxod +5=8, > dqg wkh odwhqw delolw| duh wkh vdph wklqj h{suhvvhg rq
gl�huhqw vfdohv ri phdvxuhphqw +Orug ) Qrylfn/ 4<9;/ ss1 78079,1 Vlqfh
wkh wuxh vfruh dqg wkh odwhqw delolw| duh htxlydohqw/ wkh whupv zloo eh xvhg
lqwhufkdqjhdeo|1 Ixuwkhu/ wkh frqwh{w ri wkh prgho xqghu frqvlghudwlrq
zloo uhyhdo zkhwkhu � uhsuhvhqwv d wuxh vfruh ru d odwhqw delolw|1

61 Pxowlohyho LUW

Wkh frpelqdwlrq ri d pxowlohyho prgho zlwk rqh ru pruh odwhqw ydul0
deohv prghohg e| dq lwhp uhvsrqvh prgho lv fdoohg d pxowlohyho LUW
prgho1 Wkh vwuxfwxuh ri wkh prgho lv ghslfwhg zlwk d sdwk gldjudp lq
Iljxuh 5141 Wkh sdwk gldjudp jlyhv d uhsuhvhqwdwlrq ri d v|vwhp ri vl0
pxowdqhrxv htxdwlrqv dqg suhvhqwv wkh uhodwlrqvklsv zlwklq wkh prgho1
Lw looxvwudwhv wkh frpelqdwlrq ri wkh vwuxfwxudo prgho zlwk wkh phdvxuh0
phqw huuru prghov1 Wkh v|perov lq wkh sdwk gldjudp duh gh�qhg dv
iroorzv1 Yduldeohv hqforvhg lq d vtxduh er{ duh revhuyhg zlwkrxw huuru
dqg wkh xqrevhuyhg ru odwhqw yduldeohv duh hqforvhg lq d flufoh1 Wkh huuru
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Iljxuh 5141 D sdwk gldjudp ri d Pxowlohyho LUW prgho/ zkhuh lwhp uhvsrqvh wkhru|
prghov phdvxuh wkh odwhqw yduldeohv zlwklq wkh vwuxfwxudo pxowlohyho prgho1

whupv duh qrw hqforvhg dqg suhvhqwhg rqo| dv duurzv rq wkh vtxduh er{hv1
Vwudljkw vlqjoh khdghg duurzv ehwzhhq yduldeohv vljqli| wkh dvvxpswlrq
wkdw d yduldeoh dw wkh edvh ri wkh duurz cfdxvhv* yduldeoh dw wkh khdg
ri wkh duurz1 Wkh vtxduh er{ zlwk d grwwhg olqh/ durxqg wkh pxowlohyho
sdudphwhuv/ vljql�hv wkh vwuxfwxudo pxowlohyho prgho1 Wkh xsshu sduw lv
ghqrwhg dv wkh zlwklq0jurxs uhjuhvvlrq/ wkdw lv/ uhjuhvvlrq dw Ohyho 4/
dqg wkh orzhu sduw lv ghqrwhg dv wkh uhjuhvvlrq dw Ohyho 5 dfurvv jurxsv1
Dffruglqjo|/ wkh uhjuhvvlrq dw Ohyho 4 frqwdlqv wzr w|shv ri h{sodqdwru|
yduldeohv/ revhuyhg ru pdqlihvw dqg xqrevhuyhg ru odwhqw yduldeohv dqg
erwk duh gluhfwo| uhodwhg wr wkh xqrevhuyhg ghshqghqw yduldeoh1 Dovr
Ohyho 5 frqvlvwv ri revhuyhg dqg odwhqw yduldeohv1
Wkh prgho dvvxphv wkdw wkh odwhqw yduldeohv zlwklq wkh vwuxfwxudo

pxowlohyho prgho ghwhuplqh wkh uhvsrqvhv wr wkh lwhpv1 Wkdw lv/ wkh
odwhqw yduldeohv $/ � dqg � ghwhuplqh wkh revhuyhg uhvsrqvhv \> [ dqg
Z> uhvshfwlyho|1 Wkh sdlu ri d odwhqw yduldeoh dqg dq revhuyhg yduldeoh
hqforvhg lq dq hoolsvh zlwk d grwwhg olqh gh�qhv d phdvxuhphqw huuru
prgho1 Lq dq lwhp uhvsrqvh wkhru| prgho lwhp sdudphwhuv/ ghqrwhg dv
�> dovr ghwhuplqh wkh uhvsrqvhv wr wkh lwhpv1
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Wkh prgho lq Iljxuh 514 lv qrw lghqwl�hg1 Lghqwl�fdwlrq ri wkh prgho
lv srvvleoh e| �{lqj wkh ruljlq dqg vfdoh ri wkh odwhqw yduldeohv1 Dqrwkhu
zd| lv wr lpsrvh lghqwli|lqj uhvwulfwlrqv rq wkh lwhp sdudphwhuv ri hdfk
whvw1 Lq fdvh ri wkh fodvvlfdo wuxh vfruh prgho dv phdvxuhphqw huuru
prgho/ wkh phdvxuhphqw huuru yduldqfhv rxjkw wr eh nqrzq/ ru hvwlpdwhg
surshuo|/ wr lghqwli| wkh prgho1 Rqh frxog/ iru h{dpsoh/ iurp uhshdwhg
phdvxuhphqwv hvwlpdwh wkh huuru yduldqfh1
Kdqgolqj uhvsrqvh huuru lq erwk wkh ghshqghqw dqg lqghshqghqw ydul0

deohv lq d pxowlohyho prgho xvlqj lwhp uhvsrqvh prghov kdv vhyhudo dg0
ydqwdjhv lq frpsdulvrq wr wkh xvh ri wkh fodvvlfdo wuxh vfruh prgho>
vhh/ Fkdswhu 6 dqg 71 Lq lwhp uhvsrqvh wkhru|/ phdvxuhphqw huuru fdq
eh gh�qhg orfdoo|/ iru lqvwdqfh/ dv wkh srvwhulru yduldqfh ri wkh delolw|
sdudphwhu jlyhq d uhvsrqvh sdwwhuq1 Wklv uhvxowv lq d pruh uhdolvwlf/
khwhurvfhgdvwlf wuhdwphqw ri wkh phdvxuhphqw huuru1 Ehvlghv/ wkh idfw
wkdw lq LUW uholdelolw| fdq eh gh�qhg frqglwlrqdoo| rq wkh ydoxh ri wkh
odwhqw yduldeoh r�huv wkh srvvlelolw| ri vhsdudwlqj wkh lq xhqfh ri lwhp
gl!fxow| dqg delolw| ohyho/ zklfk vxssruwv wkh xvh ri lqfrpsohwh whvw
dgplqlvwudwlrq ghvljqv/ rswlpdo whvw dvvhpeo|/ frpsxwhu dgdswlyh whvw0
lqj dqg whvw htxdwlqj1 Ilqdoo|/ wkh prgho lv lghqwl�hg lq d qdwxudo zd|/
zlwkrxw qhhglqj dq| sulru nqrzohgjh1

614 Pdunry fkdlq Prqwh Fduor

Dqdo|}lqj wkh mrlqw srvwhulru glvwulexwlrq ri wkh sdudphwhuv ri lqwhu0
hvw lq wkh prgho lq +5=4, dqg +5=5, lv lqihdvleoh1 Frpsxwlqj h{shfwdwlrqv
ri pdujlqdo glvwulexwlrqv xvlqj/ iru h{dpsoh/ Jdxvv0Khuplwh txdgudwxuh
lv dovr txlwh gl!fxow1 Zh zloo uhwxuq wr wklv srlqw lq Fkdswhu 6 dqg
91 Wkhuhiruh/ d vdpsolqj0edvhg dssurdfk xvlqj dq PFPF dojrulwkp wr
rewdlq udqgrp gudzv iurp wkh mrlqw srvwhulru glvwulexwlrq ri wkh sdudph0
whuv ri lqwhuhvw jlyhq wkh gdwd lv frqvlghuhg1 PFPF lv d vlpxodwlrq edvhg
whfkqltxh iru vdpsolqj iurp kljk glphqvlrqdo mrlqw glvwulexwlrqv1 Iurp d
sudfwlfdo shuvshfwlyh/ wkh Pdunry fkdlqv duh uhodwlyho| hdv| wr frqvwuxfw
dqg PFPF whfkqltxhv duh vwudljkwiruzdug wr lpsohphqw1 Ehvlghv/ wkh|
duh w|slfdoo| wkh rqo| fxuuhqwo| dydlodeoh whfkqltxhv iru h{sorulqj wkhvh
kljk glphqvlrqdo sureohpv1 Lq sduwlfxodu/ wkh Jleev vdpsohu +Jhoidqg )
Vplwk/ 4<<3> Jhpdq ) Jhpdq/ 4<;7, lv d surfhgxuh iru vdpsolqj iurp
wkh frpsohwh frqglwlrqdo glvwulexwlrqv ri doo hvwlpdqgv1 Wkh dojrulwkp
lv ghvfulehg dv iroorzv1 Frqvlghu d mrlqw glvwulexwlrq � gh�qhg rq d vhw
� � U& +lq wklv vhfwlrq � lv wkh jhqhulf sdudphwhu ri �> qrw qhfhvvdulo| dq
delolw| sdudphwhu lq dq LUW prgho,1 Wkh PFPF dojrulwkp frqvlvwv ri
vshfli|lqj d Pdunry fkdlq zlwk vwdwlrqdu| glvwulexwlrq �= Wkh hohphqwv
ri � duh sduwlwlrqhg lqwr n frpsrqhqwv +��> = = = > �&, = Hdfk frpsrqhqw ri
� pd| eh d vfdodu ru d yhfwru1 Rqh lwhudwlrq ri wkh Jleev vdpsohu lv
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gh�qhg dv dq xsgdwlqj ri rqh frpsrqhqw ri �1 Wr rewdlq d vdpsoh iurp
wkh wdujhw glvwulexwlrq �> wkh Jleev vdpsohu fuhdwhv d wudqvlwlrq iurp
�E|� wr �E|n��1 Xsgdwlqj wkh �uvw frpsrqhqw/ ��> frqvlvwv ri vdpsolqj
iurp wkh ixoo frqglwlrqdo glvwulexwlrq
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zklfk frpsohwhv xsgdwlqj wkh frpsrqhqwv wr �E|n��1
Wkh rughu ri xsgdwlqj wkh gl�huhqw frpsrqhqwv lv xvxdoo| �{hg/ do0

wkrxjk wklv lv qrw qhfhvvdu|1 Udqgrp shupxwdwlrqv ri wkh xsgdwlqj
rughu duh dffhswdeoh1 Wkh fkrlfh ri xsgdwlqj vfkhph fdq h�hfw wkh
frqyhujhqfh ri wkh vdpsohu +Urehuwv ) Vdkx/ 4<<:,/ wkdw lv/ d gl�hu0
hqw xsgdwlqj vwudwhj| fdq pdnh wkh dojrulwkp frqyhujhqfh idvwhu1 Lq
vrph dssolfdwlrqv d pxowlyduldwh frpsrqhqw vdpsohu/ lqvwhdg ri d vlqjoh
frpsrqhqw vdpsohu/ lv d pruh qdwxudo fkrlfh1 Wklv vr0fdoohg eorfnlqj
ri wkh Jleev vdpsohu e| eorfnlqj kljko| fruuhodwhg frpsrqhqwv lqwr
d kljkhu0glphqvlrqdo frpsrqhqw fdq lpsuryh wkh frqyhujhqfh ri wkh
Pdunry fkdlq +Jhopdq/ Fduolq/ Vwhuq/ ) Uxelq/ 4<<8> Urehuwv ) Vdkx/
4<<:,1 Rq wkh rwkhu kdqg/ xsgdwlqj lq d eorfn ru jurxs lv riwhq frp0
sxwdwlrqdoo| pruh ghpdqglqj wkdq wkh fruuhvsrqglqj frpsrqhqwzlvh
xsgdwlqj vfkhph1
Uxqqlqj pxowlsoh fkdlqv uhgxfhv wkh yduldqfh ri wkh sdudphwhu hvwl0

pdwhv dwwulexwdeoh wr wkh Jleev vdpsohu1 Wklv lv xvhixo lq rewdlqlqj
lqghshqghqw vdpsohv/ exw wkhvh duh qrw uhtxluhg iru hvwlpdwlqj wkh sd0
udphwhuv ri lqwhuhvw1 D yhu| orqj uxq jlyhv wkh ehvw fkdqfh ri �qglqj
qhz prghv1 Krzhyhu/ lqihuhqfh iurp d Pdunry fkdlq vlpxodwlrq lv do0
zd|v sureohpdwlf ehfdxvh wkhuh duh duhdv ri wkh wdujhw glvwulexwlrq wkdw
kdyh qrw ehhq fryhuhg e| wkh �qlwh fkdlq1 Lq sudfwlfh/ erwk phwkrgv duh
ghvludeoh/ wr fkhfn wkh ehkdylru dqg frqyhujhqfh ri wkh Pdunry fkdlq1
Wkhuh duh vhyhudo phwkrgv iru prqlwrulqj frqyhujhqfh/ exw ghvslwh pxfk
uhfhqw zrun/ frqyhujhqfh gldjqrvwlfv iru wkh Jleev vdpsohu uhpdlqv d
wrslf iru ixuwkhu uhvhdufk1 Wkh vrxufh ri wkh sureohp lv wkdw wkh vlpxod0
wlrq frqyhujhv wr d wdujhw glvwulexwlrq udwkhu wkdq d wdujhw srlqw1 Gli0
ihuhqw phwkrgv fdq eh irxqg lq/ iru h{dpsoh/ Eurrnv ) Jhopdq +4<<;,/



47 PXOWLOHYHO LUW= D ED\HVLDQ SHUVSHFWLYH

Frzohv ) Fduolq +4<<9, dqg Jhopdq +4<<8,1 Lq wkh suhvhqw fkdswhu/ frq0
yhujhqfh gldjqrvwlfv dqg pxowlsoh fkdlqv iurp gl�huhqw vwduwlqj srlqwv
zhuh xvhg wr yhuli| wkdw wkh Pdunry fkdlq kdg frqyhujhg1 Lq dgglwlrq/
d ylvxdo lqvshfwlrq ri wkh sorw ri udqgrp ghyldwhv djdlqvw lwhudwlrq zdv
pdgh wr ghflgh zkhwkhu wkh Pdunry fkdlq kdg frqyhujhg1
D ghwdlohg ghvfulswlrq ri wkh lpsohphqwdwlrq ri wkh Jleev vdpsohu wr

hvwlpdwh wkh prgho lq Iljxuh 514 zloo qrw eh jlyhq khuh1 Wkh ixoo frqgl0
wlrqdo glvwulexwlrqv ri wkh sdudphwhuv ri lqwhuhvw fdq eh irxqg lq Fkdswhu
6 dqg 71 Khuh/ wkh Jleev vdpsohu lv xvhg wr hvwlpdwh sdudphwhuv ri wkh
prgho wr looxvwudwh wkh h�hfwv ri uhvsrqvh huuru lq erwk wkh ghshqghqw
dqg lqghshqghqw yduldeohv ri wkh vwuxfwxudo pxowlohyho prgho1

71 Ljqrudeoh dqg Qrq0Ljqrudeoh Phdvxuhphqw
Huuru

Wklv vhfwlrq irfxvhv rq sureohpv dvvrfldwhg zlwk phdvxuhphqw huuru
lq wkh ghshqghqw dqg lqghshqghqw yduldeohv ri d vwuxfwxudo pxowlohyho
prgho1 Lq fhuwdlq fdvhv/ phdvxuhphqw huuru grhv qrw sod| d uroh1 Wkdw
lv/ wkh prgho iru wkh odwhqw yduldeoh dovr krogv iru wkh pdqlihvw yduldeoh
zlwk sdudphwhuv xqfkdqjhg/ h{fhsw wkdw d phdvxuhphqw huuru yduldqfh
frpsrqhqw lv dgghg wr wkh yduldqfh ri wkh uhvlgxdov +Fduuroo hw do1/ 4<<8/
ss1 55<,1 Dq h{dpsoh lv d vwuxfwxudo olqhdu uhjuhvvlrq prgho zlwk phd0
vxuhphqw huuru lq wkh ghshqghqw yduldeoh/ zkhuh wkh phdvxuhphqw huuru
lv frqirxqghg zlwk wkh uhvlgxdov/ uhvxowlqj lq juhdwhu yduldelolw| ri wkh
sdudphwhu hvwlpdwhv1 Wkh phdvxuhphqw huuru lv fdoohg ljqrudeoh lq wkhvh
fdvhv1 Li wkh hvwlpdwhv ri wkh uhjuhvvlrq frh!flhqwv duh eldvhg ehfdxvh
phdvxuhphqw huuru lq wkh pdqlihvw yduldeoh lv ljqruhg/ wkhq wkh phdvxuh0
phqw huuru lv fdoohg qrq0ljqrudeoh1 Iru h{dpsoh/ lq d olqhdu uhjuhvvlrq
prgho zlwk phdvxuhphqw huuru lq d fryduldwh/ wkh ohdvw vtxduhv uhjuhv0
vlrq frh!flhqw lv eldvhg wrzdug }hur/ wkdw lv/ wkh uhjuhvvlrq frh!flhqw
lv dwwhqxdwhg e| wkh phdvxuhphqw huuru +Ixoohu/ 4<;:/ ss1 6,1
Khuh lw zloo eh vkrzq wkdw uhvsrqvh huuru lq wkh ghshqghqw/ lqghshq0

ghqw/ ru erwk yduldeohv lq d pxowlohyho prgho lv qrw ljqrudeoh1 Wkdw lv/
wkh sdudphwhu hvwlpdwhv ri wkh pxowlohyho prgho duh d�hfwhg e| wkh suhv0
hqfh ri wkh uhvsrqvh huuru lq wkh pdqlihvw yduldeohv1 Lw zloo eh vkrzq wkdw
glvdwwhqxdwhg sdudphwhu hvwlpdwhv ri wkh vwuxfwxudo pxowlohyho prgho duh
rewdlqhg e| prgholqj wkh uhvsrqvh huuru lq wkh pdqlihvw yduldeohv zlwk
d fodvvlfdo wuxh vfruh prgho1 Wkh jhqhudol}dwlrq ri wkh uhvxowv iurp d
pxowlohyho wuxh vfruh prgho wr d pxowlohyho LUW prgho zloo eh glvfxvvhg
dw wkh hqg ri wklv vhfwlrq1
Frqvlghu wkh olqhdu uhjuhvvlrq prgho zlwk wkh lqghshqghqw yduldeoh

phdvxuhg zlwk huuru/

$�� @ �f . ����� . h��> +519,
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zkhuh wkh htxdwlrq huuruv duh lqghshqghqw dqg qrupdoo| glvwulexwhg zlwk
phdq }hur dqg yduldqfh �2= Lw lv dvvxphg wkdw wkh glvwulexwlrq ri wuxh
vfruhv/ ��� > lq wkh srsxodwlrq lv vwdqgdug qrupdo/ wkdw lv/ wkh ��� duh xqre0
vhuydeoh lqghshqghqw uhdol}dwlrqv ri d vwdqgdug qrupdo udqgrp yduldeoh1
Iru d jlyhq shuvrq/ wkh wuxh vfruh lv d frqvwdqw/ exw wkh revhuyhg vfruh
dqg huuru whup duh udqgrp yduldeohv/ vhh irupxod +5=6,1
Lq wkh fodvvlfdo wuxh vfruh prgho/ lqihuhqfhv derxw ��� duh pdgh iurp

wkh uhvsrqvhv {��& iru n @ 4> = = = >N> zklfk duh uhodwhg wr ��� yld

[�� @ ��� . %
E%�
�� > +51:,

zkhuh {�� lv d uhdol}dwlrq ri [��> wkh revhuyhg wrwdo vfruh ri shuvrq lm>

dqg %
E%�
�� dq huuru whup wkdw lv lqghshqghqw ri ��� dqg h�� = Wkh vxshuvfulsw

{ ghqrwhv wkh frqqhfwlrq zlwk wkh revhuyhg yduldeoh [�� = Ixuwkhu/ lw lv

dvvxphg wkdw %
E%�
�� duh lqghshqghqw qrupdoo| glvwulexwhg zlwk phdq }hur

dqg yduldqfh *%> zkhuh/ djdlq/ wkh vxevfulsw { ghqrwhv wkh frqqhfwlrq
zlwk wkh revhuyhg yduldeoh [��1 Rqh ri wkh frqvhtxhqfhv ri wkh phd0
vxuhphqw huuru lq wkh lqghshqghqw yduldeoh fdq eh vhhq lq wkh srvwhulru
h{shfwdwlrq ri wkh uhjuhvvlrq frh!flhqw �� jlyhq wkh yduldeohv $��> {��
dqg wkh sdudphwhuv �f> �

2 dqg *%1 Wklv srvwhulru h{shfwdwlrq lv ghulyhg
iurp wkh frqglwlrqdo glvwulexwlrq ri ��� jlyhq {�� dqg *%>

i +��� m {�� > *%, b i +{�� m ��� > *%, i +���> 3> 4, > +51;,

zkhuh wkh uljkw0kdqg0vlgh frqvlvwv ri d surgxfw ri qrupdo ghqvlwlhv1 Gxh
wr vwdqgdug surshuwlhv ri qrupdo glvwulexwlrqv +h1j1/ vhh/ Er{ ) Wldr/
4<:6> Olqgoh| ) Vplwk/ 4<:5, wkh ixoo frqglwlrqdo srvwhulru ghqvlw| ri
��� jlyhq {�� dqg *% lv dovr qrupdoo| glvwulexwhg dqg lv jlyhq e|

��� m [�� > *% q Q

�
*3�%

4 . *3�%
{��>

4

4 .*3�%

�
= +51<,

Ehorz/ *3�% @
�
4 .*3�%

�
zloo eh ghqrwhg e| �%= Wkh uhjuhvvlrq rq Ohyho 4

lpsrvhv d ghqvlw| i
�
$�� m �> ��� > �

2
�
wkdw fdq eh frqvlghuhg dv d olnhol0

krrg/ dqg irupxod +5=<, fdq eh uhjdughg dv wkh sulru iru wkh xqrevhuyhg
��� = Dffruglqjo|/ lw iroorzv wkdw wkh frqglwlrqdo srvwhulru glvwulexwlrq ri
$�� lv jlyhq e|

i
�
$�� m �> ���> �

2> {�� > *%
�
b i

�
$�� m �> ���> �

2
�
i +��� m {�� > *%, =

Gxh wr surshuwlhv ri qrupdo glvwulexwlrqv +Olqgoh| ) Vplwk/ 4<:5,/ wkh
frqglwlrqdo glvwulexwlrq ri $�� lv dovr qrupdoo| glvwulexwhg/ wkdw lv/

$�� m �> �
2>[�� > *% q Q
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Lq wkh vdph zd| lw iroorzv wkdw/ jlyhq d xqlirup sulru iru ��> wkh frqgl0
wlrqdo srvwhulru ri �� jlyhq $> �f> �

2>{ dqg *% lv qrupdo zlwk h{shfwdwlrq

H
�
�� m $>{> �f> �

2> *%
�
@ �3�% e��> +5144,

zkhuh e�� lv wkh ohdvw vtxduhv hvwlpdwru lq wkh uhjuhvvlrq ri $ � �f rq
{= Ehfdxvh ri wkh phdvxuhphqw huuru lq wkh h{sodqdwru| yduldeoh/ wkh
ohdvw vtxduhv uhjuhvvlrq frh!flhqw lv eldvhg wrzdug }hur/ wkdw lv/ wkh
uhjuhvvlrq frh!flhqw lv dwwhqxdwhg e| wkh phdvxuhphqw huuru1 Wkh udwlr
�% gh�qhv wkh ghjuhh ri dwwhqxdwlrq/ zklfk lv d phdvxuh ri wkh ghjuhh
ri wuxh vfruh yduldwlrq uhodwlyh wr revhuyhg vfruh yduldwlrq1 Lq wkh vrfldo
vflhqfh olwhudwxuh/ wklv udwlr lv fdoohg wkh uholdelolw| ri [�� 1 Iurp +5=44,
lw fdq eh vhhq wkdw li wkh udwlr �% lv nqrzq/ lw lv srvvleoh wr frqvwuxfw dq
xqeldvhg hvwlpdwru ri ��= Vhyhudo whfkqltxhv iru hvwlpdwlqj wklv prgho/
jlyhq �%/ fdq eh irxqg lq Ixoohu +4<;:,1 Wkh h�hfw ri huuruv lq yduldeohv
rq ruglqdu| ohdvw vtxduhv hvwlpdwruv lv zhoo nqrzq/ dqg lv ghvfulehg lq/
iru h{dpsoh/ Frfkudq +4<9;, dqg Ixoohu +4<;:,1
Qh{w/ vxssrvh wkh lqwhufhsw dqg vorsh ri prgho +5=9, duh udqgrp frhi0

�flhqwv/ wkdw lv/ wkh frh!flhqwv ydu| ryhu Ohyho 5 jurxsv1 Wkh frh!flhqwv
duh wuhdwhg dv rxwfrphv lq d Ohyho 5 prgho jlyhq e|

�f� @ �ff . �f��� . xf� +5145,

��� @ ��f . x�� >

zkhuh wkh Ohyho 5 huuru whupv x� kdyh d pxowlyduldwh qrupdo glvwulexwlrq
zlwk phdq }hur dqg fryduldqfh pdwul{W= Lq wkh vhtxho/ lw zloo eh dvvxphg
wkdw wkh huuruv rq Ohyho 5 duh xqfruuhodwhg1 Wkdw lv/ wkh fryduldqfh
pdwul{ W frqvlvwv ri gldjrqdo hohphqwv ydu +xf�, @ �2f dqg ydu +x��, @ �2�=
Vxssrvh wkdw wkh ghshqghqw yduldeoh $�� lv qrw revhuyhg h{dfwo|/ exw lwv
huuru0surqh yhuvlrq \�� lv dydlodeoh1 Vr

\�� @ $�� . %
E+�
�� > +5146,

zkhuh wkh phdvxuhphqw huuruv %
E+�
�� duh lqghshqghqw ri $�� dqg h��> dqg

lqghshqghqw qrupdoo| glvwulexwhg zlwk phdq }hur dqg yduldqfh *+= Wkh
vxshuvfulsw dqg vxevfulsw | hpskdvl}h wkh frqqhfwlrq zlwk wkh revhuyhg
wrwdo vfruh \��= Djdlq/ wkh frqglwlrqdo srvwhulru glvwulexwlrq ri \� > wkh
revhuyhg vfruhv ri vwxghqwv lq jurxs m> jlyhq �� >�� > �

2 dqg *+ iroorzv
iurp wkh vwdqgdug surshuwlhv ri qrupdo glvwulexwlrqv/ wkdw lv/

i
�
|� m �� >�� > �

2> *+
�
b i

�
|� m $� > *+

�
i
�
$� m ��>��> �

2
�
>

zkhuh wkh vhfrqg idfwru rq wkh uljkw0kdqg vlgh gh�qhv wkh glvwulexwlrq
ri wkh wuxh vfruhv $� lq wkh srsxodwlrq1 Dv d uhvxow/
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zkhuh L?� lv wkh lghqwlw| pdwul{ ri glphqvlrq q� = Reylrxvo|/ wkh phd0
vxuhphqw huuru lq wkh ghshqghqw yduldeoh uhvxowv lq dq h{wud yduldqfh
frpsrqhqw *+= Frpelqlqj wklv frqglwlrqdo glvwulexwlrq ri \� zlwk wkh
sulru nqrzohgjh derxw �� > lq irupxod +5=45, > uhvxowv lq wkh frqglwlrqdo

srvwhulru glvwulexwlrq ri �� jlyhq |� >�� > �
2>�>W>�� dqg *+= Gh�qh 	� @�

�2 . *+
� �
K|

�K�

�3�
/ zkhuh K� @

�
4?� >��

�
= Wkhq

�� m\� >�� > �
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+5148,

zkhuh D gh�qhv wkh vwuxfwxuh ri wkh h{sodqdwru| yduldeohv rq Ohyho 51
Wkh srvwhulru h{shfwdwlrq ri �� lv wkh zhoo0nqrzq frpsrvlwh ru vkulqndjh
hvwlpdwru/ zkhuh wkh dprxqw ri zhljkw sodfhg rq wkh hvwlpdwhv ghshqgv
rq wkhlu suhflvlrq1 Qrwlfh wkdw wkh xvxdo ohdvw vtxduhv hvwlpdwru/ e�� >
edvhg rq wkh olqhdu uhjuhvvlrq rq Ohyho 4 jlyhq �� dqg \� > lv zhljkwhg
e| 	3�

� > zklfk frqwdlqv wkh phdvxuhphqw huuru lq wkh ghshqghqw ydul0
deoh1 Wkxv/ wkh hvwlpdwru ri �� lv qrw htxlydohqw wr wkh vwdqgdug ohdvw
vtxduhv hvwlpdwru ri �> dqg dv frqvhtxhqfh/ wkh phdvxuhphqw huuru lq
wkh ghshqghqw yduldeoh ri d vwuxfwxudo pxowlohyho prgho lv qrw ljqrudeoh1
Wkh hvwlpdwhv ri wkh udqgrp uhjuhvvlrq frh!flhqwv duh dwwhqxdwhg zkhq
wkh phdvxuhphqw huuru lq wkh ghshqghqw yduldeoh lv ljqruhg ehfdxvh wkh
ohdvw vtxduhv hvwlpdwru e�� lv dwwhqxdwhg e| wkh phdvxuhphqw huuru1
Qh{w/ lw zloo eh vkrzq wkdw wkh srvwhulru h{shfwdwlrq ri �� jlyhq wkh

pdqlihvw yduldeohv lv d�hfwhg e| phdvxuhphqw huuru lq wkh h{sodqdwru|
yduldeoh rq Ohyho 41 Iurp irupxod +5=43, dqg +5=47, wkh frqglwlrqdo
glvwulexwlrq ri \� fdq eh ghulyhg dv

\� m[� >�� > �
2> *+> *% q Q

�
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+5149,

Wkh frqglwlrqdo srvwhulru glvwulexwlrq ri �� fdq eh ghulyhg e| frqvlg0
hulqj wklv frqglwlrqdo glvwulexwlrq ri \� dv wkh olnholkrrg dqg irupxod
+5=45, dv wkh sulru iru lwv sdudphwhu yhfwru ��= Wr rewdlq dq dqdo|wlfdo
h{suhvvlrq iru wklv frqglwlrqdo srvwhulru glvwulexwlrq/ lw pxvw eh dvvxphg
wkdw wkh yduldqfh lq +5=49, lv nqrzq1 Ghqrwh wklv yduldqfh/ iru jurxs m>
dv F� 1 Lq sudfwlfh/ dq hpslulfdo Ed|hv hvwlpdwru frxog eh xvhg1 Gh�qh
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zkhuh wkh rwkhu yduldeohv duh gh�qhg dv lq irupxod +5=48, = Wkh srvwhulru

h{shfwdwlrq lv d vkulqndjh hvwlpdwru zkhuh e�� @
�
K|

�K�

�3�
K|

�|� dqg

wkh yduldqfh ri e�� lqfuhdvhv gxh wr wkh phdvxuhphqw huuru lq wkh ghshq0
ghqw dqg lqghshqghqw yduldeohv1 Ehvlghv wkh phdvxuhphqw huuru lq wkh
ghshqghqw yduldeoh/ wkh uholdelolw| udwlr �% ixuwkhu lq xhqfhv wkh ohdvw
vtxduhv uhjuhvvlrq frh!flhqwv e�� 1
Ilqdoo|/ dvvxph wkdw wkh h{sodqdwru| yduldeoh rq Ohyho 5/ �/ lv xq0

revhuyhg dqg lqvwhdg d yduldeoh Z lv revhuyhg zlwk phdvxuhphqw huuru
yduldqfh *�> wkdw lv/

Z� @ �� . %
E��
� >

zkhuh wkh phdvxuhphqw huuruv %
E��
� duh lqghshqghqw ri �� dqg xf� > dqg

lqghshqghqwo| qrupdoo| glvwulexwhg zlwk phdq }hur dqg yduldqfh *�=
Ixuwkhu/ lw lv dvvxphg wkdw wkh wuxh vfruhv/ ��> lq wkh srsxodwlrq duh
vwdqgdug qrupdoo| glvwulexwhg1 Dqdorjrxv wr wkh ghulydwlrq ri +5=43, > lw
iroorzv wkdw
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zkhuh �� @ *3�� @
�
4 .*3��

�
= Djdlq/ wkh srvwhulru h{shfwdwlrq ri �� fdq

eh ghulyhg e| frpelqlqj wkh sulru lqirupdwlrq iru �f� dqg wkh vwdqgdug
sulru lqirupdwlrq iru ���> iurp +5=45, > zlwk wkh olnholkrrg lq irupxod
+5=49,1 Khqfh wkh frqglwlrqdo srvwhulru glvwulexwlrq ri �� lv htxlydohqw
wr irupxod +5=4:, > h{fhsw wkdw wkh �uvw gldjrqdo0hohphqw riW lv lqfuhdvhg
e| �2f� +4� ��, > dqg wkh �uvw urz ri D @ +4> ��Z� > 3,1 Dffruglqjo|/ wkh
vkulqndjh hvwlpdwru lv d frpelqdwlrq ri wzr zhljkwhg hvwlpdwruv/ zkhuh
erwk sduwv duh lq xhqfhg e| phdvxuhphqw huuru lq wkh ghshqghqw dqg
lqghshqghqw yduldeohv1 Dv d frqvhtxhqfh/ wkh phdvxuhphqw huuru lv qrw
ljqrudeoh dqg ljqrulqj lw ohdgv wr dwwhqxdwhg hvwlpdwhv ri wkh udqgrp
uhjuhvvlrq frh!flhqwv1
Ehvlghv wkh h�hfw ri phdvxuhphqw huuru rq wkh hvwlpdwhv ri udqgrp uh0

juhvvlrq frh!flhqwv/ d shukdsv ohvv zhoo0uhfrjql}hg h�hfw lv wkh lqfuhdvhg
yduldqfh ri wkh revhuyhg ghshqghqw yduldeoh jlyhq wkh revhuyhg h{sodqd0
wru| yduldeohv1 Zlwkrxw phdvxuhphqw huuru lq wkh h{sodqdwru| yduldeohv
wkh uhvlgxdo yduldqfh ri \�� lv
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E| wdnlqj lqwr dffrxqw wkh phdvxuhphqw huuru lq wkh lqghshqghqw ydul0
deohv/ wkh uhvlgxdo yduldqfh ri wkh pdqlihvw yduldeoh/ \�� > lqfuhdvhv wr
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zkhuh F�� @
�
*+ . �2 . �2�� +4� �%,

�
> K�� @ ^4> �%{�� ` dqg W lv wkh

gldjrqdo pdwul{ zlwk hohphqwv
�
�2f . �2f� +4� ��, > �

2
�

�
= Qrwlfh wkdw wkh

uhvsrqvh yduldqfh lq wkh yduldqfh frpsrqhqw ri wkh ghshqghqw yduldeoh
lv mxvw dq h{wud yduldqfh frpsrqhqw/ exw wkh phdvxuhphqw huuru yduldqfh
lq wkh h{sodqdwru| yduldeohv fdxvhv d frpsoh{ yduldqfh vwuxfwxuh1 Wkh
vwuxfwxuh jhwv hyhq pruh frpsoh{ li wkh yduldeohv ru huuru whupv duh
fruuhodwhg +Vfkddomh ) Exwwv/ 4<<6,1
Wklv ryhuylhz ri qrq0ljqrudeoh phdvxuhphqw huuru lv edvhg rq wkh

fodvvlfdo wuxh vfruh prgho1 Wkh frqglwlrqdo glvwulexwlrqv ri wkh udqgrp
uhjuhvvlrq frh!flhqwv duh ghulyhg e| xvlqj wkh vwdqgdug surshuwlhv ri
wkh qrupdo glvwulexwlrq1 Li wkh uhvsrqvh huuru lv prghohg e| dq lwhp
uhvsrqvh prgho/ wkh frqglwlrqdo glvwulexwlrqv ri wkhvh sdudphwhuv fdq
eh irxqg lq wkh vdph zd| e| lqwurgxflqj dq dxjphqwhg yduldeoh ]=
Lqwhusuhw wkh revhuydwlrq ]��& dv dq lqglfdwru wkdw d frqwlqxrxv yduldeoh
zlwk qrupdo ghqvlw| lv qhjdwlyh ru srvlwlyh1 Ghqrwh wklv frqwlqxrxv

yduldeoh dv ]
E%�
��& > zkhuh wkh vxshuvfulsw { ghqrwhv wkh frqqhfwlrq zlwk wkh

revhuyhg uhvsrqvh yduldeoh [��&= Lw lv dvvxphg wkdw [��& @ 4 li ]
E%�
��& A 3

dqg [��& @ 3 rwkhuzlvh1 Lw iroorzv wkdw wkh frqglwlrqdo glvwulexwlrq ]
E%�
��&

jlyhq ��� dqg �
E%�
& lv qrupdo1 Wklv glvwulexwlrq fdq eh xvhg wr rewdlq

wkh frqglwlrqdo glvwulexwlrqv ri wkh udqgrp uhjuhvvlrq sdudphwhuv lq wkh
vdph zd| dv deryh1 H{sdqglqj wkh wzr sdudphwhu qrupdo rjlyh prgho
wr d wkuhh sdudphwhu qrupdo rjlyh prgho wr fruuhfw iru jxhvvlqj fdq eh
grqh e| lqwurgxflqj dq h{wud dxjphqwhg yduldeoh +Mrkqvrq ) Doehuw/
4<<</ ss1 5370538,1 Ixuwkhu/ revhuyhg ruglqdo gdwd fdq eh prghohg e|
dvvxplqj wkdw d odwhqw yduldeoh xqghuolhv wkh ruglqdo uhvsrqvh +Mrkqvrq
) Doehuw/ 4<<</ ss1 45:0466,1

81 Dq Looxvwudwlyh H{dpsoh

Lq wklv vhfwlrq/ wkh h�hfwv ri phdvxuhphqw huuru lq ghshqghqw dqg
h{sodqdwru| yduldeohv dw gl�huhqw ohyhov lq d vwuxfwxudo pxowlohyho prgho
duh ghprqvwudwhg xvlqj d vlpxodwlrq vwxg|1 Ixuwkhu/ d qxphulfdo h{dp0
soh lv dqdo|}hg wr frpsduh wkh h�hfwv ri prgholqj phdvxuhphqw huuru lq
ghshqghqw dqg lqghshqghqw yduldeohv zlwk dq lwhp uhvsrqvh prgho dqg
d fodvvlfdo wuxh vfruh prgho1 Wkh prgho lv jlyhq e|

$�� @ �f� . ������ . h�� +514<,

�f� @ �ff . �f��� . xf�

��� @ ��f . x��>
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zkhuh h�� q Q
�
3> �2

�
dqg x� q Q +3>W, = Ixuwkhupruh/ lw lv dvvxphg

wkdw wkh vxuurjdwhv\>[ dqgZ duh uhodwhg wr wkh odwhqw suhglfwruv $>�
dqg �> uhvshfwlyho|/ wkurxjk d wzr0sdudphwhu qrupdo rjlyh prgho1
Iru wkh vlpxodwlrq vwxglhv/ erwk ri wkh odwhqw suhglfwruv/ � dqg �>

zhuh gudzq iurp wkh vwdqgdug qrupdo glvwulexwlrq1 Wkh odwhqw ghshq0
ghqw yduldeoh $ zdv jhqhudwhg dffruglqj wr wkh deryh prgho1 Uhvsrqvh
sdwwhuqv zhuh jhqhudwhg dffruglqj wr d qrupdo rjlyh prgho iru whvwv ri
73 lwhpv1 Iru whvwv uhodwhg wr wkh ghshqghqw dqg lqghshqghqw yduldeohv
dw Ohyho 4/ 9> 333 uhvsrqvh sdwwhuqv zhuh vlpxodwhg1 Wkh wrwdo qxpehu
ri jurxsv zdv M @ 533> hdfk jurxs ru fodvv frqvlvwlqj ri 53 wr 73 lqgl0
ylgxdov1 Iru wkh whvw uhodwhg wr wkh odwhqw fryduldwh � dw Ohyho 5/ 533
uhvsrqvh sdwwhuqv zhuh jhqhudwhg1 Wkh jhqhudwhg ydoxhv ri wkh �{hg dqg
udqgrp h�hfwv/ �> �2 dqg W> duh vkrzq xqghu wkh odeho Jhqhudwhg lq
Wdeoh 5141

814 H{sodqdwru| Yduldeohv Zlwkrxw Phdvxuhphqw Huuru

Lq wkh �uvw vlpxodwlrq vwxg|/ qr uhvsrqvh huuru lq wkh h{sodqdwru|
yduldeohv rq Ohyho 4 dqg Ohyho 5 zdv suhvhqw/ wkdw lv/ wkh odwhqw suhglfwruv
� dqg � zhuh revhuyhg gluhfwo| zlwkrxw dq huuru1 Wkh ghshqghqw yduldeoh
zdv xqrevhuyhg exw lqirupdwlrq derxw $> ghqrwhg dv \> lv dydlodeoh1
Wkh gdwd zhuh vlpxodwhg e| wkh pxowlohyho LUW prgho1 Wkh vwuxfwxudo
pxowlohyho prgho zlwk phdvxuhphqw huuru lq wkh ghshqghqw yduldeoh zdv
hvwlpdwhg zlwk wkh Jleev vdpsohu/ xvlqj wkh qrupdo rjlyh prgho dqg wkh
fodvvlfdo wuxh vfruh prgho dv phdvxuhphqw huuru prghov1 Qrqlqirupdwlyh
sulruv zhuh xvhg iru wkh �{hg h�hfwv dqg yduldqfh frpsrqhqwv lq wkh
pxowlohyho prgho> vhh/ Fkdswhu 6 dqg 71 Dovr/ wkh phwkrgv iru frpsxwlqj
vwduwlqj ydoxhv fdq eh irxqg wkhuh1 Diwhu d exuq0lq shulrg ri 4> 333
lwhudwlrqv/ 53> 333 lwhudwlrqv zhuh pdgh wr hvwlpdwh wkh sdudphwhuv ri
wkh vwuxfwxudo prgho zlwk wkh wzr0sdudphwhu qrupdo rjlyh prgho1 Iru
wkh fodvvlfdo wuxh vfruh prgho/ 833 lwhudwlrqv zhuh qhfhvvdu| dv d exuq0
lq shulrg dqg 8> 333 lwhudwlrqv zhuh xvhg wr hvwlpdwh wkh sdudphwhuv1
Frqyhujhqfh ri wkh Jleev vdpsohu zdv lqyhvwljdwhg e| uxqqlqj pxowlsoh
fkdlqv iurp gl�huhqw vwduwlqj srlqwv wr yhuli| wkdw wkh| |lhoghg vlplodu
dqvzhuv dqg e| sorwwlqj wkh PFPF lwhudwlrqv wr yhuli| frqyhujhqfh1
Iru d frpsuhkhqvlyh glvfxvvlrq ri frqyhujhqfh ri wkh Jleev vdpsohu/ vhh
Frzohv dqg Fduolq +4<<9,1
Lq Wdeoh 514/ wkh h{shfwhg d srvwhulrul hvwlpdwhv ri wkh sdudphwhuv

ri wkh pxowlohyho LUW prgho rewdlqhg iurp wkh Jleev vdpsohu duh jlyhq
xqghu wkh odeho LUW Prgho/ ghqrwhg dv Prgho P�1 Sdudphwhu hvwlpdwhv
ri wkh vwuxfwxudo pxowlohyho prgho xvlqj wkh fodvvlfdo wuxh vfruh prgho
duh jlyhq xqghu wkh odeho Fodvvlfdo Wuxh Vfruh Prgho/ ghqrwhg dv Prgho
PS�1 Wkh pxowlohyho LUW prgho P� zdv lghqwl�hg e| �{lqj d glvfulp0
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Wdeoh 5141 Sdudphwhu hvwlpdwhv ri wkh pxowlohyho prgho zlwk phdvxuhphqw huuru lq
wkh ghshqghqw yduldeoh1

Jhqhudwhg LUW Prgho Fodvvlfdo Wuxh Vfruh Prgho
�� �S�

Il{hg Frh�1 Frh�1 v1g1 KSG Frh�1 v1g1 KSG
H�hfwv

�ff �fff 3�f�2 �fe2 d3��f�c �f�bo 3�fDS �f�2 d3��f.c3�ff.o
�f� ��ff �fH2 �f2S d�fefc ��2eo �f.H �f2S d�f�Hc ��2�o
��f ��ff �fDD �f�e d3�ff2c ��fbo �fDe �f2H d�f�2c ��f�o

Udqgrp Ydu1 Ydu1 v1g1 KSG Ydu1 v1g1 KSG
H�hfwv Frps1 Frps1 Frps1

�2f �2ff �2�e �f2H d��HSc �2H.o �2ff �f22 d��SDc �2�So
�2� �2ff �2f� �f2� d��Dbc �2e.o ���H �f�S d���Dc ��S.o
�2f� ��ff ��Sb �f2D d����c �2��o ���H �f�D d�fbec ��e�o
j2 �Dff �D�� �f2H d�eSfc �D.�o �e�D �f�f d�e�Hc �eDfo

lqdwlrq dqg d gl!fxow| sdudphwhu wr hqvxuh wkdw wkh odwhqw ghshqghqw
yduldeoh zdv vfdohg wkh vdph zd| dv lq wkh gdwd jhqhudwlrq skdvh1 Wkh
vwuxfwxudo prgho zlwk wkh fodvvlfdo wuxh vfruh prgho dv phdvxuhphqw
huuru prgho zdv lghqwl�hg e| vshfli|lqj wkh sdudphwhuv ri wkh phdvxuh0
phqw huuru glvwulexwlrq1 Wkhuhiruh/ wkh jurxs vshfl�f huuru yduldqfh zdv
d sulrul hvwlpdwhg1 Wkh xqeldvhg hvwlpdwhv ri wkh huuru yduldqfhv ri
lqglylgxdo h{dplqhhv zhuh dyhudjhg wr rewdlq wkh jurxs vshfl�f huuru
yduldqfh +Orug ) Qrylfn/ 4<9;,1 Wkh jurxs vshfl�f huuru yduldqfh uh0
odwlqj wr wkh xqzhljkwhg vxpv ri lwhp uhvsrqvhv ru whvw vfruhv \�� > *+
zdv =44;> iru hyhu| lqglylgxdo lm1 Wkh revhuyhg vxp vfruhv zhuh vfdohg
lq wkh vdph zd| dv wkh wuxh odwhqw ghshqghqw yduldeoh $��= Wkh uhsruwhg
vwdqgdug ghyldwlrqv duh wkh srvwhulru vwdqgdug ghyldwlrqv1 Wkh <3(
kljkhvw srvwhulru suredelolw| +KSG, lqwhuydov iru sdudphwhuv ri lqwhuhvw
zhuh frpsxwhg iurp d vdpsoh iurp wkhlu pdujlqdo srvwhulru glvwulexwlrq
xvlqj wkh Jleev vdpsohu +vhh/ Fkhq ) Vkdr/ 4<<<,1
Wkh wuxh sdudphwhu ydoxhv zhuh zhoo zlwklq wkh KSG lqwhuydov re0

wdlqhg iurp wkh pxowlohyho LUW prgho/ P�/ h{fhsw iru wkh fryduldqfh ri
wkh Ohyho 5 uhvlgxdov/ �2f�> zklfk zdv wrr kljk1 Ixuwkhu/ wkh �{hg h�hfw/
��f> zdv qrw vljql�fdqwo| gl�huhqw iurp }hur1 Wkh sdudphwhu hvwlpdwhv
ri wkh udqgrp dqg �{hg h�hfwv duh jlyhq xqghu wkh odeho Fodvvlfdo Wuxh
Vfruh Prgho/ Prgho PS�1 Khuh/ pruh sdudphwhu hvwlpdwhv gl�huhg iurp
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wkh wuxh sdudphwhu ydoxhv1 Vshfl�fdoo|/ wkh yduldqfh dw Ohyho 4 dqg wkh
yduldqfh ri wkh uhvlgxdov ri wkh udqgrp vorsh sdudphwhu zhuh wrr orz1
Dv d uhvxow/ wkh hvwlpdwhv ri wkh vorsh sdudphwhuv fruuhvsrqglqj wr wkh
gl�huhqw jurxsv zhuh pruh dolnh lq frpsdulvrq wr wkh fruuhvsrqglqj hv0
wlpdwhv uhvxowlqj iurp wkh pxowlohyho LUW prgho dqg wkh wuxh vlpxodwhg
ydoxhv1 Lq wkh �w ri Prgho PS�/ wkh vorsh sdudphwhu hvwlpdwhv ydu| ohvv
dfurvv jurxsv1 Wkh hvwlpdwhv ri wkh yduldqfh frpsrqhqwv d�hfwhg wkh hv0
wlpdwh ri wkh lqwudfodvv fruuhodwlrq frh!flhqw1 Wklv lv wkh sursruwlrq ri
wkh wrwdo uhvlgxdo yduldwlrq wkdw lv gxh wr yduldwlrq lq wkh udqgrp lqwhu0
fhswv/ diwhu frqwuroolqj iru wkh Ohyho 4 suhglfwru yduldeoh1 Wkh vlpxodwlqj
ydoxhv lpsolhg dq lqwudfodvv fruuhodwlrq frh!flhqw ri � @ =5;9> wkh pxowl0
ohyho LUW hvwlpdwh zdv � @ =646> dqg wkh Prgho PS� hvwlpdwh � @ =647=
Wkhvh hvwlpdwhv zhuh edvhg rq lwhudwhv ri wkh yduldqfh frpsrqhqwv dqg
zhuh qrw edvhg rq wkh srvwhulru phdqv ri wkh yduldqfh frpsrqhqwv1

815 H{sodqdwru| Yduldeohv Zlwk Phdvxuhphqw Huuru

Lq wkh vhfrqg vlpxodwlrq vwxg|/ erwk wkh ghshqghqw dqg lqghshqghqw
revhuyhg yduldeohv kdg phdvxuhphqw huuru1 Wdeoh 515 suhvhqwv wkh uh0
vxowv ri hvwlpdwlqj wkh sdudphwhuv ri wkh pxowlohyho prgho xvlqj revhuyhg
vfruhv/ ghqrwhg dv Prgho PJ> xvlqj d qrupdo rjlyh prgho dv phdvxuh0
phqw huuru prgho/ ghqrwhg dv Prgho P2> dqg xvlqj wkh fodvvlfdo wuxh
vfruh prgho dv phdvxuhphqw huuru prgho/ ghqrwhg dv Prgho PS2/ erwk
iru wkh ghshqghqw dqg lqghshqghqw yduldeohv1 Lq wkh hvwlpdwlrq surfh0
gxuh/ doo xqfhuwdlqwlhv zhuh wdnhq lqwr dffrxqw/ zkhuh wkh jurxs vshfl�f
huuru yduldqfhv iru wkh vxp vfruhv uhodwlqj wr wkh Ohyho 4 dqg Ohyho 5
suhglfwruv/ *% dqg *�> zhuh =436 dqg =43<> uhvshfwlyho|1 Wkh pxowlohyho
LUW prgho/ zkhuh phdvxuhphqw huuru lq wkh fryduldwhv zdv prghohg e|
d qrupdo rjlyh prgho/ Prgho P2/ zdv lghqwl�hg e| �{lqj d glvfulplqd0
wlrq dqg d gl!fxow| sdudphwhu ri hdfk whvw1 Prgho PS2 zdv lghqwl�hg
e| vshfli|lqj wkh uhvsrqvh yduldqfh ri wkh revhuyhg vfruhv1 Wkh wuxh
sdudphwhuv zhuh wkh vdph dv lq Wdeoh 5141 Wkh wuxh sdudphwhu ydoxhv
zhuh zhoo zlwklq wkh KSG uhjlrqv ri wkh pxowlohyho LUW hvwlpdwhv/ Prgho
P2= Wkdw lv/ wkh sdudphwhu hvwlpdwhv zhuh doprvw wkh vdph dv wkh sd0
udphwhu hvwlpdwhv uhvxowlqj iurp Prgho P�> zkhuh wkh wuxh sdudphwhu
ydoxhv zhuh xvhg iru wkh suhglfwru yduldeohv lqvwhdg ri prgholqj wkh ydul0
deohv zlwk dq LUW prgho1 Wkh vdph dssolhg wr wkh sdudphwhu hvwlpdwhv
ri Prgho PS2 zklfk zhuh frpsdudeoh wr wkh hvwlpdwhv ri Prgho PS�=
Vxevhtxhqwo|/ wkh gh�flhqflhv ri wkh �w ri prgho PS� dovr dssolhg wr
wkh �w ri Prgho PS2= Wkh srvwhulru yduldqfhv ri wkh hvwlpdwhv ri Prgho
P2 dqg PS2 zhuh voljkwo| kljkhu lq frpsdulvrq wr Prgho P� dqg PS�

ehfdxvh wkh phdvxuhphqw huuruv lq wkh suhglfwru yduldeohv zhuh wdnhq
lqwr dffrxqw/ exw wkh gl�huhqfhv zhuh udwkhu vpdoo1 Wkh hvwlpdwhv jlyhq
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Wdeoh 5151 Sdudphwhu hvwlpdwhv ri wkh pxowlohyho prgho zlwk phdvxuhphqw huuru lq
erwk wkh ghshqghqw dqg lqghshqghqw yduldeohv1

Revhuyhg LUW Prgho Fodvvlfdo Wuxh Vfruh Prgho
�J �2 �S2

Il{hg Frh�1 v1g1 Frh�1 v1g1 KSG Frh�1 v1g1 KSG
H�hfwv

�ff 3�fD. �f�2 3�feH �feD d3��2fc �f2.o 3�fDH �f�e d3���2c �fffo
�f� �fDH �f2S �fH� �f�f d�f�2c ���fo �fDH �f2S d�f�Hc ��f�o
��f �fDf �f2S �fDD �f�e d�fffc ���fo �feb �f2S d�ffDc �fb�o

Udqgrp Ydu1 v1g1 Ydu1 v1g1 KSG Ydu1 v1g1 KSG
H�hfwv Frps1 Frps1 Frps1

�2f �2f� �f2� �2�� �f�f d��Hec �2.Ho �2ff �f2� d��SDc �2�Ho
�2� ��2S �f�D �2ff �f2. d��D.c �2e�o ���H �f�e d�fbHc ��eeo
�2f� ���f �f�D ��S. �f2e d��2Hc �2feo ���H �f�D d�fH�c ����o
j2 �DSf �f�f �D�D �f�D d�eDec �DS2o �e�D �f�f d�e�Sc �eDfo

xqghu wkh odeho Revhuyhg uhvxowhg iurp hvwlpdwlqj wkh pxowlohyho prgho
xvlqj revhuyhg vfruhv iru erwk wkh ghshqghqw dqg lqghshqghqw yduldeohv/
ljqrulqj phdvxuhphqw huuru lq doo yduldeohv1 Lw zdv yhul�hg wkdw wdnlqj
dffrxqw ri phdvxuhphqw huuru lq wkh revhuyhg yduldeohv uhvxowhg lq gli0
ihuhqw sdudphwhu hvwlpdwhv/ hvshfldoo| iru wkh yduldqfh frpsrqhqwv1
Wdeoh 514 dqg 515 vkrz wkdw wkh hvwlpdwhv ri wkh yduldqfh frpsr0

qhqwv zhuh dwwhqxdwhg ehfdxvh wkh phdvxuhphqw huuru zdv ljqruhg1 Dv
vhhq lq wkh suhfhglqj vhfwlrq/ wkh hvwlpdwhv ri wkh udqgrp lqwhufhsw
dqg udqgrp vorsh sdudphwhuv zhuh vwurqjo| lq xhqfhg e| wkh yduldqfh
frpsrqhqwv1 Wkh h�hfwv ri phdvxuhphqw huuru lq wkh ghshqghqw dqg
lqghshqghqw yduldeohv zhuh dovr uh hfwhg lq wkh hvwlpdwhv ri wkh udqgrp
uhjuhvvlrq sdudphwhuv1 Iljxuh 515 vkrzv wkh h{shfwhg d srvwhulrul hvwl0
pdwhv ri wkh ghshqghqw ydoxhv lq dq duelwudu| jurxs xvlqj PrghoP� dqg
PS�= Wkhuh zdv qr krul}rqwdo vkliw lq wkh hvwlpdwhv ehfdxvh erwk prghov
xvhg wkh wuxh lqghshqghqw yduldeohv1 Wkh hvwlpdwhv ri erwk prghov zhuh
txlwh forvh wr wkh wuxh ydoxhv/ exw wkh pruh h{wuhph ydoxhv zhuh ehwwhu
hvwlpdwhg e| PrghoP�> zkhuh wkh qrupdo rjlyh prgho zdv wkh phdvxuh0
phqw prgho1 Wkh uhjuhvvlrq suhglfwhg e| Prgho P� uhvxowhg lq d kljkhu
lqwhufhsw/ wkh vorsh sdudphwhu qhduo| htxdohg wkh wuxh vorsh sdudphwhu1
Wkh uhjuhvvlrq olqhv zhuh edvhg rq srvwhulru phdqv ri wkh udqgrp uhjuhv0
vlrq frh!flhqwv1 Wkh suhglfwhg uhjuhvvlrq vorsh/ xvlqj Prgho PS�/ zdv
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ri rssrvlwh vljq dqg uhvxowhg lq gl�huhqw frqfoxvlrqv1 Lq wkh vdph jurxs
dv lq Iljxuh 515/ wkh h{shfwhg d srvwhulrul hvwlpdwhv ri wkh ghshqghqw
ydoxhv edvhg rq ghshqghqw dqg lqghshqghqw yduldeohv phdvxuhg zlwk dq
huuru/ xvlqj wkh fodvvlfdo wuxh vfruh prgho dqg wkh qrupdo rjlyh prgho/
duh jlyhq lq Iljxuh 5161 Wkh krul}rqwdo vkliwv lq wkh h{shfwhg d srvwhul0
rul hvwlpdwhv/ lq uhodwlrq wr wkh hvwlpdwhv lq Iljxuh 515/ zhuh fdxvhg e|
wkh phdvxuhphqw huuru lq wkh lqghshqghqw yduldeohv1 Wkh hvwlpdwhv zhuh
vkuxqn wrzdugv wkh phdq ri erwk yduldeohv1 Wkh hvwlpdwhv iroorzlqj iurp
Prgho P2 zhuh forvhu wr wkh pruh h{wuhph wuxh ydoxhv1 Dv d uhvxow/ wkh
suhglfwhg uhjuhvvlrq dffruglqj wr Prgho P2 kdg d zlghu udqjh/ dqg zdv
forvhu wr wkh wuxh uhjuhvvlrq1 Dv lq Iljxuh 515/ wkh vorsh hvwlpdwh ri wkh
suhglfwhg uhjuhvvlrq ri Prgho PS2 zdv srvlwlyh/ hyhq wkrxjk wkh wuxh
sdudphwhu vorsh zdv qhjdwlyh1 Lq wklv jurxs/ wkh suhglfwhg uhjuhvvlrq
edvhg rq revhuyhg vfruhv/ Prgho PJ> iroorzhg wkh uhjuhvvlrq ri Prgho
PS2> dqg vhhphg wr iroorz wkh wuxh uhjuhvvlrq ehwwhu1 Qrwlfh wkdw wkh
suhglfwlrqv duh voljkwo| ehwwhu lq Iljxuh 516/ zkhuh wkh h{sodqdwru| ydul0
deohv zhuh prghohg zlwk wkh fodvvlfdo wuxh vfruh prgho ru wkh qrupdo
rjlyh prgho1 Lw vhhphg wkdw wkh pruh frpsoh{ prgho/ zklfk wdnhv phd0
vxuhphqw huuru lq doo yduldeohv lqwr dffrxqw/ zdv pruh  h{leoh/ uhvxowlqj
lq d ehwwhu �w ri wkh prgho1 Erwk �jxuhv lqglfdwh wkdw wkh qrupdo rjlyh
prgho iru wkh phdvxuhphqw huuru prgho |lhoghg ehwwhu hvwlpdwhv ri wkh
rxwfrphv/ hvshfldoo|/ lq fdvh ri wkh pruh h{wuhph ydoxhv1 Ixuwkhu/ wkh
hvwlpdwhv ri wkh udqgrp uhjuhvvlrq frh!flhqwv ghshqghg rq wkh ydoxhv
ri wkh yduldqfh frpsrqhqwv dqg zhuh vhqvlwlyh wr phdvxuhphqw huuru lq
wkh yduldeohv1 Dv vkrzq lq Iljxuh 515 dqg 516/ phdvxuhphqw huuru lq wkh
ghshqghqw dqg lqghshqghqw yduldeohv pd| ohdg wr lqfruuhfw frqfoxvlrqv1

91 Glvfxvvlrq

Huuruv lq wkh ghshqghqw ru lqghshqghqw yduldeohv ri d pxowlohyho prgho
duh prghohg e| dq lwhp uhvsrqvh prgho ru d fodvvlfdo wuxh vfruh prgho1
Wkh Jleev vdpsohu fdq eh xvhg wr hvwlpdwh doo sdudphwhuv1 Rwkhu hv0
wlpdwlrq surfhgxuhv/ vxfk dv huuru fdoleudwlrq phwkrgv +Fduuroo hw1 do1/
4<<8,/ gr qrw wdnh doo sdudphwhu yduldelolw| lqwr dffrxqw1
D ixoo| Ed|hvldq dssurdfk dffrpprgdwhv erwk fryduldwh dqg uhvsrqvh

phdvxuhphqw huuru/ dqg surylghv pruh uholdeoh hvwlpdwhv ri wkh yduldelo0
lw| ri wkh prgho sdudphwhuv1 Rq wkh rwkhu kdqg/ wkh Ed|hvldq dssurdfk
lv frpsxwhu lqwhqvlyh dqg vwloo xquhfrjql}hg lq pdq| zrunlqj hqylurq0
phqwv1 Ehvlghv/ wkh odfn ri surjudpv iru kdqgolqj phdvxuhphqw huuruv
lq pdmru vwdwlvwlfdo frpsxwhu sdfndjhv ixuwkhu lpshghv wkh xvh ri vwuxf0
wxudo pxowlohyho prghov1
Lq wklv vwxg|/ wkh frqvhtxhqfhv ri ljqrulqj phdvxuhphqw huuru duh

h{dplqhg wr hydoxdwh hvwlpdwlrq phwkrgv wkdw duh deoh wr kdqgoh phd0
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Iljxuh 5151 H{shfwhg srvwhulru hvwlpdwhv dqg suhglfwlrqv ri wkh ghshqghqw ydoxhv
jlyhq wkh wuxh lqghshqghqw yduldeohv1

vxuhphqw huuru lq erwk wkh h{sodqdwru| dqg lqghshqghqw yduldeohv ri
d vwuxfwxudo pxowlohyho prgho1 Lw zdv vkrzq wkdw wkh hvwlpdwhv ri wkh
yduldqfh frpsrqhqwv dqg udqgrp uhjuhvvlrq frh!flhqwv duh vhqvlwlyh wr
phdvxuhphqw huuru lq erwk wkh ghshqghqw dqg h{sodqdwru| yduldeohv1
Vlpxodwlrq vwxglhv zhuh xvhg wr h{hpsoli| wkh lpsdfw ri wkh phdvxuh0
phqw huuru1 Rwkhu irupv ri phdvxuhphqw huuru fdq eh kdqgohg vlploduo|/
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Simulated Regression
Prediction (M2)
Prediction (Mc2)
Prediction (Mo)

Simulated Values
EAP Estimate (M2)
EAP Estimate (Mc2)

Iljxuh 5161 H{shfwhg srvwhulru hvwlpdwhv dqg suhglfwlrqv ri wkh ghshqghqw ydoxhv
jlyhq wkdw wkh h{sodqdwru| yduldeohv dw Ohyho 4 dqg Ohyho 5 duh phdvxuhg zlwk dq
huuru1

exw lqirupdwlrq frqfhuqlqj wkh suredelolw| vwuxfwxuh lv qhfhvvdu|1 Qrwlfh
wkdw wkh fodvvlfdo wuxh vfruh prgho dv phdvxuhphqw huuru prgho uhtxluhv
d sulrul hvwlpdwhv ri wkh jurxs vshfl�f huuru yduldqfhv1 Wkhvh hvwlpdwhv
vwurqjo| d�hfw wkh sdudphwhu hvwlpdwhv +vhh/ Fkdswhu 7,1 Wkdw lv/ d vpdoo
fkdqjh lq wkh d sulrul hvwlpdwhv frxog ohdg wr gl�huhqw frqfoxvlrqv1 D
ghwdlohg ghvfulswlrq ri wkh Ed|hvldq hvwlpdwlrq surfhgxuh fdq eh irxqg



Wkh H�hfwv ri Phdvxuhphqw Huuru lq d Pxowlohyho Prgho 5:

lq wkh iroorzlqj fkdswhuv1 Wkh surfhgxuh lv  h{leoh lq wkh vhqvh wkdw
rwkhu phdvxuhphqw huuru prghov/ dqg rwkhu sulruv fdq eh xvhg1 Wklv
vxssruwv d pruh uhdolvwlf zd| ri prgholqj phdvxuhphqw huuru1 Dovr/ wkh
hvwlpdwlrq surfhgxuh fdq kdqgoh pxowlohyho prghov zlwk wkuhh ru pruh
ohyhov1 Lw wdnhv wkh ixoo huuru vwuxfwxuh lqwr dffrxqw dqg doorzv iru huuruv
lq erwk wkh ghshqghqw dqg lqghshqghqw yduldeohv1





Fkdswhu 6

Ed|hvldq Hvwlpdwlrq ri d Pxowlohyho LUW

Prgho xvlqj Jleev Vdpsolqj

Devwudfw Lq wklv fkdswhu/ d wzr0ohyho uhjuhvvlrq prgho lv lpsrvhg rq wkh delolw|
sdudphwhuv lq dq lwhp uhvsrqvh wkhru| +LUW, prgho1 Wkh dgydqwdjh ri
xvlqj odwhqw udwkhu wkdq revhuyhg vfruhv dv ghshqghqw yduldeohv ri d pxo0
wlohyho prgho lv wkdw lw r�huv wkh srvvlelolw| ri vhsdudwlqj wkh lq xhqfh
ri lwhp gl!fxow| dqg delolw| ohyho dqg prgholqj uhvsrqvh yduldwlrq dqg
phdvxuhphqw huuru1 Dqrwkhu dgydqwdjh lv wkdw/ frqwudu| wr revhuyhg
vfruhv/ odwhqw vfruhv duh whvw0lqghshqghqw/ zklfk r�huv wkh srvvlelolw| ri
xvlqj uhvxowv iurp gl�huhqw whvwv lq rqh dqdo|vlv zkhuh wkh sdudphwhuv ri
wkh LUW prgho dqg wkh pxowlohyho prgho fdq eh frqfxuuhqwo| hvwlpdwhg1
Wkh wzr0sdudphwhu qrupdo rjlyh prgho lv xvhg iru wkh LUW phdvxuh0
phqw prgho1 Lw zloo eh vkrzq wkdw wkh sdudphwhuv ri wkh wzr0sdudphwhu
qrupdo rjlyh prgho dqg wkh pxowlohyho prgho fdq eh hvwlpdwhg lq d
Ed|hvldq iudphzrun xvlqj Jleev vdpsolqj1 H{dpsohv xvlqj vlpxodwhg
dqg uhdo gdwd duh jlyhq1

Nh|zrugv= Ed|hv hvwlpdwhv/ Jleev vdpsohu/ lwhp uhvsrqvh wkhru| +LUW,/ Pdunry
fkdlq Prqwh Fduor/ pxowlohyho prgho/ qrupdo rjlyh prgho1

41 Lqwurgxfwlrq

Lq hgxfdwlrqdo dqg vrfldo uhvhdufk/ wkhuh lv d jurzlqj lqwhuhvw lq wkh
sureohpv dvvrfldwhg zlwk ghvfulelqj wkh uhodwlrqv ehwzhhq yduldeohv ri
gl�huhqw djjuhjdwlrq ohyho1 Lq vfkrro h�hfwlyhqhvv uhvhdufk/ rqh pd|/ iru
lqvwdqfh/ eh lqwhuhvwhg lq wkh h�hfwv ri wkh vfkrro exgjhw rq wkh hg0
xfdwlrqdo dfklhyhphqw ri wkh vwxghqwv1 Krzhyhu/ wkh iruphu yduldeoh
lv gh�qhg rq wkh vfkrro ohyho zkloh wkh odwwhu yduldeoh lv gh�qhg rq
wkh ohyho ri vwxghqwv1 Wklv jlyhv ulvh wr sureohpv ri surshuo| prgho0

5<
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lqj ghshqghqflhv ehwzhhq wkhvh yduldeohv1 Wkhvh sureohpv fdq eh frshg
zlwk xvlqj pxowlohyho prghov +Eu|n ) Udxghqexvk/ 4<<5> gh Ohhxz )
Nuhiw/ 4<;9> Jrogvwhlq/ 4<<8> Orqjirug/ 4<<6> Udxghqexvk/ 4<;;,1 Lq
wkh deryh h{dpsoh/ vwxghqwv duh qhvwhg lq vfkrrov/ dqg lq d pxowlohyho
prgho wkh vwxghqwv zrxog pdnh xs d iluvw ohyho dqg wkh vfkrrov d vhf0
rqgdu| ohyho1 Dowkrxjk prvw dssolfdwlrqv ri wkh pxowlohyho sdudgljp duh
irxqg lq uhjuhvvlrq dqg dqdo|vlv ri yduldqfh prghov +vhh/ iru lqvwdqfh/
Eu|n ) Udxghqexvk,/ pxowlohyho prgholqj grhv/ lq sulqflsoh/ dsso| wr
doo vwdwlvwlfdo prgholqj ri gdwd zkhuh hohphqwdu| xqlwv duh qhvwhg zlwklq
djjuhjdwhv1 Orqjirug/ iru lqvwdqfh/ jlyhv h{dpsohv ri pxowlohyho idfwru
dqdo|wlfdo prghov dqg jhqhudol}hg olqhdu prghov1

Dovr lq wkh ilhog ri LUW prghov vrph dssolfdwlrqv ri wkh pxowlohyho
sdudgljp fdq eh irxqg1 Dgdpv/ Zlovrq dqgZx +4<<:, glvfxvv wkh wuhdw0
phqw ri odwhqw sur�flhqf| yduldeohv dv rxwfrphv lq d uhjuhvvlrq dqdo|vlv1
Wkh| vkrz wkdw d uhjuhvvlrq prgho rq odwhqw sur�flhqf| yduldeohv fdq eh
ylhzhg dv d wzr0ohyho prgho zkhuh wkh �uvw ohyho frqvlvwv ri wkh lwhp uh0
vsrqvh phdvxuhphqw prgho zklfk vhuyhv dv d zlwklq0vwxghqw prgho dqg
wkh vhfrqg ohyho frqvlvwv ri d prgho rq wkh vwxghqw srsxodwlrq glvwulex0
wlrq/ zklfk vhuyhv dv d ehwzhhq0vwxghqwv prgho1 Ixuwkhu/ Dgdpv hw do1
vkrz wkdw wklv dssurdfk uhvxowv lq dq dssursuldwh wuhdwphqw ri phdvxuh0
phqw huuru lq wkh ghshqghqw yduldeoh ri wkh uhjuhvvlrq prgho1 Dqrwkhu
dssolfdwlrq ri pxowlohyho prgholqj lq wkh iudphzrun ri LUW prghov zdv
jlyhq e| Plvohy| dqg Erfn +4<;<, zkhuh jurxs0ohyho dqg vwxghqw0ohyho
h�hfwv duh frpelqhg lq dq klhudufklfdo LUW prgho1 Erwk dssolfdwlrqv
fdq eh ylhzhg dv vshfldo fdvhv ri wkh jhqhudo dssurdfk suhvhqwhg khuh1
Wklv jhqhudo dssurdfk hqwdlov d pxowlohyho uhjuhvvlrq prgho rq wkh od0
whqw sur�flhqf| yduldeohv doorzlqj iru suhglfwruv rq wkh vwxghqw0ohyho dqg
jurxs0ohyho1 Wkh prwlydwlrq iru wklv dssurdfk lv wzrirog1 Iluvwo|/ olqhdu
pxowlohyho prghov duh edvhg rq wkh dvvxpswlrq ri krprvfhgdvwlflw|/ wkdw
lv/ lw lv dvvxphg wkdw wkh huuru frpsrqhqw lv lqghshqghqw ri wkh rxwfrph
yduldeoh +l1h1/ wkh vfruh ri wkh whvw wdnhu,1 Lq LUW/ phdvxuhphqw huuru fdq
eh gh�qhg orfdoo|/ iru lqvwdqfh/ dv wkh srvwhulru yduldqfh ri wkh delolw| sd0
udphwhu jlyhq d uhvsrqvh sdwwhuq1 Wklv orfdo gh�qlwlrq ri phdvxuhphqw
huuru uhvxowv lq khwhurvfhgdvwlflw|= Lq wkh Udvfk prgho/ iru lqvwdqfh/
wkh srvwhulru yduldqfh ri wkh delolw| sdudphwhu jlyhq dq h{wuhph vfruh
lv juhdwhu wkdq wkh srvwhulru yduldqfh ri wkh delolw| sdudphwhu jlyhq dq
lqwhuphgldwh vfruh +vhh/ iru lqvwdqfh/ Krlmwlqn ) Errpvpd/ 4<<8/ ss1
8</ Wdeoh 714,1 Vr vxpplqj xs/ wkh �uvw prwlyh iru dq LUW dssurdfk wr
pxowlohyho prghov suhvhqwhg khuh lv wkh pruh uhdolvwlf wuhdwphqw ri phd0
vxuhphqw huuru1 Wkh vhfrqg prwlyh lv wkdw/ frqwudu| wr revhuyhg vfruhv/
odwhqw vfruhv duh whvw0lqghshqghqw/ zklfk r�huv wkh srvvlelolw| ri dqdo|}0
lqj gdwd iurp lqfrpsohwh ghvljqv/ vxfk dv/ iru lqvwdqfh/ pdwul{0vdpsohg
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hgxfdwlrqdo dvvhvvphqwv/ zkhuh gl�huhqw +jurxsv ri, shuvrqv uhvsrqg wr
gl�huhqw +vhwv ri, lwhpv1

Dq lpsruwdqw gl�huhqfh ehwzhhq wkh dssurdfk e| Dgdpv hw do1 +4<<:,
dqg Plvohy| dqg Erfn +4<;<, dqg wkh suhvhqw rqh lv wkh hvwlpdwlrq sur0
fhgxuh= Lq wkh hduolhu dssurdfkhv pdujlqdo pd{lpxp olnholkrrg +PPO,
dqg Ed|hv prgdo surfhgxuhv +vhh/ iru lqvwdqfh/ Erfn ) Dlwnlq/ 4<;4>
Plvohy|/ 4<;9, zhuh xvhg/ zkloh wkh suhvhqw dssurdfk hqwdlov d ixoo|
Ed|hvldq surfhgxuh1 Ehorz/ lw zloo eh vkrzq wkdw dgrswlqj d ixoo|
Ed|hvldq iudphzrun uhvxowv lq d vwudljkwiruzdug dqg hdvlo| lpsohphqwhg
hvwlpdwlrq surfhgxuh1 Wkh surfhgxuh kdv vhyhudo dgydqwdjhv1 Iluvw/ d
ixoo| Ed|hvldq surfhgxuh vxssruwv gh�qlwlrq ri d ixoo suredelolw| prgho
iru txdqwli|lqj xqfhuwdlqw| lq vwdwlvwlfdo lqihuhqfhv +vhh/ iru lqvwdqfh/
Jhopdq/ Fduolq/ Vwhuq/ ) Uxelq/ 4<<8/ ss1 6,1 Erwk nqrzohgjh derxw
suhylrxv uhvhdufk dqg wkh gdwd froohfwlrq surfhvv fdq eh lqfrusrudwhg
lq wkh prgho1 Vhfrqg/ hvwlpdwhv ri prgho sdudphwhuv wkdw pljkw rwk0
huzlvh eh srruo| ghwhuplqhg e| wkh gdwd fdq eh hqkdqfhg e| lpsrvlqj
uhvwulfwlrqv rq wkhvh sdudphwhuv yld wkhlu sulru glvwulexwlrqv1 Iru h{dp0
soh/ sulruv fdq eh sodfhg rq wkh yduldqfh frpsrqhqwv lq fdvh ri d vpdoo
qxpehu ri Ohyho 5 xqlwv +vhh/ iru h{dpsoh/ Vhow}hu/ Zrqj/ ) Eu|n/ 4<<9,1
Wkh wklug/ dqg suredeo| prvw lpsruwdqw dgydqwdjh/ kdv wr gr zlwk wkh
iroorzlqj1 Wkh iudphzrun xvhg khuh lv forvho| uhodwhg wr wkh iudph0
zrun lqwurgxfhg e| Doehuw +4<<5,1 Uhfhqwo|/ wklv iudphzrun kdv ehhq
ixuwkhu hoderudwhg iru hvwlpdwlrq ri LUW prghov zlwk pxowlsoh udwhuv
+Sdw} ) Mxqnhu/ 4<<<e,/ whvwohw vwuxfwxuhv +Eudgorz/ Zdlqhu ) Zdqj/
4<<<> Zdlqhu/ Eudgorz/ ) Gx/ 5333,/ odwhqw fodvvhv +Krlmwlqn ) Proh0
qddu/ 4<<:, dqg pxowlglphqvlrqdo odwhqw delolwlhv +Eìjxlq ) Jodv/ 5334,1
Wkh xqli|lqj wkhph ri wkhvh dssolfdwlrqv lv wkh xvh ri d Pdunry fkdlq
Prqwh Fduor +PFPF, phwkrg iru Ed|hvldq lqihuhqfhv1 Wkh prwlydwlrq
iru wkh uhfhqw lqwhuhvw lq Ed|hvldq lqihuhqfh dqg PFPF pljkw eh wkdw
wkh frpsoh{ ghshqghqf| vwuxfwxuhv lq wkh phqwlrqhg prghov uhtxluh wkh
hydoxdwlrq ri pxowlsoh lqwhjudov wr vroyh wkh hvwlpdwlrq htxdwlrqv lq dq
PPO ru Ed|hv prgdo iudphzrun +Sdw} ) Mxqnhu/ 4<<<d,1 Lq wkh vhtxho/
lw zloo ehfrph fohdu wkdw wkhvh sureohpv duh hdvlo| dyrlghg lq dq PFPF
iudphzrun1 Wklv srlqw zloo eh uhwxuqhg wr lq wkh glvfxvvlrq vhfwlrq1

Wklv fkdswhu frqvlvwv ri �yh vhfwlrqv1 Diwhu wklv lqwurgxfwlrq vhfwlrq/
d jhqhudo pxowlohyho LUW prgho zloo eh suhvhqwhg1 Lq wkh qh{w vhfwlrq/ dq
PFPF hvwlpdwlrq surfhgxuh zloo eh ghvfulehg1 Wkhq/ lq wkh iroorzlqj
vhfwlrq/ h{dpsohv ri wkh surfhgxuh zloo eh jlyhq1 Dqg ilqdoo|/ wkh odvw
vhfwlrq frqwdlqv d glvfxvvlrq dqg vxjjhvwlrqv iru ixuwkhu uhvhdufk1
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51 Pxowlohyho LUW Prghov

514 Rqh0Zd| Udqgrp H�hfwv LUW DQRYD

Ehiruh ghvfulelqj wkh frpsohwh prgho frqvlghuhg khuh/ d vshfldo fdvh
zloo eh suhvhqwhg �uvw wr looxvwudwh wkh ghshqghqf| vwuxfwxuh ri d pxo0
wlohyho LUW prgho1 Frqvlghu d srsxodwlrq ri xqlwv/ vd| vfkrrov/ iurp
zklfk d vdpsoh ri xqlwv lqgh{hg m @ 4> = = = > M lv gudzq1 Lqglylgxdov/
vd| vwxghqwv lqgh{hg l @ 4> = = = > q� / duh qhvwhg zlwklq xqlwv1 Lq wklv
iudphzrun/ Eu|n dqg Udxghqexvk +4<<5, frqvlghu d wzr0Ohyho rqh0zd|
udqgrp h�hfwv DQRYD prgho1 Iru wkh iluvw ohyho/ wkh prgho lv jlyhq e|

\�� @ �� . h��> zlwk h�� q Q+3> �2,> +614,

wkh vhfrqg ohyho lv jlyhq e|

�� @ � . x� > zlwk x� q Q+3> �2,= +615,

Vr wkh prgho hqwdlov wkdw wkh Ohyho 4 xqlw phdqv duh vdpsohg iurp d
qrupdo glvwulexwlrq zlwk phdq � dqg yduldqfh �21 Shuvrqv zlwklq d xqlw
duh lqghshqghqw dqg wkh glvwxuedqfhv ri wkh uhjuhvvlrq frhiilflhqwv lq
gl�huhqw vfkrrov duh xqfruuhodwhg1 Wklv prgho fdq eh jhqhudol}hg wr dq
LUW iudphzrun e| lpsrvlqj wkh olqhdu vwuxfwxuh rq xqrevhuyhg odwhqw
yduldeohv ��� udwkhu wkdq rq revhuyhg yduldeohv \�� 1 Wkh dvvxpswlrq lv
lqwurgxfhg wkdw xqlglphqvlrqdo delolw| sdudphwhuv ��� duh lqghshqghqw
dqg qrupdoo| glvwulexwhg jlyhq �� 1 Vr ohw ��� m �� � Q+�� > �

2,1 Ixuwkhu/

�� � Q+�> �2,1 Frpelqlqj wkhvh wzr dvvxpswlrqv/ lw iroorzv wkdw wkh
mrlqw glvwulexwlrq ri wkh delolw| sdudphwhuv dqg wkh udqgrp uhjuhvvlrq
frh!flhqw lq jurxs m lv pxowlyduldwh qrupdo/ wkdw lv/5999997
���
�2�
111

�?��
��

6:::::8�Q

5999997

5999997
�
�
111
�
�

6:::::8 >
5999997
�2 . �2 �2 � � � � 2 �2

�2 �2 . �2 � � � � 2 �2

111
111

111
111

111
�2 �2 � � � �2 . �2 �2

�2 �2 � � � � 2 �2

6:::::8

6:::::8 = +616,

Vr/ wkrxjk orfdo lqghshqghqfh krogv zlwklq jurxsv/ ryhu jurxsv wkh delo0
lw| sdudphwhuv ri wkh uhvsrqghqwv duh ghshqghqw1 Dv qrwhg deryh/ wkhvh
nlqgv ri frpsoh{ fruuhodwhg vwuxfwxuhv vxjjhvw xvlqj d ixoo| Ed|hvldq
udwkhu wkdq dq PPO ru Ed|hv prgdo dssurdfk1 Krzhyhu/ wklv grhv qrw
phdq wkdw wkh odwwhu wzr dssurdfkhv duh frpsohwho| lqihdvleoh iru wkh
suhvhqw prgho/ wklv srlqw zloo eh uhwxuqhg wr lq wkh glvfxvvlrq1
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515 D Pxowlohyho LUW Prgho

Eu|n dqg Udxghqexvk +4<<5, suhvhqw wkh deryh rqh0zd| udqgrp hi0
ihfwv DQRYD prgho dv d vshfldo fdvh ri d jhqhudo prgho1 Lq dq LUW
frqwh{w/ wklv prgho wudqvodwhv wr d prgho jlyhq e|

��� @ �f� . = = =. �^�[^�� . = = =. �'�['�� . h�� > +617,

zlwk h�� q Q+3> �2,> dqg

�^� @ �^f . = = =. �^rZr^� . = = =. �^7Z7^� . x^� > +618,

iru t @ 3> = = = >T= Wkh Ohyho 5 huuru whupv/ x^� > t @ 3> = = = > T/ kdyh
d pxowlyduldwh qrupdo glvwulexwlrq zlwk d phdq htxdo wr }hur dqg d
fryduldqfh pdwul{W= Lq +6=7,/[^�� dqg �^� duh Ohyho 4 suhglfwru yduldeohv
dqg uhjuhvvlrq frhiilflhqwv/ uhvshfwlyho|1 Wkh odwwhu duh dvvxphg wr eh
udqgrp yduldeohv prghohg e| +6=8,/ zkhuh Zr^� dqg �^r duh Ohyho 5
suhglfwru yduldeohv dqg uhjuhvvlrq frhiilflhqwv/ uhvshfwlyho|1
Lq wkh deryh irupxodwlrq/ wkh frh!flhqwv ri doo wkh suhglfwruv lq wkh

Ohyho 4 prgho duh wuhdwhg dv udqgrp/ wkdw lv/ dv ydu|lqj dfurvv Ohyho 5
xqlwv1 Lq fhuwdlq dssolfdwlrqv/ lw fdq eh ghvludeoh wr frqvwudlq wkh h�hfwv
ri rqh ru pruh ri wkh Ohyho 4 suhglfwruv wr eh lghqwlfdo dfurvv Ohyho 5
xqlwv1 Wklv lv dffrpsolvkhg e| uhirupxodwlqj wkh klhudufklfdo prgho dv d
pl{hg prgho +Udxghqexvk/ 4<;;,1 Wkh lvvxhv dqg surfhgxuhv glvfxvvhg
ehorz dovr dsso| wr wkhvh pl{hg prgho vhwwlqjv1
Xs wr wklv srlqw/ wkh delolw| sdudphwhu � lv xqvshflilhg dqg xqnqrzq1

Lq wkh qh{w vhfwlrq/ dq LUW prgho dqg dq hvwlpdwlrq surfhgxuh zloo eh
lqwurgxfhg1

61 Dq PFPF Hvwlpdwlrq Surfhgxuh iru d
Pxowlohyho LUW Prgho

Uhfhqwo|/ Doehuw +4<<5, ghulyhg d surfhgxuh iru vlpxodwlqj vdpsolqj
iurp wkh srvwhulru glvwulexwlrq ri wkh lwhp dqg shuvrq sdudphwhuv ri wkh
wzr0sdudphwhu qrupdo rjlyh prgho xvlqj wkh Jleev vdpsohu +Jhoidqg/
Kloov/ Udflqh0Srrq/ ) Vplwk/ 4<<3> Jhopdq hw do1/ 4<<8> Jhpdq ) Jh0
pdq/ 4<;7,1 Lq wklv sdshu/ wklv dssurdfk zloo eh jhqhudol}hg wr wkh
pxowlohyho LUW prgho frqvlghuhg deryh1 Lq wkh qrupdo rjlyh prgho/
wkh suredelolw| ri d fruuhfw uhvsrqvh ri d shuvrq lqgh{hg lm rq dq lwhp
lqgh{hg n +n @ 4> ===>N,/ \��& @ 4/ lv jlyhq e|

S +\��& @ 4 m ���> d&> e&, @ � +d&��� � e&, > +619,

zkhuh � ghqrwhv wkh fxpxodwlyh vwdqgdug qrupdo glvwulexwlrq ixqfwlrq/
dqg d& dqg e& duh wkh glvfulplqdwlrq dqg gliilfxow| sdudphwhu ri lwhp



67 PXOWLOHYHO LUW= D ED\HVLDQ SHUVSHFWLYH

n/ uhvshfwlyho|1 Ehorz/ wkh sdudphwhuv ri lwhp n zloo dovr eh ghqrwhg
e| �&/ zlwk �& @ +d&> e&,

| +qrwh wkdw lwhp gl!fxow| lv ghqrwhg e| wkh
xvxdo fkrlfh e zkloh uhjuhvvlrq frh!flhqwv duh ghqrwhg e| �/ zklfk lv
wkh xvxdo fkrlfh lq olqhdu uhjuhvvlrq prghov1 Wkhvh sdudphwhuv vkrxog
qrw eh frqixvhg,1

Lq d Ed|hvldq iudphzrun/ wkh sdudphwhuv lq wkh prgho gh�qhg e|
+6=7,/ +6=8,/ dqg +6=9, duh ylhzhg dv udqgrp yduldeohv1 Lqihuhqfhv derxw
wkh sdudphwhuv duh pdgh lq whupv ri wkhlu srvwhulru glvwulexwlrq1 Krz0
hyhu/ dv zloo eh vkrzq ehorz/ wkh vlpxowdqhrxv srvwhulru glvwulexwlrq ri
doo prgho sdudphwhuv lv txlwh frpsolfdwhg1 Wkhuhiruh/ wkh frpsohwh vhw
ri sdudphwhuv lv vsolw xs lqwr d qxpehu ri vxevhwv lq vxfk d zd| wkdw
wkh frqglwlrqdo srvwhulru glvwulexwlrq ri hyhu| vxevhw jlyhq doo rwkhu sd0
udphwhuv kdv d wudfwdeoh irup dqg fdq eh hdvlo| vdpsohg1 Dq PFPF
surfhgxuh zloo eh xvhg iru gudzlqj vdpsohv iurp wkh frqglwlrqdo srv0
whulru glvwulexwlrqv1 Wkh PFPF fkdlqv zloo eh frqvwuxfwhg xvlqj wkh
Jleev vdpsohu1

Wr lpsohphqw wkh Jleev vdpsohu iru wkh qrupdo rjlyh prgho/ Doehuw
+4<<5, dxjphqwv wkh gdwd e| lqwurgxflqj lqghshqghqw udqgrp yduldeohv
]��&/ zklfk duh dvvxphg wr eh qrupdoo| glvwulexwhg zlwk phdq d&����e&
dqg yduldqfh htxdo wr rqh1 Lw lv dvvxphg wkdw \��& @ 4 li ]��& A 3
dqg \��& @ 3 rwkhuzlvh1 Ohw ] @ +]���> = = = > ]?aag, zlwk uhdol}dwlrq
} @ +}���> = = = > }?aag, dqg ohw � dqg � eh wkh yhfwruv ri doo shuvrq dqg
lwhp sdudphwhuv/ uhvshfwlyho|1 Wkrxjk wkh mrlqw glvwulexwlrq ri +]>�>�,
kdv dq lqwudfwdeoh irup/ wkh ixoo| frqglwlrqdo glvwulexwlrq ri hdfk ri wkh
wkuhh sdudphwhuv duh hdv| wr vlpxodwh1 Hdfk lwhudwlrq p frqvlvwv ri
wkuhh vwhsv= +4, gudz ]6n� iurp lwv glvwulexwlrq jlyhq �6 dqg �6> +5,
gudz �6n� iurp lwv glvwulexwlrq jlyhq ]6n� dqg �6/ dqg +6, gudz �6n�

iurp lwv glvwulexwlrq jlyhq ]6n� dqg �6n�= Lq wkh qh{w vhfwlrq/ lw zloo
eh vkrzq wkdw wklv lghd fdq eh h{whqghg wr hvwlpdwlrq ri wkh srvwhulru
glvwulexwlrq ri doo sdudphwhuv lq wkh pxowlohyho LUW prgho1

614 Hvwlpdwlrq ri wkh Pxowlohyho LUW Prgho xvlqj Jleev

Vdpsolqj

Lq wkh suhvhqw fdvh/ wkh gdwd frqvlvw ri wkh lwhp uhvsrqvhv \/ dqg wkh
ydoxhv ri wkh Ohyho 4 dqg 5 h{sodqdwru| yduldeohv/ ghqrwhg e| [ dqg
Z/ uhvshfwlyho|1 Ehvlghv wkh sdudphwhuv ]>� dqg �/ wkh prgho kdv dv
sdudphwhuv wkh Ohyho 4 uhjuhvvlrq frh!flhqwv �/ wkh Ohyho 5 frh!flhqwv
�/ dqg wkh yduldqfh frpsrqhqwv �2 dqg W1 Dv d uhvxow/ wkh ixoo srvwhulru
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glvwulexwlrq ri wkh sdudphwhuv jlyhq wkh gdwd lv jlyhq e|

s
�
}>�> �>�>�2>�>W m |>[>Z

�
2

a\
�'�

?�\
�'�

%%
g\
&'�

s +}��& m ��� >�&> |��&,

&

s
�
��� m �� > �

2>[�

� �
s
�
�� m �>W>Z�

�
s +� m W, s +�, s

�
�2
�
s +W, >

zlwk ��> [� dqg Z� wkh Ohyho 4 uhjuhvvlrq frh!flhqwv dqg wkh Ohyho 4
dqg 5 h{sodqdwru| yduldeohv ri jurxs m/ uhvshfwlyho|1 Wkh h{dfw gh�qlwlrq
ri[� dqgZ� dv pdwulfhv zloo eh uhwxuqhg wr ehorz1 Iurp wkh gh�qlwlrq
ri ]��& lw iroorzv wkdw

s +}��& m ��� >�&> |��&, 2 ! +}��&> d&��� � e&> 4, ^L +}��& A 3, L +|��& @ 4,

. L +}��& � 3, L +|��& @ 3,` >

zkhuh !+=> d&����e&> 4, vwdqgv iru wkh qrupdo ghqvlw| zlwk d phdq htxdo
wr d&����e& dqg d yduldqfh htxdo wr rqh/ dqg L +=, lv dq lqglfdwru yduldeoh
wdnlqj wkh ydoxh rqh li lwv dujxphqw lv wuxh/ dqg wdnlqj wkh ydoxh }hur
rwkhuzlvh1
Dv zlwk wkh edvlf wzr0sdudphwhu LUW prgho +vhh/ iru lqvwdqfh/ Erfn

) Dlwnlq/ 4<;4, wkh prgho pxvw eh lghqwl�hg e| �{lqj wkh ruljlq dqg
vfdoh ri wkh odwhqw glphqvlrq1 Xvxdoo|/ wklv fdq eh grqh e| �{lqj wkh
phdq dqg wkh yduldqfh ri wkh delolw| glvwulexwlrq wr }hur dqg rqh/ uh0
vshfwlyho|1 Dq dowhuqdwlyh lv lpsrvlqj wkh lghqwli|lqj uhvwulfwlrqv rq wkh
lwhp sdudphwhuv1 Vlqfh lpsrvlqj

T
& d& @ 4 dqg

S
& e& @ 3 zrxog uh0

txluh uhvfdolqj doo gudzq ydoxhv lq hyhu| lwhudwlrq/ d frqyhqlhqw zd| lv
wr �{ rqh glvfulplqdwlrq sdudphwhu wr rqh/ dqg rqh gl!fxow| wr }hur1
Dvvxplqj lqghshqghqfh ehwzhhq wkh lwhp gl!fxow| dqg glvfulplqd0

wlrq sdudphwhu vlpsol�hv wkh fkrlfh ri wkh sulru/ ehfdxvh lqghshqghqw
vhwv ri sdudphwhuv pd| eh frqvlghuhg vhsdudwho|1 D qrqlqirupdwlyh sulru
iru wkh gl!fxow| dqg glvfulplqdwlrq sdudphwhu/ zklfk lqvxuhv wkdw hdfk
lwhp zloo kdyh d srvlwlyh glvfulplqdwlrq lqgh{/ ohdgv wr wkh vlpxowdqh0
rxv qrqlqirupdwlyh sulru s +�, @ s +d, s +e, 2

Tg
&'� L +d& A 3,1 Wkh

rwkhu sulruv zloo eh glvfxvvhg ehorz1 Wkh ixoo srvwhulru glvwulexwlrq
kdv dq lqwudfwdeoh irup dqg zloo eh yhu| gl!fxow wr vlpxodwh1 Wkhuh0
iruh/ d Jleev vdpsolqj dojrulwkp zloo eh xvhg zkhuh wkh wkuhh vwhsv
ri wkh ruljlqdo dojrulwkp e| Doehuw +4<<5, duh h{whqghg wr vhyhq vwhsv1
Hdfk vwhs frqvlvw ri vdpsolqj iurp wkh srvwhulru ri rqh ri wkh vhyhq sd0
udphwhu yhfwruv ]>�> �>�> �2>�>W frqglwlrqdoo| rq doo rwkhu sdudphwhuv1
Wkhvh ixoo| frqglwlrqdo glvwulexwlrqv duh hdfk wudfwdeoh dqg hdv| wr vlp0
xodwh1 Vr wkh uhpdlqlqj sureohp lv �qglqj wkh frqglwlrqdo glvwulexwlrqv
ri ]>�>�>�>�> �2 dqg W/ uhvshfwlyho|1
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Vwhs 4= Vdpsolqj ]= Jlyhq wkh sdudphwhuv � dqg �/ wkh yduldeohv ]��&
duh lqghshqghqw/ dqg

]��& m �> �>\ q Q +d&��� � e&> 4, +61:,

wuxqfdwhg dw wkh ohiw e| 3 li \��& @ 4> wuxqfdwhg dw wkh uljkw e| 3 li
\��& @ 3=

Vwhs 5= Vdpsolqj �= Wkh delolw| sdudphwhuv duh lqghshqghqw jlyhq
]>�>� dqg �21 Xvlqj htxdwlrq +6=8, dqg +6=:, lw iroorzv wkdw

s
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��� m }��> �>�� > �

2
�
2 s +}�� m ���> �, s
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��� m �� > �

2
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2 h{s
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5
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+}��& . e& � d&���,
2

$

h{s

�
�4

5�2
�
��� �[����

�2�
> +61;,

zkhuh [�� lv d pdwul{ ri wkh h{sodqdwru| yduldeohv ri shuvrq l ri jurxs

m/ wkdw lv/ [�� @ +[f��> = = = >['��,
| =

Lqvshfwlrq vkrzv wkdw +61;, lv d qrupdo prgho iru wkh uhjuhvvlrq ri
]��& . e& rq d& zlwk ��� dv d uhjuhvvlrq frhiilflhqw/ zkhuh ���/ kdv d
qrupdo sulru sdudphwhul}hg e| �� dqg �2 +h1j1/ vhh/ Er{ ) Wldr/ 4<:6/
ss1 :70:8> Olqgoh| ) Vplwk/ 4<:5,1 Vr wkh ixoo| frqglwlrqdo srvwhulru
ghqvlw| ri ��� lv jlyhq e|

��� m ]�� >�>�� > �
2
q Q

#e���@y .[����@�
2

4@y . 4@�2
>

4

4@y . 4@�2

$
> +61<,

zlwk

e��� @ Sg
&'� d& +}��& . e&,Sg

&'� d
2
&

>

dqg y @
�Sg

&'� d
2
&

�3�
=

Vwhs 6= Vdpsolqj �= Frqglwlrqdo rq �/ ]& @ +]��&> = = = > ]?aa&,
| vdwlv0

�hv wkh olqhdu prgho

]& @
�
� �4

�
�& . %&> +6143,
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zkhuh %& @ +%��&> = = = > %?aa&,
| lv d udqgrp vdpsoh iurp Q +3> L� ,1 Frp0

elqlqj +6143, zlwk wkh sulru iru �/ lw iroorzv wkdw

s +�& m }>�>�, 2
a\
�'�

?�\
�'�

s +}��&>d&��� � e&> 4, s +�&,

2 h{s

�
�4

5
+}& �K�&,

| +}& �K�&,

�
s +�&,

zlwk K @
�
� �4

�
= Wkhuhiruh/

�& m �>]& q Q
�e�&> �K|K

�3��
L +d& A 3, > +6144,

zkhuh e�& lv wkh xvxdo ohdvw vtxduhv hvwlpdwru edvhg rq +6=43,1

Vwhs 7= Vdpsolqj �= Gh�qh [� @
�
[�� > = = = >[��> ===>[?��

�|
/ zlwk [��

dv gh�qhg lq Vwhs 51 Ixuwkhu/ Z� lv wkh gluhfw surgxfw ri Z^� @

+Zf^� > = = = >Z7^�,
| dqg d +T.4, lghqwlw| pdwul{/ wkdw lv/Z� @ iZ^�j


L'n� +wkh gluhfw surgxfw lv dovr nqrzq dv whqvru surgxfw ru Nurqhfnhu
surgxfw,1 Wkhq wkh ixoo| frqglwlrqdo srvwhulru ghqvlw| ri �� lv jlyhq e|
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�|
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�
�� �Z��
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zlwk e�� @
�
[|

�[�

�3�
[|

��� = Qrwlfh wkdw wkh ixoo| frqglwlrqdo srvwhulru

ri �� hqwdlov d prgho iru wkh uhjuhvvlrq ri �� rq[�/ zlwk �� dv uhjuhvvlrq
frhiilflhqwv/ zkhuh wkh uhjuhvvlrq frhiilflhqwv kdyh d qrupdo sulru lqgxfhg
e| wkh Ohyho 5 prgho +617,/ wkdw lv/ wkh uhjuhvvlrq ri �� rq Z�= Ghilqh
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�3�
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e�� .W

3�Z�� dqg G @
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	3�
� .W3�

�3�
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Wkhq lw iroorzv wkdw

�� m �� > �
2>�>W q Q +Gg>G, = +6145,

Vwhs 8= Vdpsolqj �= Wkh pdwul{ � lv wkh pdwul{ ri uhjuhvvlrq frh!0
flhqwv iru wkh uhjuhvvlrq ri �� rqZ�= Wkh xqeldvhg hvwlpdwru iru � zloo
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eh wkh jhqhudol}hg ohdvw vtxduhv hvwlpdwru1 Ehfdxvh
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b h{s
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xvlqj dq lpsurshu qrqlqirupdwlyh sulru ghqvlw| iru � uhvxowv lq

� m ��>W q Q+h�>
, +6146,

zkhuh

h� @

3C a[
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3�Z�

4D3�
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3��� >

dv wkh jhqhudol}hg ohdvw vtxduhv hvwlpdwru iru � dqg


 @

3C a[
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Z|
�W

3�Z�

4D3�

lv wkh frqglwlrqdo srvwhulru yduldqfh1
Vwhs 9= Vdpsolqj �2= Wkh frqmxjdwh sulru ghqvlw| iru wkh yduldqfh

�2 lv wkh Lqy � "2
�
yf> �

2
f

�
1 Xsrq vhwwlqj yf @ 3/ lw iroorzv wkdw wkh

qrqlqirupdwlyh sulru ghqvlw| iru wkh yduldqfh lv s
�
�2
�
b �32= Wkhq wkh

frqglwlrqdo srvwhulru glvwulexwlrq iru �2 lv jlyhq e|
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�
1 Wkxv/ wkh srvwhulru glv0

wulexwlrq ri �2 jlyhq � dqg � lv dq lqyhuvh0fkl0vtxduh glvwulexwlrq/ wkdw
lv/

�2 m �>� q Lqy � "2
�
Q>V2

�
= +6147,

Wkh sulru ghqvlw| iru wkh yduldqfh �2 lv lpsurshu/ exw |lhogv d surshu
frqglwlrqdo srvwhulru ghqvlw| iru �21

Vwhs := Vdpsolqj W= Deryh/ Z� dqg �� duh ghilqhg dv wkh pdwul{ ri
h{sodqdwru| yduldeohv dqg wkh yhfwru ri uhjuhvvlrq frhiilflhqwv iru Ohyho
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5 xqlw m/ uhvshfwlyho|1 Wkh Ohyho 5 prgho iru wklv xqlw fdq eh zulwwhq dv
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qrq0lqirupdwlyh sulru iru W1 Djjuhjdwlqj ryhu Ohyho 5 xqlwv uhvxowv lq
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dqg wkh srvwhulru glvwulexwlrq ri W jlyhq � dqg � lv dq lqyhuvh0Zlvkduw
glvwulexwlrq/ wkdw lv/

W m �>� q lqy �Zlvkduw
�
M>V3�

�
= +6148,

Zlwk lqlwldo ydoxhv �Ef�>�Ef�>�Ef�> �2
Ef�
>�Ef�>dqg WEf�> wkh Jleev vdp0

sohu lwhudwlyho| vdpsohv ]/ �/ �/ �/ �/ �2 dqg W iurp wkh glvwulexwlrqv
+61:,/ +61<,/ +6144,/ +6145,/ +6146,/ +6147, dqg +6148,1 Wkh frpsrqhqwv
duh xsgdwhg lq wkh rughu jlyhq e| vwhsv 40: deryh1 Urehuwv dqg Vdkx
+4<<:, vkrzhg wkdw d gl�huhqw xsgdwlqj vwudwhj| fdq d�hfw wkh vshhg
ri frqyhujhqfh1 Ixuwkhupruh/ wkh| vkrz wkdw lq fdvh ri d klhudufklfdoo|
vwuxfwxuhg sureohp wkh vwudwhj| ri lwhudwlyho| xsgdwlqj wkh frpsrqhqwv
lq wkh �{hg rughulqj lv wkh ehvw1
Wkh ydoxhv ri wkh lqlwldo hvwlpdwhv duh dovr lpsruwdqw iru wkh udwh ri

frqyhujhqfh1 Zkhq srru lqlwldo ydoxhv duh fkrvhq/ frqyhujhqfh zloo eh
yhu| vorz1 Frqvlghu/ iru h{dpsoh/ +61<,1 Zkhq wkh sdudphwhuv ri wkh
pxowlohyho prgho duh hvwlpdwhg frqglwlrqdo rq srru hvwlpdwhv ri �/ wkh
srru hvwlpdwhv ri wkh pxowlohyho prgho sdudphwhuv zloo vxevhtxhqwo| sur0
gxfh srru hvwlpdwhv ri wkh delolw| sdudphwhuv1 Wklv lv ehfdxvh/ lq Vwhs 5
wkh suhglfwlrq ri � iurp wkh pxowlohyho prgho zloo grplqdwh wkh vdpsohg
ydoxhv ri � zkhq wkh Ohyho 4 uhvlgxdo yduldqfh �2 lv vpdoohu wkdq wkh
yduldqfh ri e�/ wkdw lv/ y1 Vr diwhu vrph lwhudwlrqv/ doo wkh vdpsohg ydoxhv
ri wkh sdudphwhuv duh idu dzd| iurp wkh rswlpdo sdudphwhu ydoxhv/ zkloh
�2 uhpdlqv vpdoohu wkdq y1 Lw zloo wdnh d orw ri lwhudwlrqv wr dowhu wklv
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sdwwhuq1 Wkhuhiruh/ wkh iroorzlqj surfhgxuh fdq eh xvhg wr rewdlq ehw0
whu lqlwldo hvwlpdwhv1 Iluvw/ PPO hvwlpdwhv ri wkh lwhp sdudphwhuv duh
pdgh xqghu wkh xvxdo dvvxpswlrq wkdw � lv qrupdoo| glvwulexwhg zlwk
� @ 3 dqg � @ 4 +vhh/ Erfn ) Dlwnlq/ 4<;4> Plvohy|/ 4<;9,1 Dqrwkhu
vxjjhvwlrq pljkw eh wr frpsxwh lqlwldo ydoxhv xvlqj d glvwlqfw delolw|
glvwulexwlrq iru hyhu| vxejurxs m1 Wkhvh hvwlpdwhv fdq eh frpsxwhg xv0
lqj wkh surjudp Elorj0PJ +]lprzvnl/ Pxudnl/ Plvohy|/ ) Erfn/ 4<<9,1
Wkhq/ xvlqj gudzv iurp wkh qrupdo dssur{lpdwlrq ri wkh vwdqgdug huuruv
ri wkh sdudphwhu hvwlpdwhv ri Elorj0PJ dv vwduwlqj ydoxhv/ wkh PFPF
surfhgxuh e| Doehuw +4<<5, iru hvwlpdwlqj wkh qrupdo rjlyh prgho fdq eh
uxq1 Wkdw lv/ zlwk wkh dvvxpswlrq wkdw � lv vwdqgdug qrupdo glvwulexwhg
irupxod +61<, ehfrphv

��� m ]��&>� q Q

# e���@y
4@y . 4

>
4

4@y . 4

$
> +6149,

dqg ]> � dqg � fdq eh vdpsohg iurp wkh glvwulexwlrqv +61:,/ +6149, dqg
+6144,1 Dv wkh Jleev vdpsohu kdv uhdfkhg frqyhujhqfh/ wkh phdqv ri
wkh vdpsohg ydoxhv ri +]>�> �, duh frpsxwhg wr vwduw vdpsolqj iurp wkh
glvwulexwlrqv +6145,/ +6146,/ +6147, dqg +6148,1 Diwhu frqyhujhqfh/ phdqv
ri wkh vdpsohg ydoxhv ri

�
�>�> �2>W

�
duh xvhg dv lqlwldo hvwlpdwhv1 Lw lv

dovr srvvleoh wr xvh dq HP dojrulwkp iru hvwlpdwlqj
�
�>�> �2>W

�
zlwk

wkh e� +vhh/ iru lqvwdqfh/ Eu|n ) Udxghqexvk/ 4<<5,1 Rqfh doo lqlwldo
ydoxhv duh hvwlpdwhg/ htxdwlrq +6149, fdq eh uhsodfhg e| +61<,/ dqg wkh
frpsohwh vhyhq0vwhs PFPF surfhgxuh fdq eh vwduwhg iru dq hvwlpdwlrq
ri
�
]>�> �>�>�> �2>W

�
1

71 Vlpxodwhg dqg Uhdo0Gdwd H{dpsohv

Lq wklv vhfwlrq/ d vlpxodwhg gdwd vhw dqg d gdwd vhw iurp d Gxwfk
sulpdu| vfkrro pdwkhpdwlfv whvw duh dqdo|}hg1 Wkh vlpxodwhg gdwd vhw
zloo eh xvhg wr looxvwudwh wkh sdudphwhu uhfryhu| zlwk wkh Jleev vdpsohu1
Wkh Gxwfk sulpdu| vfkrro pdwkhpdwlfv whvw zloo eh xvhg wr looxvwudwh wkh
sudfwlfdo lpsdfw ri wkh sursrvhg pxowlohyho LUW prgho1

714 D Qxphulfdo H{dpsoh

Wr looxvwudwh sdudphwhu uhfryhu|/ gdwd zhuh vlpxodwhg xvlqj d pxowl0
ohyho prgho zlwk rqh h{sodqdwru| yduldeoh rq erwk ohyhov1 Wkh prgho lv
jlyhq e|

��� @ �f� . ���[��� . h�� +614:,

�f� @ �ff . �f�Z�f� . xf�

��� @ ��f . ���Z��� . x�� >
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zlwk h�� q Q
�
3> �2

�
dqg x^� q Q

�
3> �2^

�
= Uhvsrqvh sdwwhuqv zhuh jhq0

hudwhg dffruglqj wr d qrupdo rjlyh LUW prgho iru d whvw ri N @ 53
glfkrwrprxv lwhpv1 Wkh jhqhudwlqj ydoxhv ri wkh lwhp sdudphwhuv duh
vkrzq xqghu wkh odeho Jhqhudwhg lq Wdeoh 6141 Wkh delolw| sdudphwhuv
ri 5> 333 vwxghqwv zhuh glylghg ryhu M @ 43 jurxsv ri q� @ 533 vwx0
ghqwv hdfk/ dqg jhqhudwhg zlwk wkh pxowlohyho prgho jlyhq e| +614:,1
Wkh wuxh ydoxhv iru wkh �{hg h�hfwv � dqg wkh yduldqfh frpsrqhqwv �f>
�� dqg � duh vkrzq xqghu wkh odeho Jhqhudwhg lq Wdeoh 6151 Wkh h{0
sodqdwru| yduldeohv [ dqg Z zhuh gudzq iurp Q +3> 4, dqg Q +4@5> 4,/
uhvshfwlyho|1
Zlwk Elorj0PJ hvwlpdwhv dv vwduwlqj ydoxhv/ wkh qrupdo rjlyh prgho

zdv hvwlpdwhg zlwk wkh PFPF surfhgxuh ri Doehuw +4<<5,1 Vxevh0
txhqwo|/ wkh sdudphwhuv ri wkh pxowlohyho prgho zhuh vdpsohg/ jlyhq
wkh sdudphwhuv ri wkh qrupdo rjlyh prgho1 Lq wkh vlpxodwlrq vwxg|/ 833
lwhudwlrqv zhuh qhhghg wr hvwlpdwh wkh qrupdo rjlyh prgho dqg dqrwkhu
833 lwhudwlrqv zhuh qhhghg wr frpsxwh wkh sdudphwhuv ri wkh pxowlohyho
prgho1 Diwhu wkdw/ 53> 333 lwhudwlrqv zhuh pdgh wr hvwlpdwh wkh sd0
udphwhuv ri wkh pxowlohyho LUW prgho41 Wkh frqyhujhqfh ri wkh Jleev
vdpsohu zdv fkhfnhg e| prqlwrulqj wkh h{shfwhg d srvwhulrul hvwlpdwh
ri hdfk sdudphwhu dqg lwv srvwhulru vwdqgdug ghyldwlrq iru vhyhudo frq0
vhfxwlyh vhtxhqfhv ri 4> 333 lwhudwlrqv1 Wkh Jleev vdpsohu kdv uhdfkhg
frqyhujhqfh li gl�huhqfhv duh vpdoo1 Wkh vdpsoh yduldqfh ri wkh lqglylg0
xdo gudzv zdv xvhg dv dq hvwlpdwru iru wkh srvwhulru yduldqfh +vhh/ iru
lqvwdqfh/ Sdw} ) Mxqnhu/ 4<<<e,1
Lq Wdeoh 614/ wkh hvwlpdwhv ri wkh lwhp sdudphwhuv lvvxhg iurp wkh

Jleev vdpsohu duh jlyhq xqghu wkh odeho Jleev Vdpsohu1 Wkh lwhp sd0
udphwhu hvwlpdwhv duh wkh phdqv ri wkh jhqhudwhg srvwhulru glvwulexwlrqv1
Wkh uhsruwhg vwdqgdug ghyldwlrqv duh wkh hvwlpdwhg srvwhulru vwdqgdug
ghyldwlrqv1 Lq wkh Ed|hvldq iudphzrun/ fuhglelolw| lqwhuydov duh fdofx0
odwhg dv frq�ghqfh uhjlrqv iru wkh sdudphwhuv dqg wkh| duh jlyhq lq wkh
froxpq odehohg FL1 Wkhvh fuhglelolw| lqwhuydov duh wkh <8(0htxdo0wdlohg0
lqwhuydov zkrvh hqgsrlqwv duh wkh 5=8 dqg <:=8 shufhqwlohv ri wkh pdujlqdo
srvwhulru glvwulexwlrq ri wkh sdudphwhuv1
Iljxuh 614 suhvhqwv wkh srvwhulru ghqvlwlhv ri d& iru irxu vshflilf lwhpv1

Lq hdfk sorw ri Iljxuh 614/ wzr olqhv duh sorwwhg uhsuhvhqwlqj wkh ghqvlw|
hvwlpdwhv edvhg rq 833 dqg 53> 333 vlpxodwhg ydoxhv/ uhvshfwlyho|1 Lw
fdq eh vhhq wkdw wkh iluvw 833 ydoxhv/ zklfk zhuh surgxfhg zlwk wkh
Jleev vdpsohu wr jhw lqlwldo hvwlpdwhv/ zhuh txlwh uhpryhg iurp wkh
�qdo hvwlpdwhv1

4Rq d Shqwlxp LL effpK} frpsxwhu/ 2fc fff lwhudwlrqv wrrn derxw �f krxuv1 Wkh V0Soxv
+Pdwkvriw/ 4<<<, frgh fdq eh grzqordghg iurp kwws=22xvhuv1hgwh1xwzhqwh1qo2ir{1
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Wdeoh 6141 Lwhp sdudphwhu hvwlpdwhv ri wkh qrupdo rjlyh LUW prgho xvlqj wkh Jleev
vdpsohu1

Jhqhudwhg Jleev Vdpsohu
Lwhp @& K& @& v1g1 FL K& v1g1 FL

� �Sef �ffe �SHb �fDS d�DH.c �Hfbo f f dfc fo
2 ��f�� 3�f�b �bH2 �f.2 d�HD2c ����.o 3�f�2 �fDe d3��2ec �fHDo
� �b�b 3�DfH �bDe �f.2 d�H2Sc ���f.o 3�D�� �fDD d3�S2Sc3�e��o
e �.Hf 3�fSS �.eS �fDH d�S�Hc �HSbo 3���. �feD d3�2fHc3�f��o
D �H2e 3��Hf �HbS �fS. d�..Sc ��f�Ho 3�2�2 �fDf d3���Sc3��2�o
S �..2 3�f�. �H�2 �fS� d�.�.c �bSeo 3�f�S �feH d3����c �f.Do
. �bf� 3�be2 �HeH �fSH d�.2Sc �bb�o 3�Hb� �fD� d3��ff2c3�.b�o
H �.Hb ��SH �H2� �fS� d�.�fc �bDDo ��fH �fe. d�f��c ��beo
b �b�D �fff �H.. �fSS d�.DHc ��f2�o 3�ff2 �feb d3��fec �fHHo
�f �bS. �Sf� �bbH �f.D d�HSfc ���DSo �DS� �fDe d�eDfc �SS�o
�� ��fH. 3�f�f ��fb� �f.H d�bD�c ��2S�o 3�f�2 �fD. d3��D2c �f.eo
�2 �bHf 3�DfS ��fe. �f.. d�bfbc ��2�2o 3�Deb �fD. d3�SS.c3�ee�o
�� ���2e �eDH ����� �fHf d�bS�c ��2H�o �e�� �fDb d�2bfc �D2fo
�e �beD 3�Sb� �b�H �f.� d�H�ec ��fb�o 3�S.b �fDe d3�.b�c3�DHfo
�D ��f�b 3�2�D ��f�2 �f.2 d�HHfc ���S.o 3�2S� �fDD d3��.Hc3��Seo
�S ��ff2 3�ef2 � f d�c �o 3��.� �fD� d3�e.bc3�2.�o
�. �S.S �eD� �Sf2 �fD2 d�DfSc �.��o �eS. �fef d��HSc �Deeo
�H �HeD 3�D.H �H2e �fSe d�.fbc �bS�o 3�DHH �fDf d3�Sb�c3�ebSo
�b �.bS �fD2 �be� �fSb d�H�Hc ��fb2o �feS �fD� d3�fSfc ��e2o
2f �.22 ���D �.bb �fS� d�SHbc �b��o ��fS �feS d�f�2c ��b�o

Wdeoh 615 suhvhqwv wkh uhvxowv ri wkh hvwlpdwlrq ri wkh il{hg h�hfwv dqg
wkh yduldqfh frpsrqhqwv ri wkh prgho1 Qrwlfh wkdw wkh frqyhqwlrqdo pxo0
wlohyho whuplqrorj| lv vwloo xvhg dowkrxjk doo sdudphwhuv zhuh wuhdwhg dv
udqgrp lq wkh hvwlpdwlrq surfhgxuh1 Wkh srvwhulru phdqv dqg vwdqgdug
ghyldwlrqv hvwlpdwhv frpsxwhg zlwk wkh Jleev vdpsohu duh jlyhq xqghu
wkh odeho Jleev Vdpsohu1 Lw fdq eh vhhq wkdw wkh wuxh sdudphwhu ydo0
xhv duh zhoo zlwklq wkh frpsxwhg fuhglelolw| lqwhuydov h{fhsw iru ��f dqg
���1 Dv dq dgglwlrqdo fkhfn rq wkh surfhgxuh/ wkh �{hg h�hfwv dqg ydul0
dqfh frpsrqhqwv zhuh dovr hvwlpdwhg iurp wkh wuxh delolw| sdudphwhuv
� xvlqj KOP iru Zlqgrzv +Eu|n/ Udxghqexvk/ ) Frqjgrq/ 4<<9,1 Lq
sudfwlfh/ wkhvh delolw| sdudphwhuv duh/ ri frxuvh/ xqnqrzq1 Lqvshfwlrq
vkrzv wkdw wkh hvwlpdwhv lvvxhg e| wkh wzr phwkrgv zhuh txlwh forvh1
Wkdw lv/ wkh sdudphwhu ydoxhv iurp KOP duh zhoo zlwklq wkh frpsxwhg
fuhglelolw| lqwhuydov1 Wkh hvwlpdwhv uhvxowlqj iurp KOP duh edvhg rq
wkh wuxh delolw| sdudphwhu/ zklfk uhvxowv lq pruh dffxudwh hvwlpdwhv1 Lw
vhhpv wkdw d ixoo| Ed|hvldq phwkrg zklfk lqfoxghv doo wkh xqfhuwdlqw| lq
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Iljxuh 6141 Srvwhulru ghqvlwlhv ri @& iru lwhpv 5/ 8/ : dqg ;1 Grwwhg olqh lv dq hvwlpdwh
ri ghqvlw| diwhu Dff ydoxhv/ dqg vrolg olqh lv dq hvwlpdwh ri ghqvlw| diwhu 2fc fff ydoxhv1

wkh sureohp qhhgv odujhu vdpsoh vl}hv wr pdnh dghtxdwh lqihuhqfhv1 Rq
wkh rwkhu kdqg/ frpsdulqj PPO dqg ixoo| Ed|hvldq hvwlpdwhv ri dq LUW
prgho iru uhvsrqvhv wr whvwohwv/ Jodv/ Zdlqhu/ dqg Eudgorz +5333, dujxh
wkdw wkh vpdoohu vl}h ri wkh iuhtxhqwlvw frq�ghqfh lqwhuydov lv uhodwhg wr
wkh idfw wkdw wkh| duh edvhg rq dq dv|pswrwlf dssur{lpdwlrq wkdw grhv
qrw wdnh wkh vnhzqhvv lqwr dffrxqw1 Reylrxvo|/ pruh uhvhdufk frpsdulqj
wkh wzr dssurdfkhv qhhgv wr eh grqh1
Ilqdoo|/ lw lv ri lqwhuhvw wr hydoxdwh zkhwkhu wkh pxowlohyho LUW prgho

zdv dq lpsuryhphqw ryhu wkh xvxdo pxowlohyho prgho rq wkh revhuyhg
vfruhv1 Wkh olqhdu prgho rq wkh revhuyhg vfruhv lv ohvv frpsoh{ wkdq wkh
pxowlohyho LUW prgho/ exw lw zdv h{shfwhg wkdw xvlqj revhuyhg vfruhv
lqvwhdg ri odwhqw vfruhv dv ghshqghqw yduldeohv zloo uhvxow lq ohvv suhflvlrq
lq sdudphwhu uhfryhu|1 Iru frpsdudwlyh sxusrvhv/ wkh xqzhljkwhg vxpv
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Wdeoh 6151 Sdudphwhu hvwlpdwhv ri wkh pxowlohyho prgho/ zlwk wkh Jleev vdpsohu dqg
KOP iru Zlqgrzv1

Jhqhudwhg KOP Jleev Vdpsohu
Il{hg Frh!flhqw Frh!flhqw v1h1 Frh!flhqw v1g1 FL
H�hfwv

�ff 3��f 3��SS ���S 3���b ��H2 d3�SH�c �fe�o
�f� ��D �2b� ��Df �2fb �2�H d3�2.fc �Sbfo
��f ��D �e�� �fe2 �e.H �fS� d��S�c �Sf�o
��� � �b2b �fH� �.2H ��2� d�eHSc �b.�o

Udqgrp Yduldqfh Yduldqfh Yduldqfh v1g1 FL
H�hfwv Frpsrqhqwv Frpsrqhqwv Frpsrqhqwv

�f �� ���� ��Df �f�H d�fHDc �2S2o
�� �� �fb� �fb. �ff. d�fD�c ��SHo
j �2 ��bb ��.H �ffS d���Sc �2fDo

ri wkh lwhp uhvsrqvhv zhuh uhvfdohg wr d vwdqgdug qrupdo glvwulexwlrq1
Wkhvh uhvfdohg vfruhv zloo eh fdoohg ]0vfruhv1 Wdeoh 616 jlyhv wkh uhvxowv
ri wkh hvwlpdwlrq zlwk KOP iru Zlqgrzv xvlqj wkh wuxh vwdqgdugl}hg
delolw| sdudphwhuv dqg ]0vfruhv1 Iurp Wdeoh 615 dqg 616/ lw fdq eh
yhul�hg wkdw wkh hvwlpdwhv frpsxwhg xvlqj ]0vfruhv gl�hu vxevwdqwldoo|
iurp wkh dqdorjrxv hvwlpdwhv frpsxwhg xqghu d olqhdu prgho rq wkh wuxh
delolw| sdudphwhuv dqg xqghu d pxowlohyho LUW prgho1 Wkh gl�huhqfh
lq wkh hvwlpdwhv ri wkh yduldqfh frpsrqhqwv dovr kdg frqvhtxhqfhv iru
wkh hvwlpdwhv ri wkh lqwudfodvv fruuhodwlrq frh!flhqw1 Wklv frhiilflhqw
h{suhvvhv wkh sursruwlrq ri yduldqfh lq delolw| dffrxqwhg iru e| jurxs0
phpehuvkls/ diwhu frqwuroolqj iru wkh Ohyho 4 suhglfwru yduldeoh/ wkdw
lv/

e�f @ e�fe�f . e�2 =
Iurp wkh uhvxowv ri Wdeoh 615/ lw fdq eh yhul�hg wkdw xvlqj wkh KOP
hvwlpdwhv edvhg rq wkh wuxh delolw| sdudphwhuv uhvxowhg lq e�f @ =6<:>
zkloh xvlqj wkh hvwlpdwhv iurp Jleev vdpsohu uhvxowhg lq e�f @ =78:1
Qrwlfh wkdw wkh vdph lqwudfodvv fruuhodwlrq frhiilflhqw lv rewdlqhg xvlqj
wkh yduldqfh frpsrqhqwv ri wkh wuxh vwdqgdugl}hg delolw| sdudphwhuv dv
vkrzq lq Wdeoh 6161 Wklv vkrzv wkdw wklv phdvxuh lv vfdoh0lqghshqghqw1
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Wdeoh 6161 Sdudphwhu uhfryhu| ri wkh pxowlohyho prgho zlwk vwdqgdugl}hg wuxh odwhqw
vfruhv dqg ]0vfruhv dv ghshqghqw yduldeohv1

KOP KOP +vxp vfruhv,
Il{hg H�hfwv Frh!flhqw v1h1 Frh!flhqw v1h1

�ff 3�2e� ���� 3��b� ��ef
�f� ���S ��.� �2S� ��He
��f �e.e �feb �DDD �feb
��� ��f.� �fb� �.fe �fbH

Udqgrp H�hfwv Yduldqfh Yduldqfh
Frpsrqhqwv Frpsrqhqwv

�f ��D� ��ee
�� ��fD �fb.
j �22b �eS2

Iurp wkh uhvxowv ri Wdeoh 616/ lw fdq eh yhul�hg wkdw xvlqj wkh ]0vfruhv
uhvxowhg lq e�f @ =56;1 Vr wkh frqfoxvlrqv gudzq iurp d pxowlohyho LUW
prgho fdq eh txlwh gl�huhqw iurp wkh frqfoxvlrqv gudzq iurp d pruh
wudglwlrqdo pxowlohyho dqdo|vlv1

715 D Gxwfk Sulpdu| Vfkrro Pdwkhpdwlfv Whvw

Wklv vhfwlrq frqfhuqv d vwxg| ri d sulpdu| vfkrro ohdylqj whvw1 D
pxowlohyho LUW prgho dqg dq klhudufklfdo olqhdu prgho xvlqj revhuyhg
vfruhv zhuh hvwlpdwhg dqg frpsduhg1 Rqh ri wkh uhvhdufk txhvwlrqv lq
wkh vwxg| zdv zkhwkhu vfkrrov wkdw sduwlflsdwh rq d uhjxodu edvlv lq wkh
fhqwudo sulpdu| vfkrro ohdylqj whvw lq wkh Qhwkhuodqgv shuirup ehwwhu
wkdq vfkrrov wkdw gr qrw sduwlflsdwh rq d uhjxodu edvlv1 Wr lqyhvwljdwh
wklv uhvhdufk txhvwlrq/ wkh vwxghqwv ri <: vfkrrov zhuh jlyhq d pdwkhpdw0
lfv whvw iru judgh ; vwxghqwv1 Wkh whvw frqvlvwhg ri 4; pdwkhpdwlfv lwhpv
wdnhq iurp wkh vfkrro ohdylqj h{dplqdwlrq ghyhorshg e| wkh Qdwlrqdo Lq0
vwlwxwh iru Hgxfdwlrqdo Phdvxuhphqw +Flwr,1 Ri wkh <: vfkrrov vdpsohg/
:5 vfkrrov uhjxoduo| sduwlflsdwhg lq wkh vfkrro ohdylqj h{dplqdwlrq> lq
wkh vhtxho/ wkhvh vfkrrov zloo eh fdoohg wkh Flwr vfkrrov1 Wkh uhpdlq0
lqj 58 vfkrrov zloo eh fdoohg wkh qrq0Flwr vfkrrov1 Wkh wrwdo qxpehu ri
vwxghqwv iru zklfk gdwd zhuh dydlodeoh zdv 54891
Wkuhh vwxghqwv* fkdudfwhulvwlfv zhuh xvhg dv d suhglfwru iru wkh vwx0

ghqwv* dfklhyhphqw= vrflr0hfrqrplf vwdwxv +VHV,/ qrq0yhuedo lqwhooljhqfh
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whvw +LVL, dqg Jhqghu1 VHV zdv edvhg rq irxu lqglfdwruv= wkh hgxfdwlrq
dqg rffxsdwlrq ohyho ri erwk sduhqwv +li suhvhqw,1 Wkh qrq0yhuedo lqwhool0
jhqfh whvw zdv phdvxuhg lq judgh : e| wkuhh sduwv ri dq lqwhooljhqfh whvw1
Suhglfwruv VHV dqg LVL zhuh qrupdoo| vwdqgdugl}hg1 Wkh glfkrwrprxv
suhglfwru Jhqghu lv dq lqglfdwru yduldeoh htxdo wr 3 iru pdohv dqg htxdo
wr 4 iru ihpdohv1 Ilqdoo|/ d suhglfwru yduldeoh odehohg Hqg htxdohg 4 li
wkh vfkrro sduwlflsdwhv lq wkh vfkrro ohdylqj whvw/ dqg htxdov 3 li wklv
lv qrw wkh fdvh1 D frpsohwh ghvfulswlrq ri wkh gdwd fdq eh irxqg lq
+Grroddug/ 4<<</ ss1 8:,1
Wkh vwuxfwxudo prgho xvhg lq wkh dqdo|vlv lv jlyhq e|

��� @ �f� . ��LVL�� . �2�VHV�� . ��Jhqghu�� . h�� +614;,

�f� @ �ff . �f�Hqg� . xf�

�� @ ��f
�2� @ �2f . x2�

�� @ ��f

zkhuh h�� q Q
�
3> �2

�
> xf� q Q

�
3> �2f

�
dqg x2� q Q

�
3> �22

�
= Ixuwkhu/

xf� dqg x2� duh dvvxphg lqghshqghqw1 Qrwlfh wkdw VHV lv prghohg dv d
udqgrp h�hfw/ wkdw lv/ lwv uhjuhvvlrq frh!flhqw ydulhv ryhu vfkrrov1 Wkh
wzr0sdudphwhu qrupdo rjlyh prgho lv xvhg dv wkh phdvxuhphqwv prgho1
Wkh ixoo| frqglwlrqdo ghfrpsrvlwlrq ri Jleev vdpsolqj zdv uxq iru

58> 333 lwhudwlrqv/ zlwk d exuq0lq shulrg ri 8> 333 lwhudwlrqv51 58> 333
lwhudwlrqv zhuh �hqrxjk� lq wkh vhqvh wkdw d vxevwdqwldo lqfuhdvh lq wkh
qxpehu ri lwhudwlrqv glg qrw shuwxue ydoxhv ri hujrglf dyhudjhv/ wkdw lv/
wkh dyhudjh ri wkh sdudphwhu gudzv ryhu wkh lwhudwlrqv diwhu wkh exuq0lq
shulrg1
Wkh pxowlohyho LUW dqdo|vlv zdv frpsduhg wr dq dqdo|vhv zlwk dq

klhudufklfdo prgho rq revhuyhg vfruhv1 Wkh vfruh glvwulexwlrq ri wkh
pdwkhpdwlfv whvw kdg d �fhlolqj�/ wkdw lv/ d wklug ri wkh vwxghqwv vfruhg
48 ru pruh/ zlwk d pd{lpxp ri 4;1 D vwdqgdug surfhgxuh iru ghdolqj
zlwk vxfk vnhzhg glvwulexwlrqv lv wr wudqvirup wkh gdwd wr qrupdolw|1
Wklv zdv grqh e| dvvljqlqj qrupdo rughu vwdwlvwlfv wr wkh udqnhg vfruhv
+Jrogvwhlq/ 4<<8/ ss1 7<,1 Vr wkhvh vr0fdoohg Q0vfruhv kdg d vwdqgdug
qrupdo glvwulexwlrq1 Iru frpsdudwlyh sxusrvhv/ d vhfrqg wudqvirupdwlrq
zdv dssolhg wr wudqvirup wkhvh Q0vfruhv wr wkh vdph vfdoh dv wkh odwhqw
delolwlhv1 Wklv zdv dffrpsolvkhg e| wudqviruplqj wkh Q0vfruhv vxfk wkdw
wkhlu phdq dqg yduldqfh zhuh htxdo wr wkh phdq dqg yduldqfh ri wkh
srvwhulru hvwlpdwhv ri wkh delolw| sdudphwhuv/ uhvshfwlyho|1

5Dovr wkh V0Soxv frgh iru wklv h{dpsoh fdq eh grzqordghg iurp
kwws=22xvhuv1hgwh1xwzhqwh1qo2ir{1
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Wdeoh 6171 Sdudphwhu hvwlpdwhv ri wkh pxowlohyho prgho zlwk wkh Jleev vdpsohu dqg
KOP xvlqj Q0vfruhv dqg uhvfdohg Q0vfruhv dv ghshqghqw yduldeohv1

Jleev Vdpsohu KOP KOP
+Q0vfruhv, +Uhvfdohg

Q0vfruhv,
Il{hg Frh�1 v1g1 FL Frh�1 v1h1 Frh�1 v1h1
H�hfwv

�ff 3��.2 �2�e d3�DHbc �2e2o 3�2H. �f.H 3��2D �fSH
�f� �eS. �2e2 d3�ffSc �be�o �ee� �fH. ��Hb �f..
��f �eeD �f�e d��Hec �D�So �e�D �f�. ��S. �f�S
�2f �2�S ���� d�f2fc �eDSo �2�� �f2� ��HH �f2f
��f 3��H� �fef d3�2S2c3��f2o 3��S. �f�e 3��eH �f�f

Udqgrp Ydu1 v1g1 FL Ydu1 Ydu1
H�hfwv Frps1 Frps1 Frps1

�f �e�f �fe� d��22c �D�eo ��2S �2HH
�2 �22H �f2� d��D�c ��2eo ���2 �fbb
j �See �fDS d�DS�c �.2bo �.D. �SSb

Wkh uhvxowv ri wkh dqdo|vhv duh glvsod|hg lq Wdeoh 6171 Wkh uhpdun
zlwk uhvshfw wr wkh gl�huhqfh lq wkh vwdqgdug huuruv pdgh deryh dovr
dssolhv lq wkh suhvhqw fdvh1
Wkh pdlq uhvxow ri wkh dqdo|vlv zdv wkdw frqglwlrqdoo| rq VHV/ LVL dqg

Jhqghu/ wkh Flwr vfkrrov shuiruphg ehwwhu wkdq wkh qrq0Flwr vfkrrov1
Wklv fdq eh ghgxfhg iurp wkh hvwlpdwh ri wkh �{hg h�hfw �f�> zklfk
prghov wkh frqwulexwlrq ri sduwlflsdwlqj lq wkh vfkrro ohdylqj h{dp wr
wkh delolw| ohyho ri wkh vwxghqwv yld lwv lq xhqfh rq wkh lqwhufhsw �f� 1
Wklv lqwhufhsw �f� lv gh�qhg dv wkh h{shfwhg dfklhyhphqw ri d pdoh0
vwxghqw lq vfkrro m zkhq frqwuroolqj iru VHV dqg LVL1 Wkhuh lv d kljko|
vljql�fdqw dvvrfldwlrq ehwzhhq wkh Ohyho 4 suhglfwruv LVL dqg VHV dqg
wkh delolw| ri wkh vwxghqwv1 Reylrxvo|/ vwxghqwv zlwk kljk LVL dqg VHV
vfruhv shuiruphg ehwwhu wkdq vwxghqwv zlwk orzhu vfruhv1 Wkh h�hfw ri
Jhqghu rq pdwkhpdwlfv dfklhyhphqw zdv dovr vljql�fdqw dqg qhjdwlyho|
uhodwhg wr dfklhyhphqw1 Wklv phdqv wkdw frqwuroolqj iru Hqg/ LVL dqg
VHV/ er|v rxwshuiruphg jluov rq wkh pdwkhpdwlfv whvw1
Wkh uhvlgxdo yduldqfh iru wkh vfkrro0ohyho/ �f> lv wkh yduldqfh ri wkh

dfklhyhphqw ri pdoh0vwxghqwv lq vfkrro m> �f�> durxqg wkh judqg phdq/
�ff> zkhq frqwuroolqj iru VHV dqg LVL1 Dssduhqwo|/ d vxevwdqwldo sursru0
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wlrq ri wkh yduldwlrq lq wkh rxwfrph dw wkh vwxghqw ohyho zdv ehwzhhq
wkh vfkrrov/ zklfk mxvwl�hv wkh xvh ri d pxowlohyho prgho1

Wkhuh zhuh vrph lpsruwdqw gl�huhqfhv ehwzhhq wkh hvwlpdwhv iurp
wkh pxowlohyho LUW prgho dqg wkh hvwlpdwhv iurp wkh KOP prgho yld
wudqviruphg Q0vfruhv1 Iluvwo|/ wkh pdjqlwxgh ri wkh hvwlpdwh ri �f� zdv
juhdwhvw lq wkh pxowlohyho LUW dqdo|vlv/ vr wklv dssurdfk glvfulplqdwhg
pruh ehwzhhq Flwr vfkrrov dqg qrq0Flwr vfkrrov1 Dovr wkh pdjqlwxgh
ri wkh hvwlpdwh ri wkh yduldqfh �2f zdv juhdwhvw lq wkh pxowlohyho LUW
dqdo|vlv/ zklfk lqglfdwhg pruh yduldelolw| lq wkh phdqv lq vfkrrov ri wkh
vwxghqwv* pdwk dfklhyhphqw1 Wkxv/ wkh h�hfw ri jurxslqj zdv juhdwhu lq
wkh pxowlohyho LUW dqdo|vlv1 Qrwlfh wkdw/ djdlq/ wkh Ed|hvldq pxowlohyho
LUW hvwlpdwhv kdg odujhu srvwhulru vwdqgdug ghyldwlrqv1 Vr wkh uhpdunv
zlwk uhvshfw wr gl�huhqfhv ehwzhhq iuhtxhqwlvw dqg Ed|hvldq fuhglelolw|
lqwhuydov pdgh deryh dovr dssolhv khuh1

Lq wkh KOP dqdo|vhv/ wkh yduldqfh �22 glg qrw gl�hu vljql�fdqwo| iurp
}hur/ vr wkh VHV0pdwk uhjuhvvlrq vorsh glg qrw ydu| iurp vfkrro wr vfkrro1
Wklv lv frqwudu| wr wkh pxowlohyho LUW dqdo|vlv/ zkhuh wkh uhodwlrqvkls
ehwzhhq VHV dqg pdwk dfklhyhphqw zlwklq vfkrrov ydulhg vljql�fdqwo|
dfurvv vfkrrov1 Iljxuh 615 glvsod|v wkh suhglfwhg delolwlhv ri wkh vwxghqwv
lq d Flwr dqg d qrq0Flwr vfkrro dv d ixqfwlrq ri VHV1 Wkh srlqwv duh wkh
h{shfwhg srvwhulru hvwlpdwhv ri wkh vwxghqwv* delolwlhv1

Iru wkh vdph vwxghqwv dv lq Iljxuh 615/ Iljxuh 616 vkrzv wkh suh0
glfwhg wudqviruphg Q0vfruhv dv d ixqfwlrq ri VHV1 Wkh srlqwv duh wkh
wudqviruphg Q0vfruhv1 Wkh delolwlhv dqg wkh wudqviruphg Q0vfruhv lq wkh
wzr sorwv duh fruuhfwhg iru wkh h�hfwv ri LVL dqg Jhqghu1 Wkh xsshu
olqh uhsuhvhqwv wkh rxwfrphv ri vwxghqwv lq d Flwr vfkrro/ zklfk looxv0
wudwhv wkdw vwxghqwv lq Flwr vfkrrov shuiruphg ehwwhu wkdq vwxghqwv lq
qrq0Flwr vfkrrov1 Ixuwkhupruh/ wkh gl�huhqfhv ehwzhhq wkh wzr olqhv lv
juhdwhu lq Iljxuh 615 zklfk looxvwudwhv wkdw wkh vxeglylvlrq lq Flwr dqg
qrq0Flwr vfkrrov zdv juhdwhu lq wkh hvwlpdwhv uhvxowlqj iurp wkh pxo0
wlohyho LUW dqdo|vlv1 Pruhryhu/ Iljxuh 615 vkrzv d vkdushu glvwlqfwlrq
ehwzhhq vfkrrov zklfk lqglfdwhv d juhdwhu vfkrro0ohyho h�hfw1

Wkh gl�huhqfhv ehwzhhq wkh hvwlpdwhv fdq eh h{sodlqhg e| wkh idfw
wkdw wkh vxp vfruhv glvfulplqdwh ohvv ehwzhhq vwxghqwv* rxwfrphv wkdq
wkh frpsohwh uhvsrqvh sdwwhuqv/ zklfk lv ixuwkhu dpsol�hg e| wkh �fhlo0
lqj� h�hfw zklfk vxssuhvvhv wkh yduldqfh lq wkh ghshqghqw yduldeoh1
Wkhuhiruh/ wkh pxowlohyho LUW dqdo|vlv jdxjhv d juhdwhu yduldqfh eh0
wzhhq vwxghqwv* dfklhyhphqwv zklfk uhvxowv lq d juhdwhu vfkrro0ohyho h�hfw
zkhuhdv wkh yduldqfh dw Ohyho 4 lv doprvw wkh vdph1 Lq frqfoxvlrq/ wkh
pxowlohyho LUW prgho uhyhdov d vkdushu glvwlqfwlrq lq vwxghqwv* rxwfrphv
dfurvv vfkrrov1
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Iljxuh 6151 H{shfwhg srvwhulru hvwlpdwh dqg suhglfwlrq ri vwxghqwv* delolwlhv lq d
Flwr dqg qrq0Flwr vfkrro dv d ixqfwlrq ri VHV/ frqwuroolqj iru LVL dqg Jhqghu1
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transformed N-scores (Cito school)
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Iljxuh 6161 Vwxghqwv* Q0vfruhv dqg suhglfwhg Q0vfruhv lq d Flwr dqg qrq0Flwr vfkrro
dv d ixqfwlrq ri VHV/ frqwuroolqj iru LVL dqg Jhqghu1
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81 Glvfxvvlrq

Lq wklv fkdswhu/ d wzr0ohyho uhjuhvvlrq prgho lv lpsrvhg rq wkh delolw|
sdudphwhuv ri wkh wzr0sdudphwhu qrupdo rjlyh prgho1 Wkh dgydqwdjh
ri xvlqj odwhqw udwkhu wkdq revhuyhg vfruhv lv wkdw lw r�huv d pruh uh0
dolvwlf zd| ri prgholqj xqfhuwdlqw| lq wkh ghshqghqw yduldeoh1 Ixuwkhu/
odwhqw vfruhv duh whvw0lqghshqghqw/ zklfk r�huv wkh srvvlelolw| ri hqwhulqj
uhvxowv iurp gl�huhqw whvwv lq rqh dqdo|vlv1
Lw zdv vkrzq wkdw wkh Jleev vdpsohu fdq eh xvhg wr frqfxuuhqwo|

hvwlpdwh doo wkh sdudphwhuv ri wkh pxowlohyho LUW prgho1 Wkh phwkrg
suhvhqwhg lv yhu| srzhuixo ehfdxvh wkhuh duh qr olplwdwlrqv wr wkh qxp0
ehu ri sdudphwhuv ru wkh qxpehu ri h{sodqdwru| yduldeohv1 Dowkrxjk
jrrg lqlwldo ydoxhv zloo vshhg xs frqyhujhqfh/ wkhuh duh vwloo pdq| lwhu0
dwlrqv qhfhvvdu| iru surgxflqj dffhswdeoh hvwlpdwhv1 Ixuwkhu uhvhdufk
zloo frqfhqwudwh rq wkh xvh ri d Prqwh Fduor HP +PFHP, dojrulwkp wr
olplw wkh dprxqw ri lwhudwlrqv +Zhl ) Wdqqhu/ 4<<3,1
Lw lv hdv| wr lqfrusrudwh gl�huhqw w|shv ri sulru eholhiv derxw wkh

lwhp sdudphwhuv �1 Wkh qxphulfdo h{dpsoh looxvwudwhv wkdw wkh srvwhulru
glvwulexwlrq ri wkh lwhp glvfulplqdwlrq sdudphwhuv zhuh vnhzhg wr wkh
uljkw1 Wkhuhiruh/ lw frxog eh lqwhuhvwlqj wr xvh d orj0qrupdo sulru iru
wkh glvfulplqdwlrq sdudphwhuv +Plvohy|/ 4<;9,1 Lw lv dovr srvvleoh wr
lqfrusrudwh gl�huhqw sulruv iru �> �2 ru W1 Lq wklv sdshu/ Mh�uh|v* sulru
lv xvhg iru wkh yduldqfh frpsrqhqwv/ wkdw lv/ s

�
�2
�
2 �32> s +� , 2 �3�1

Krzhyhu/ Mh�uh|v* sulru iru � lv srwhqwldoo| d sureohp lq fdvhv zkhuh M
lv vpdoo +Pruulv/ 4<;6> Uxelq/ 4<;4,1 Rwkhu srvvleoh fkrlfhv ri sulruv
iru �2 dqg � duh dq xqlirup sulru dqg dq lqyhuvh0fkl0vtxduh sulru zlwk
vpdoo ghjuhhv ri iuhhgrp +vhh/ iru lqvwdqfh/ Vhow}hu hw do1/ 4<<9,1 Wkh
lqyhuvh0fkl0vtxduh glvwulexwlrq kdv wkh surshuw| wkdw/ lq frqwudvw wr wkh
xqlirup sulru/ wkh sulru suredelolwlhv judgxdoo| ghfuhdvh zkhq ydoxhv ri
wkh yduldqfh ehfrph duelwudulo| odujh1 Dqdorjrxvo|/ dq dowhuqdwlyh sulru
iru W lv dq lqyhuvh0Zlvkduw glvwulexwlrq zlwk vpdoo ghjuhhv ri iuhhgrp1
Dqrwkhu srvvlelolw| zrxog eh d pruh lqirupdwlyh lqyhuvh0fkl0vtxduh sulru
ru lqyhuvh0Zlvkduw sulru zlwk prgh dqg vsuhdg vshfl�hg lq dffrugdqfh
zlwk suhylrxv uhvhdufk1 Xvlqj qrqfrqmxjdwh sulru glvwulexwlrqv kdv wkh
glvdgydqwdjh wkdw vdpsolqj iurp wkh ixoo| frqglwlrqdo glvwulexwlrqv fdq
eh yhu| frpsolfdwhg1 Lq wkdw fdvh/ dssur{lpdwlrqv fdq eh xvhg iurp
zklfk vdpsolqj lv srvvleoh1 Wkh Phwursrolv0Kdvwlqjv dojrulwkp fdq eh
xvhg wr frpshqvdwh iru wkh dssur{lpdwlrq +Jhopdq hw do1/ 4<<8/ ss1
65<,1
Lq wklv fkdswhu/ wkh irfxv zdv rq lqihuhqfhv dvvxplqj wkdw wkh prgho lv

fruuhfw1 Wkh sureohp ri prgho fkhfnlqj xvlqj Ed|hv idfwruv lv udwkhu gli0
�fxow/ hvshfldoo| zkhq sulru lqirupdwlrq lv zhdn +R*Kdjdq/ 4<<8,1 Srv0
whulru suhglfwlyh gdwd fdq eh xvhg wr mxgjh wkh �w ri wkh Ed|hvldq prgho
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wr wkh revhuyhg gdwd1 Wdlo0duhd suredelolwlhv/ ru srvwhulru s0ydoxhv/ fdq
eh fdofxodwhg xqghu wkh srvlwhg prgho wr txdqwli| wkh h{wuhphqhvv ri
wkh revhuyhg ydoxh ri d vhohfwhg glvfuhsdqf| +h1j1/ gl�huhqfhv ehwzhhq
revhuydwlrqv dqg suhglfwlrqv,1 Wkh suhglfwlyh gdwd duh hdvlo| vdpsohg
yld Prqwh Fduor vlpxodwlrq +vhh/ iru h{dpsoh/ Jhopdq/ Phqj/ ) Vwhuq/
4<<9,1 Wkh Jleev vdpsolqj irupxodwlrq suhvhqwhg lq wklv fkdswhu fdq eh
h{whqghg wr vhwwlqjv lq zklfk wkh il{hg h�hfwv duh glvwulexwhg zlwk khdy|
wdlov +Vhow}hu/ 4<<6, wr vwxg| wkh h{whqw wr zklfk srvwhulru phdqv dqg
lqwhuydov fkdqjh dv wkh ghjuhh ri khdy|0wdlohgqhvv dvvxphg lqfuhdvhv1
Dqrwkhu uhpdun frqfhuqv dowhuqdwlyh prghv ri hvwlpdwlrq1 Wkh �uvw

dssurdfk pljkw eh wr xvh d orjlw0olqn lq frpelqdwlrq zlwk d surfhgxuh wr
hvwlpdwh d olqhdu pxowlohyho prgho/ vxfk dv/ iru lqvwdqfh/ KOP1 Dsso|lqj
wkh orjlw wudqvirupdwlrq wr wkh wzr0sdudphwhu orjlvwlf prgho/ uhvxowv lq

orj

�
s��&

4� s��&

�
@ d&��� � e& . %��&> +614<,

zhuh s��& vwdqgv iru wkh suredelolw| ri d fruuhfw uhvsrqvh dqg %��& lv d
qrupdoo| glvwulexwhg huuru yduldeoh1 D olqhdu pxowlohyho prgho fdq wkhq
eh lpsrvhg lq ��� 1 Wkh sureohp khuh lv wkdw wkh lwhp glvfulplqdwlrq sd0
udphwhuv d& duh pxowlsolfdwlyh zlwk wkh delolw| sdudphwhu ���/ dqg wkhuh
lv qr zd| wr frqfxuuhqwo| hvwlpdwh wkh lwhp sdudphwhuv xvlqj d sdfndjh
iru olqhdu pxowlohyho prghov1 D vroxwlrq pljkw eh wr hvwlpdwh wkh lwhp
sdudphwhuv xvlqj Elorj0PJ dqg lpsxwh wkhp lqwr wkh pxowlohyho orjlw
dqdo|vlv1 Krzhyhu/ wkhuh duh wzr sureohpv zlwk wklv dssurdfk1 Iluvw/
wkh xqfhuwdlqw| zlwk uhvshfw wr wkh lpsxwhg sdudphwhuv lv yhu| gl!fxow
wr prgho lq wkh orjlw dqdo|vlv1 Vhfrqg/ lq Elorj0PJ wkh lwhp sdudphwhuv
duh hvwlpdwhg xqghu wkh dvvxpswlrq wkdw wkh delolw| sdudphwhuv duh qru0
pdoo| glvwulexwhg1 Krzhyhu/ wkh prgho lpsrvhg e| +6=7, dqg +6=8, grhv
qrw lpso| d qrupdo glvwulexwlrq ri ��� / dqg wklv plvv0vshfl�fdwlrq zloo
fdxvh eldv lq wkh sdudphwhuv zkhq wkh pxowlohyho LUW prgho krogv1 Wkh
vhyhulw| ri wklv eldv/ krzhyhu/ lv xqnqrzq/ dqg wr rsw iru wklv dssurdfk
fhuwdlqo| pruh uhvhdufk qhhgv wr eh grqh1
Dqrwkhu dssurdfk wr hvwlpdwlqj wkh sdudphwhuv lq wkh pxowlohyho LUW

prgho pljkw eh dq PPO ru Ed|hv prgdo surfhgxuh1 Wr vwxg| wklv ds0
surdfk lq vrph ghwdlo/ frqvlghu wkh rqh0zd| DQRYD prgho jlyhq lq wkh
�uvw vhfwlrq ri wklv fkdswhu1 Wkh lpsdfw ri wkh ghshqghqf| vwuxfwxuh
+6=6, rq dq PPO ru Ed|hv prgdo hvwlpdwlrq surfhgxuh fdq eh dvvhvvhg
e| lqvshfwlrq ri d olnholkrrg ixqfwlrq pdujlqdol}hg ryhu doo udqgrp hi0
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ihfwv1 Wklv olnholkrrg ixqfwlrq fdq eh zulwwhq dv
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\
�
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]
s+|�� m ���> �,j+��� m ��> �

2,g���

68
k+�� m �> �,g�� /

zkhuh s+|�� m ���> �, lv wkh LUWprgho vshfli|lqj wkh suredelolw| ri revhuy0
lqj uhvsrqvh sdwwhuq |�� dv d ixqfwlrq ri wkh delolw| sdudphwhu ��� dqg wkh
lwhp sdudphwhuv �/ j+��� m ��> �

2, lv wkh ghqvlw| ri ��� dqg k+�� m �> �, lv
wkh ghqvlw| ri ��1 Lw fdq eh vhhq wkdw wkh ghshqghqf| vwuxfwxuh uhvxowv lq
qhvwlqj ri lqwhjudwlrqv wkdw pljkw frpsolfdwh dq PPO hvwlpdwlrq surfh0
gxuh1 Qrwlfh wkdw wkh pdujlqdo olnholkrrg hqwdlov d pxowlsoh lqwhjudo ryhu
��� dqg �� 1 Khqfh wkhuh lv qr qhhg wr frpsxwh kljk0glphqvlrqdo lqwh0
judov= Frpsxwdwlrq ri wzr0glphqvlrqdo lqwhjudov vx!fhv1 Lq wklv uhvshfw/
wklv dssurdfk wr hvwlpdwlrq lv uhodwhg wr wkh el0idfwru ixoo0lqirupdwlrq
idfwru dqdo|vlv prgho e| Jleerqv dqg Khghnhu +4<<5, zkr vkrz wkdw
qxphulfdo lqwhjudwlrq e| Jdxvv0Khuplwh txdgudwxuh lv ihdvleoh lq wkhvh
sureohpv1 Wkhuhiruh/ PPO dqg Ed|hv prgdo hvwlpdwlrq duh vwloo rswlrqv
wkdw ghvhuyh ixuwkhu lqyhvwljdwlrq1





Fkdswhu 7

Ed|hvldq Prgholqj ri Phdvxuhphqw Huuru

lq Suhglfwru Yduldeohv xvlqj Lwhp Uhvsrqvh

Wkhru|

Devwudfw Lw lv vkrzq wkdw phdvxuhphqw huuru lq suhglfwru yduldeohv fdq eh prg0
hohg xvlqj lwhp uhvsrqvh wkhru| +LUW,1 Phdvxuhphqw huuru lv prghohg
e| wuhdwlqj wkh suhglfwruv dv xqrevhuyhg odwhqw yduldeohv dqg xvlqj wkh
qrupdo rjlyh prgho wr ghvfuleh wkh uhodwlrq ehwzhhq wkh odwhqw yduldeohv
dqg wkhlu revhuyhg lqglfdwru yduldeohv1 Wkh suhglfwru yduldeohv fdq eh
gh�qhg dw dq| ohyho ri dq klhudufklfdo uhjuhvvlrq prgho1 Wkh suhglf0
wru yduldeohv duh odwhqw exw fdq eh phdvxuhg lqgluhfwo| e| xvlqj whvwv
ru txhvwlrqqdluhv1 Wkh revhuyhg uhvsrqvhv rq lwhpl}hg lqvwuxphqwv duh
uhodwhg wr wkh odwhqw suhglfwruv e| dq lwhp uhvsrqvh wkhru| prgho1 Lw
lv vkrzq wkdw wkh pxowlohyho prgho zlwk phdvxuhphqw huuru lq wkh suh0
glfwru yduldeohv fdq eh hvwlpdwhg lq d Ed|hvldq iudphzrun xvlqj Jleev
vdpsolqj1 Lq wklv fkdswhu/ kdqgolqj phdvxuhphqw huuru yld wkh qrupdo
rjlyh prgho lv frpsduhg zlwk dowhuqdwlyh dssurdfkhv xvlqj wkh fodvvlfdo
wuxh vfruh prgho1 H{dpsohv xvlqj uhdo gdwd duh jlyhq1

Nh|zrugv= fodvvlfdo whvw wkhru|/ Jleev vdpsohu/ lwhp uhvsrqvh wkhru|/ Klhudufklfdo
Olqhdu Prghov +KOP,/ Pdunry Fkdlq Prqwh Fduor/ phdvxuhphqw huuru/
pxowlohyho prgho/ wzr0sdudphwhu qrupdo rjlyh prgho1

41 Lqwurgxfwlrq

Lq pxfk uhvhdufk duhdv/ dqg hvshfldoo| lq vrfldo vflhqfhv/ vwxglhv pd|
lqyroyh yduldeohv wkdw fdqqrw eh revhuyhg gluhfwo| ru duh revhuyhg vxe0
mhfw wr huuru1 Iru h{dpsoh/ d shuvrq*v pdwkhpdwlfdo delolw| fdqqrw eh
phdvxuhg gluhfwo|/ rqo| wkh shuirupdqfh rq d qxpehu ri pdwkhpdwlf
whvw lwhpv1 Lq jhqhudo/ gdwd froohfwhg iurp uhvsrqghqwv frqwdlq phd0
vxuhphqw huuru1 Wklv lqfoxghv uhvsrqvh yduldwlrq gxh wr wkh xquholdelolw|

88
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ri phdvxuhphqw lqvwuxphqwv1 Ixuwkhu/ pdq| irupv ri kxpdq uhvsrqvh
ehkdylru duh lqkhuhqwo| vwrfkdvwlf lq qdwxuh/ dqg dovr yduldwlrq vwhp0
plqj iurp vwrfkdvwlf uhvsrqvh ehkdylru zloo eh fdwhjrul}hg xqghu wkh
khdglqj phdvxuhphqw huuru1 Lq wklv frqwh{w/ Orug dqg Qrylfn +4<9;/
fkdswhu 5, dgkhuh wr wkh vr0fdoohg vwrfkdvwlf vxemhfw ylhz lq zklfk lw lv
dvvxphg wkdw uhvsrqvhv ri wkh vxemhfwv ghshqg rq vpdoo yduldwlrqv lq wkh
flufxpvwdqfhv lq zklfk wkh uhvsrqvh lv jhqhudwhg1 Dffruglqjo|/ uhvsrqvh
yduldqfh lv wkh yduldwlrq lq uhvsrqvhv wr wkh vdph txhvwlrq uhshdwhgo|
dgplqlvwhuhg wr wkh vdph shuvrq1 Wkh xvh ri xquholdeoh h{sodqdwru|
yduldeohv ohdgv wr eldvhg hvwlpdwlrq ri wkh uhjuhvvlrq frh!flhqwv dqg wkh
uhvxowlqj vwdwlvwlfdo lqihuhqfh fdq eh yhu| plvohdglqj xqohvv fduhixo dg0
mxvwphqwv duh pdgh +vhh/ iru h{dpsoh/ Fduuroo/ Uxsshuw/ ) Vwhidqvnl/
4<<8> Frrn ) Fdpsehoo/ 4<:<> Ixoohu/ 4<;:,1

Wkhuh kdv ehhq d frqwlqxlqj lqwhuhvw lq wkh vwxg| ri uhjuhvvlrq prghov
zkhuhlq wkh lqghshqghqw yduldeohv duh phdvxuhg zlwk huuru1 Wkhvh prg0
hov duh frpprqo| nqrzq dv phdvxuhphqw huuru prghov1 Wkh hqruprxv
dprxqw ri olwhudwxuh rq wklv wrslf lq olqhdu uhjuhvvlrq lv vxppdul}hg
e| Ixoohu +4<;:, dqg lq wklv iudphzrun/ phdvxuhphqw huuru lv kdqgohg
e| wkh fodvvlfdo dgglwlyh phdvxuhphqw huuru prgho1 Dq h{dpsoh lv wkh
fodvvlfdo whvw wkhru| prgho xvhg lq hgxfdwlrqdo phdvxuhphqw1 Jrogvwhlq
+4<<8, h{whqghg vrph ri wkh whfkqltxhv wr kdqgoh phdvxuhphqw huuruv
lq wkh lqghshqghqw yduldeohv lq olqhdu prghov wr wkh pxowlohyho prgho1

Lq wkh suhvhqw sdshu/ dwwhqwlrq lv irfxvhg rq dqrwkhu zd| ri kdqgolqj
uhvsrqvh huuru lq wkh lqghshqghqw yduldeohv lq d pxowlohyho prgho1 Wkh
phdvxuhphqw huuru lq wkh revhuyhg suhglfwru yduldeohv lv prghohg e| dq
lwhp uhvsrqvh wkhru| +LUW, prgho1 Prgholqj phdvxuhphqw huuru e| dq
LUW prgho kdv vhyhudo dgydqwdjhv1 Iluvw/ phdvxuhphqw huuru lv gh�qhg
frqglwlrqdoo| rq wkh ydoxh ri wkh odwhqw delolw|1 Wkdw lv/ phdvxuhphqw
huuru fdq eh gh�qhg orfdoo|/ iru lqvwdqfh/ dv wkh srvwhulru yduldqfh ri
wkh delolw| sdudphwhu jlyhq d uhvsrqvh sdwwhuq1 Wklv orfdo gh�qlwlrq ri
phdvxuhphqw huuru uhvxowv lq khwhurvfhgdvwlflw|= Lq wkh Udvfk prgho/ iru
lqvwdqfh/ wkh srvwhulru yduldqfh ri wkh delolw| sdudphwhu jlyhq dq h{wuhph
vfruh lv juhdwhu wkdq wkh srvwhulru yduldqfh ri wkh delolw| sdudphwhu jlyhq
dq lqwhuphgldwh vfruh +vhh/ iru lqvwdqfh/ Krlmwlqn ) Errpvpd/ 4<<8/
ss1 8</ Wdeoh 714,1 Vhfrqg/ wkh idfw wkdw uholdelolw| fdq eh gh�qhg
frqglwlrqdoo| rq wkh ydoxh ri wkh odwhqw yduldeoh/ LUW fdq vhsdudwhv wkh
lq xhqfh ri lwhp gl!fxow| dqg delolw| ohyho/ zklfk vxssruwv wkh xvh ri
lqfrpsohwh whvw dgplqlvwudwlrq ghvljqv/ rswlpdo whvw dvvhpeo|/ frpsxwhu
dgdswlyh whvwlqj dqg whvw htxdwlqj1

Ehvlghv LUW/ dqrwkhu wkhph ri wklv fkdswhu zloo eh Ed|hvldq gdwd dqdo0
|vlv1 Wkh irupxodwlrq ri phdvxuhphqw0huuru sureohpv lq wkh iudphzrun
ri Ed|hvldq dqdo|vlv kdv uhfhqwo| ehhq ghyhorshg +Fduuroo hw do1/ 4<<8>
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Ulfkdugvrq/ 4<<9> ]hooqhu/ 4<:4,1 Lw surylghv d qdwxudo zd| ri wdnlqj
lqwr dffrxqw doo vrxufhv ri xqfhuwdlqw| lq wkh hvwlpdwlrq ri wkh sdudp0
hwhuv1 Frpsxwlqj wkh srvwhulru glvwulexwlrqv lqyroyhv kljk0glphqvlrqdo
qxphulfdo lqwhjudwlrq exw wkhvh fdq eh fduulhg rxw vwudljkwiruzdugo| e|
Jleev vdpsolqj +Jhoidqg/ Kloov/ Udflqh0Srrq/ ) Vplwk/ 4<<3> Jhopdq/
Fduolq/ Vwhuq/ ) Uxelq/ 4<<8,1 Ixuwkhupruh/ wkh Ed|hvldq irupxodwlrq
vxssruwv d vwudljkwiruzdug prgho lghqwl�fdwlrq1 Wkdw lv/ wkh prgho lv
lghqwl�hg lq d qdwxudo zd| e| �{lqj wkh odwhqw delolw| vfdoh/ zlwkrxw
qhhglqj sulru nqrzohgjh derxw wkh yduldqfhv ri wkh phdvxuhphqw huuruv1
Wklv fkdswhu frqvlvwv ri hljkw vhfwlrqv1 Wkh qh{w vhfwlrq suhvhqwv d

jhqhudo pxowlohyho prgho zlwk fryduldwhv revhuyhg vxemhfw wr huuru1 Lq
wkh iroorzlqj vhfwlrq/ d fodvvlfdo whvw wkhru| prgho dqg dq lwhp uhvsrqvh
wkhru| prgho dv phdvxuhphqw huuru prghov zloo eh glvfxvvhg1 Wkhq/
d Pdunry Fkdlq Prqwh Fduor +PFPF, hvwlpdwlrq surfhgxuh zloo eh
ghvfulehg iru hvwlpdwlqj wkh sdudphwhuv ri d pxowlohyho prgho zlwk phd0
vxuhphqw huuru lq fryduldwhv rq erwk ohyhov1 Lq wkh iroorzlqj vhfwlrq/
phdvxuhphqw huuru lq fruuhodwhg suhglfwruv zloo eh glvfxvvhg1 Wkhq/ d
vpdoo vlpxodwlrq vwxg| dqg vrph uhdo0gdwd h{dpsohv zloo eh jlyhq1 Wkh
odvw vhfwlrq frqwdlqv d glvfxvvlrq dqg vxjjhvwlrqv iru ixuwkhu uhvhdufk1

51 Wkh Vwuxfwxudo Pxowlohyho Prgho

Lq vrfldo uhvhdufk/ gdwd vwuxfwxuhv riwhq frqvlvw ri revhuydwlrqv phd0
vxuhg dw gl�huhqw ohyhov1 H{dpsohv ri wklv qhvwhg vwuxfwxuh lqfoxgh gdwd
iurp vxuyh|v zkhuh uhvsrqghqwv duh qhvwhg xqghu dq lqwhuylhzhu/ whvw
gdwd ri vwxghqwv zlwklq vfkrrov dqg gdwd ri pxowlsoh revhuydwlrqv jdwk0
huhg ryhu wlph1 Dv dq h{dpsoh/ frqvlghu vfkrro h�hfwlyhqhvv uhvhdufk/
zkhuh lqwhuhvw lv irfxvhg rq wkh h�hfwv ri vfkrro0yduldeohv rq wkh hgx0
fdwlrqdo dfklhyhphqw ri wkh vwxghqwv1 Wr hydoxdwh vfkrro h�hfwlyhqhvv/
lqirupdwlrq lv qhhghg dw erwk wkh ohyho ri vwxghqwv dqg wkh vfkrro0ohyho1
Wkh khwhurjhqhlw| lq vwxghqw dqg vfkrro fkdudfwhulvwlfv uhtxluhv d vwd0
wlvwlfdo prgho wkdw wdnhv wkh yduldwlrq dqg uhodwlrqvklsv dw hdfk ri wkh
ohyhov lqwr dffrxqw1 Pxowlohyho prghov vxssruw wkhvh uhtxluhphqwv1 D
qxpehu ri lqyhvwljdwruv kdyh h{dplqhg wkh lvvxh ri pxowlohyho prgholqj
ri hgxfdwlrqdo gdwd +Eu|n ) Udxghqexvk/ 4<<5> gh Ohhxz ) Nuhiw/ 4<;9>
Jrogvwhlq/ 4<<8> Udxghqexvk/ 4<;;/ Vqlmghuv ) Ervnhu/ 4<<<,1
Wkh klhudufklfdo prgho lv frpprqo| xvhg iru frqwlqxrxv rxwfrphv lv

d wzr0ohyho irupxodwlrq zlwk Ohyho 4 uhjuhvvlrq sdudphwhuv pxowlyduldwh
qrupdoo| glvwulexwhg dfurvv Ohyho 5 xqlwv1 Vxssrvh wkdw vwxghqwv +Ohyho
4,/ lqgh{hg lm +l @ 4> = = = > q�> m @ 4> = = = > M, > duh qhvwhg zlwklq vfkrrov
+Ohyho 5,/ lqgh{hg m +m @ 4> = = = > M,1 Lq lwv jhqhudo irup/ Ohyho 4 frqvlvwv
ri d uhjuhvvlrq prgho/ iru hdfk ri M qhvwlqj Ohyho 5 jurxsv +m @ 4> = = = > M,>
lq zklfk wkh revhuydwlrqv duh prghohg dv d ixqfwlrq ri T suhglfwru ydul0
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deohv ��� > = = = >�'� > wkdw lv/

|�� @ �f� . ������� . = = =. �^��^�� . = = =. �'��'�� . h��> +714,

zkhuh h� lv dq +q� � 4, yhfwru ri qrupdoo| glvwulexwhg uhvlgxdov zlwk
phdq 3 dqg yduldqfh �2L?� = Wkh uhjuhvvlrq sdudphwhuv duh wuhdwhg dv
rxwfrphv lq d Ohyho 5 prgho jlyhq e|

�^� @ �^f . �^���^� . = = =. �^r�r^� . = = =. �^7�7^� . x^� > +715,

iru t @ 3> = = = >T> zkhuh wkh Ohyho 5 huuru whupv x^� / t @ 3> = = = >T/
kdyh d pxowlyduldwh qrupdo glvwulexwlrq zlwk phdq }hur dqg fryduldqfh
pdwul{ W>�^r dqg �r^� duh Ohyho 5 uhjuhvvlrq frh!flhqwv +�{hg h�hfwv,
dqg suhglfwru yduldeohv/ uhvshfwlyho|1 Dowkrxjk wkh frh!flhqwv ri doo
wkh suhglfwruv lq wkh Ohyho 4 prgho frxog eh wuhdwhg dv udqgrp/ lw pd|
eh ghvludeoh wr frqvwudlq wkh yduldwlrq lq rqh ru pruh ri wkh uhjuhvvlrq
sdudphwhuv wr }hur1 Wklv zloo eh uhwxuqhg wr ehorz1
Wkh h{sodqdwru| yduldeohv dw Ohyho 4 frpsulvh vwxghqwv* fkdudfwhu0

lvwlfv/ vxfk dv/ jhqghu ru djh1 Ohyho 4 h{sodqdwru| yduldeohv fdq dovr
eh odwhqw/ vxfk dv/ vrflr0hfrqrplf vwdwxv/ lqwhooljhqfh/ frppxqlw| or|0
dow|/ vrfldo frqvflrxvqhvv/ pdqdjhuldo delolw| ru zloolqjqhvv wr dgrsw qhz
sudfwlfhv1 H{sodqdwru| yduldeohv dv uhjlrq/ vfkrro0ixqglqj ru jhqghu duh
revhuyhg zlwkrxw dq huuru1 Odwhqw yduldeohv fdq qrw eh revhuyhg gluhfwo|
dqg kdyh wr eh hvwlpdwhg/ riwhq zlwk dq huuru1 Ehorz/ dq h{dpsoh zloo
eh jlyhq ri dq dqdo|vlv zkhuh vwxghqwv* delolwlhv/ uhjduglqj pdwkhpdwlfv/
duh hvwlpdwhg dv vfruhv/ rq Ohyho 4/ rewdlqhg xvlqj dq LT whvw dqg/ rq
Ohyho 5/ rewdlqhg xvlqj dq dgdswlyh lqvwuxfwlrq whvw wdnhq e| whdfkhuv1
Erwk h{sodqdwru| yduldeohv duh phdvxuhg zlwk dq huuru gxh wr wkh olplwhg
qxpehu ri lwhpv lq wkh whvwv dqg wkh uhvsrqvh yduldqfh1 Lq suhglfwlqj
vwxghqwv* delolwlhv/ dq lqfuhdvh lq suhflvlrq +l1h1 uhgxfwlrq lq �2, frxog
eh rewdlqhg e| xvlqj vwxghqw suhwhvw vfruhv dv d fryduldwh lq wkh Ohyho
4 prgho exw huuruv lq wkh suhglfwru yduldeohv fdxvh eldv lq hvwlpdwhg
uhjuhvvlrq frh!flhqwv +Fduuroo hw do1/ 4<<8/ ss1 55,1
Wkh odwhqw Ohyho 4 fryduldwhv duh ghqrwhg e| � zkhuhdv wkh revhuyhg

fryduldwhv zlwkrxw dq huuru duh ghqrwhg e| �1 Wkhuhiruh/ Ohyho 4 ri wkh
vwuxfwxudo prgho/ irupxod +7=4,/ lv uhirupxodwhg dv

|�� @ �f� . = = =. �^��^�� . �E^n����E^n���� . = = =. �'��'�� . h�� > +716,

zkhuh wkh �uvw t suhglfwruv fruuhvsrqg wr odwhqw yduldeohv dqg wkh uh0
pdlqlqj T�t suhglfwruv fruuhvsrqg wr revhuydeoh yduldeohv1 Wkh uhjuhv0
vlrq frh!flhqwv duh doorzhg wr ydu| dfurvv Ohyho 5 jurxsv1 Wklv yduldwlrq
fdq eh dffrxqwhg iru e| wuhdwlqj wkh Ohyho 4 uhjuhvvlrq frh!flhqwv dv
rxwfrphv ri Ohyho 5 suhglfwruv1 Wkh h{sodqdwru| yduldeohv dw Ohyho 5
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frqvlvwv ri odwhqw suhglfwruv ghqrwhg e| � dqg fryduldwhv revhuyhg zlwk0
rxw dq huuru ghqrwhg e| �= Wkh Ohyho 5 prgho lq +7=5, lv uhirupxodwhg
dv

�^� @ �^f . = = =. �^r�r^� . �^Ern���Ern��^� . = = =. �^7�7^� . x^�>

+717,

iru t @ 3> = = = >T> zkhuh wkh �uvw v suhglfwruv fruuhvsrqg wr odwhqw ydul0
deohv dqg wkh uhpdlqlqj V� v suhglfwruv wr nqrzq �{hg frqvwdqwv1 Wkh
vhw ri odwhqw yduldeohv � lv qrw revhuydeoh exw lqirupdwlrq derxw �/ gh0
qrwhg dv [> lv dydlodeoh1 [ lv fdoohg d vxuurjdwh iru �/ wkdw lv/ [ kdv
qr lqirupdwlrq derxw \ rwkhu wkdq zkdw lv dydlodeoh lq �= Wklv lv fkdu0
dfwhulvwlf ri qrqgl�huhqwldo phdvxuhphqw huuru +Fduuroo hw do1/ 4<<8/ ss1
4904:,1 Rq Ohyho 5/Z lv gh�qhg dv d vxuurjdwh iru �1 Wkh vxuurjdwhv [
dqgZ duh dovr fdoohg pdqlihvw yduldeohv ru sur{lhv1 Wkh h�hfwv iurp glv0
uhjduglqj phdvxuhphqw huuru fdq udqjh iurp eldvhg sdudphwhu hvwlpdwhv
wr vlwxdwlrqv zkhuh uhdo h�hfwv duh klgghq dqg vljqv ri wkh hvwlpdwhg fr0
h!flhqwv duh uhyhuvhg uhodwlyh wr wkh fdvh zlwk qr phdvxuhphqw huuru
+Fduuroo hw do1/ 4<<8/ ss 54056,1

61 Phdvxuhphqw Huuru Prghov

Wklv vhfwlrq irfxvhv rq wzr sdudphwulf prghov iru wkh uhvsrqvh= wkh
zhoo0nqrzq fodvvlfdo wuxh vfruh prgho dqg wkh qrupdo rjlyh prgho1

614 Wkh Fodvvlfdo Wuxh Vfruh Prgho

Lq wkh fodvvlfdo wuxh vfruh prgho +Orug ) Qrylfn/ 4<9;,/ wkh lqglylg0
xdo*v vfruh rq d sduwlfxodu whvw irup/ wkh revhuyhg vfruh/ lv frqvlghuhg
wr eh d fkdqfh yduldeoh zlwk vrph/ xvxdoo| xqnqrzq/ glvwulexwlrq1 Wklv
glvwulexwlrq lv jhqhudoo| nqrzq dv wkh surshqvlw| glvwulexwlrq1 Wkh phdq
+h{shfwhg ydoxh, ri wklv glvwulexwlrq lv lqwhusuhwhg dv wkh wuxh vfruh1 Wkh
huuru ri phdvxuhphqw lv wkh glvfuhsdqf| ehwzhhq wkh revhuyhg vfruhv dqg
wkh wuxh vfruh1 Vlqfh/ e| gh�qlwlrq/ wkh h{shfwhg ydoxh ri wkh revhuyhg
vfruhv lv wkh wuxh vfruh/ wkh h{shfwdwlrq ri wkh huuruv ri phdvxuhphqw ru
huuru vfruhv lv }hur1 Lw lv dvvxphg wkdw wkh fruuhvsrqglqj wuxh vfruhv dqg
huuru vfruhv duh xqfruuhodwhg dqg wkdw huuru vfruhv rq gl�huhqw phdvxuh0
phqwv duh dovr xqfruuhodwhg1 Ghqrwh[��& dv wkh phdvxuhphqw dvvrfldwhg
zlwk lqglylgxdo lm> ohw ��� eh wkh phdq ri wkh uhvsrqvh glvwulexwlrq dqg
ohw %��& wkh vdpsolqj ghyldwlrq iru wkh n0wk uhvsrqvh rewdlqhg iurp wkh
n0wk lqglylgxdo*v uhvsrqvh glvwulexwlrq/ wkdw lv/

%��& @ [��& � ��� = +718,

Wkh wuxh vfruh ��� ri d shuvrq lqgh{hg lm lv gh�qhg dv wkh h{shfwhg ydoxh
ri wkh revhuyhg vfruh zkhuh wkh h{shfwdwlrq lv wdnhq zlwk uhvshfw wr wkh
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uhvsrqvh glvwulexwlrq1 Wklv uhvsrqvh glvwulexwlrq lv k|srwkhwlfdo ehfdxvh
lq sv|fkrorj| dqg rwkhu vxemhfw duhdv lw lv xvxdoo| qrw srvvleoh wr rewdlq
pruh wkdq rqh lqghshqghqw revhuydwlrq1 Wklv prgho frlqflghv pdwkh0
pdwlfdoo| zlwk wkh fodvvlfdo dgglwlyh phdvxuhphqw huuru prgho +Ixoohu/
4<;:/ htxdwlrq 4=4=5,/ zkhuh d qrupdo glvwulexwlrq ri wkh huuru yduldeoh
lv dvvxphg1 Ohw [�� eh wkh revhuyhg vfruh ri shuvrq lm> dv wkh vxp ryhu
lwhp vfruhv/ jlyhq wkh uhvsrqvhv wr d vhw ri lwhpv1 Ixuwkhu rq/ wkh re0
vhuyhg vfruhv duh prghohg wr kdqgoh phdvxuhphqw huuru dqg wr hvwlpdwh
wkh wuxh vfruhv1
Lw lv qrw vwulfwo| qhfhvvdu| wr dvvxph wkdw wkh uhvsrqvh glvwulexwlrq

yduldqfhv duh htxdo iru gl�huhqw shuvrqv1 Vrph shuvrqv* uhvsrqvhv pd| eh
phdvxuhg pruh dffxudwho| wkdq rwkhuv1 Exw huuru yduldqfhv iru lqglylgxdo
h{dplqhhv duh xvxdoo| vxemhfw wr odujh vdpsolqj  xfwxdwlrqv1 Lq wkh
vhtxho/ wkh jurxs vshfl�f huuru yduldqfh lv xvhg dv dq dssur{lpdwlrq
wr wkh lqglylgxdo huuru yduldqfhv ri zklfk lw lv wkh dyhudjh1 Wkh jurxs
vshfl�f huuru yduldqfh lv ghqrwhg dv *> zkhuh wkh jurxs frqwdlqv doo
h{dplqhhv1 Wklv jurxs vshfl�f huuru yduldqfh lv wkh yduldqfh ryhu wkh
h{dplqhhv ri wkh huuruv ri phdvxuhphqw/ zklfk lv htxdo wr wkh vshfl�f
huuru yduldqfh dyhudjhg ryhu wkh wrwdo qxpehu ri h{dplqhhv +Orug )
Qrylfn/ 4<9;/ ss1 488,1
Wkh fodvvlfdo wuxh vfruh prgho lv edvhg rq dvvxpswlrqv wkdw pd| qrw

dozd|v eh uhdolvwlf1 Phdvxuhphqw huuru lv vxssrvhg wr eh lqghshqghqw
ri wkh suhglfwru yduldeohv1 Ixuwkhu/ wkh yduldqfh ri phdvxuhphqw huuruv
lv dvvxphg wr eh htxdo frqglwlrqdo rq gl�huhqw ydoxhv ri wkh ghshqghqw
yduldeoh/ vd|/ wkh vfruh ohyho ri wkh whvw wdnhu lq hgxfdwlrqdo phdvxuh0
phqw1 Dqrwkhu sureohp lv wkdw wkh uholdelolw| ri phdvxuhv lv qrw hdvlo|
dvvhvvhg1 Wkh huuru yduldqfh frxog eh hvwlpdwhg iurp uhshdwhg phdvxuh0
phqwv wr rewdlq dq hvwlpdwh ri wkh huuru yduldqfh1 Krzhyhu/ ehvlghv wkh
sudfwlfdo gl!fxowlhv/ lw lv qrw uhdolvwlf wr dvvxph wkdw wkh uhshdwhg phd0
vxuhv duh lqghshqghqw1 Wr ryhufrph wkhvh sureohpv lw lv dvvxphg wkdw
wkh yduldqfhv dqg fryduldqfhv ri wkh phdvxuhphqw huuruv duh nqrzq lq
dgydqfh/ ru vxlwdeoh hvwlpdwhv h{lvw +Jrogvwhlq/ 4<<8/ ss1 475,1 Krz0
hyhu/ wkh hvwlpdwhv ri wkh uhvsrqvh yduldqfh duh jhqhudoo| lpsuhflvh1 Lq
fdvh ri wkh xvxdo pd{lpxp olnholkrrg dssurdfk/ wkh udwlr ri wkh huuru
whupv* yduldqfhv ru dowhuqdwlyho| rqh ru erwk ri wkh yduldqfhv rxjkw wr
eh nqrzq wr lghqwli| wkh prgho +Ixoohu/ 4<;:/ ss1 <044,1

615 Wkh Qrupdo Rjlyh Prgho

Iru glfkrwrprxv lwhpv/ wkh lwhp uhvsrqvh ixqfwlrq +wudfholqh/ lwhp
fkdudfwhulvwlf fxuyh, lv wkh suredelolw| ri d fruuhfw uhvsrqvh dv d ixqf0
wlrq ri delolw|1 Lq wklv vhfwlrq/ wkh qrupdo rjlyh prgho lv frqvlghuhg dv
d phdvxuhphqw huuru prgho +vhh Orug/ 4<;3/ ss1 5:074,1 Wkh suredelo0
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lw| ri d fruuhfw uhvsrqvh ri d shuvrq lqgh{hg lm rq dq lwhp lqgh{hg n
+n @ 4> = = = >N, > [��& @ 4> lv jlyhq e|

S +[��& @ 4 m ���> d&> e&, @ � +d&��� � e&, > +719,

zkhuh � ghqrwhv wkh vwdqgdug qrupdo fxpxodwlyh glvwulexwlrq ixqfwlrq/
dqg d& dqg e& duh wkh glvfulplqdwlrq dqg gl!fxow| sdudphwhu ri lwhp n>
uhvshfwlyho|1 Wkh sdudphwhuv ri lwhp n duh dovr ghqrwhg e| �& @ +d&> e&, =
Dq LUW prgho surylghv wkh iuhtxhqf| glvwulexwlrq ri whvw vfruhv iru dq
h{dplqhh lm kdylqj d vshfl�hg ohyho ��� ri delolw| ru vnloo1 Wkh yduldqfh/
�2
 �� �w��

> ri wklv frqglwlrqdo glvwulexwlrq ri qxpehu uljkw0vfruh [�� lv

�2
 ���w��

@
g[
&'�

S +[��& @ 4 m ���> d&> e&, ^4� S +[��& @ 4 m ��� > d&> e&,`

@
g[
&'�

�+d&��� � e&,� +e& � d&���, = +71:,

Qrwlfh wkdw wklv lpsolhv uhvsrqvh yduldqfh jlyhq �= Wkh srvwhulru glvwul0
exwlrq ri ��� jlyhq {�� > s +��� m {��, > lv sursruwlrqdo wr wkh glvwulexwlrq
ri {�� jlyhq wkh delolw| ohyho ��� > s +{�� m ���, > pxowlsolhg e| wkh vwdqgdug
qrupdo glvwulexwlrq1 Wkhuhiruh/ wkh srvwhulru yduldqfh ri s +��� m {��, ru
orfdo uholdelolw|> �2

w��� ��
> lv forvho| uhodwhg wr uhvsrqvh yduldqfh �2

 �� �w��
>

dqg wklv lpsolhv wkh srvvlelolw| ri khwhurvfhgdvwlflw|1 Ixuwkhupruh/ wkh
phdvxuhphqw vfdoh lv lqghshqghqw ri wkh lwhpv lq wkh whvw1 Wklv lv lq
frqwudvw wr fodvvlfdo whvw wkhru|/ zkhuh wkh wuxh vfruh ghshqgv rq wkh
lwhpv lq wkh whvw dqg krprvfhgdvwlflw| lv dvvxphg1

71 Dq PFPF Hvwlpdwlrq Surfhgxuh iru d
Pxowlohyho Prgho zlwk Phdvxuhphqw Huuru

Wkh uhvsrqvh huuru lq wkh revhuyhg suhglfwru yduldeohv ri d vwuxfwxudo
pxowlohyho prgho lv prghohg e| dq lwhp uhvsrqvh wkhru| prgho dqg d
fodvvlfdo wuxh vfruh prgho1 Wkh vwuxfwxudo pxowlohyho prgho frpelqhg
zlwk dq LUW prgho lv fdoohg d pxowlohyho LUW prgho/ dqg wkh vwuxfwxudo
pxowlohyho prgho frpelqhg zlwk d fodvvlfdo wuxh vfruh prgho lv fdoohg d
pxowlohyho wuxh vfruh prgho1 Wkh hvwlpdwlrq surfhgxuh iru erwk prghov
zloo eh rxwolqhg frqfxuuhqwo|1
Ed|hvldq dqdo|vlv ri sdudphwulf prghov uhtxluhv wkh vshfl�fdwlrq ri d

olnholkrrg dqg sulru1 Riwhq d qrq0lqirupdwlyh sulru lv xvhg1 Wkh srvwh0
ulru glvwulexwlrq/ ghulyhg iurp wkh mrlqw ghqvlw| ri wkh gdwd dqg sdudph0
whuv dffruglqj wr Ed|hv irupxod/ vxppdul}hv doo ri wkh lqirupdwlrq derxw
wkh ydoxhv ri wkh sdudphwhuv1 Lqwhuhvw lv irfxvhg rq wkh h{shfwhg d srvwh0
ulrul ydoxhv ri wkh sdudphwhuv dqg srvwhulru vwdqgdug huuruv1 Lq jhqhudo/
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frpsoh{ prghov/ vxfk dv wkh sursrvhg pxowlohyho prgho zlwk phdvxuh0
phqw huuru lq wkh fryduldwhv/ uhtxluh vrsklvwlfdwhg qxphulfdo dqdo|wlfdo
phwkrgv wr rewdlq hvwlpdwhv ri wkh sdudphwhuv ri lqwhuhvw1 Krzhyhu/
Pdunry fkdlq Prqwh Fduor dojrulwkpv +PFPF,/ lq vshfl�f wkh Jleev
vdpsohu/ kdyh suryhq srwhqwldo iru hvwlpdwlqj frpsoh{ prghov +Ehuqdugr
) Vplwk/ 4<<7> Jhoidqg ) Vplwk/ 4<<3> Jhpdq ) Jhpdq/ 4<;7> Urehuw
) Fdvhood/ 4<<<,1 Jleev vdpsolqj vxffhhgv ehfdxvh lw uhgxfhv wkh sure0
ohp ri ghdolqj vlpxowdqhrxvo| zlwk plvvlqj gdwd dqg d odujh qxpehu
ri uhodwhg xqnqrzq sdudphwhuv lqwr d pxfk vlpsohu sureohp ri ghdolqj
zlwk rqh xqnqrzq txdqwlw| dw d wlph e| vdpsolqj hdfk iurp lwv ixoo
frqglwlrqdo glvwulexwlrq1 Wklv vdpsolqj0edvhg phwkrg lv frqfhswxdoo|
vlpsoh dqg hdvlo| lpsohphqwhg1 Wkh Jleev vdpsohu jhqhudwhv d Pdunry
fkdlq zklfk frqyhujhv lq glvwulexwlrq wr wkh mrlqw srvwhulru glvwulexwlrq
ri wkh sdudphwhuv ri lqwhuhvw +Wlhuqh|/ 4<<7,1 Wkdw lv/ d Pdunry fkdlq lv
frqvwuxfwhg lq vxfk d zd| wkdw lwv vwdwlrqdu| glvwulexwlrq/ dovr ghqrwhg
olplwlqj glvwulexwlrq/ lv wkh mrlqw srvwhulru glvwulexwlrq ri wkh prgho sd0
udphwhuv1
Iluvw/ wkh lpsohphqwdwlrq ri wkh Jleev vdpsohu lv frqvlghuhg iru d

pxowlohyho prgho zlwk d qrupdo rjlyh prgho iru wkh suhglfwru yduldeohv1
Lq wklv lpsohphqwdwlrq wkh suhglfwru yduldeohv duh dvvxphg wr eh xqfru0
uhodwhg1 Vhfrqg/ wkh lpsohphqwdwlrq ri wkh Jleev vdpsohu lv ghvfulehg
zlwk wkh fodvvlfdo wuxh vfruh prgho dv phdvxuhphqw prgho1 Fruuhodwhg
suhglfwruv zlwk phdvxuhphqw huuru zloo eh glvfxvvhg lq wkh qh{w vhfwlrq1

714 Hvwlpdwlrq xvlqj Jleev Vdpsolqj

Hydoxdwlrq ri wkh prgho iru wkh revhuyhg gdwd lv frpsolfdwhg e| wkh
idfw wkdw vrph hohphqwv duh plvvlqj1 Wkh �*v dqg �*v duh wuhdwhg dv xq0
revhuyhg udqgrp sdudphwhuv1 Ohw ��� eh wkh �uvw t h{sodqdwru| yduldeohv
rq Ohyho 4/ zklfk duh odwhqw/ dv lq irupxod +7=6, = Wkh vhw ri h{sodqd0
wru| yduldeohv rq Ohyho 4 iru suhglfwlqj \�� lv gh�qhg dv 
�� @ +���>���, >
zkhuh ��� frqvlvwv ri wkh uhpdlqlqj T�t revhuydeoh fryduldwhv rq Ohyho
41 Ixuwkhu/ ohw �^� eh wkh �uvw v odwhqw h{sodqdwru| yduldeohv suhglfw0
lqj �^� rq Ohyho 5/ dv lq irupxod +7=7, = Wr frpsohwh wkh ghvfulswlrq ri

wkh fryduldwhv rq Ohyho 5/ ohw �^� @
�
�^�>�^�

�
eh wkh vhw ri h{sodqdwru|

yduldeohv iru �^� > zkhuh �^� duh wkh uhpdlqlqj V � v gluhfwo| revhuydeoh
yduldeohv/ dovr dffruglqj wr irupxod +7=7, =
Wkh PFPF dojrulwkp lv vwudljkwiruzdugo| lpsohphqwhg e| lqwurgxf0

lqj d frqwlqxrxv odwhqw yduldeoh wkdw xqghuolhv hdfk elqdu| uhvsrqvh1
Wklv dssurdfk iroorzv wkh surfhgxuh ri Doehuw +4<<5,/ zklfk exlogv rq
wkh Gdwd Dxjphqwdwlrq dojrulwkp ri Wdqqhu dqg Zrqj +4<;:,/ dqg kdv
ehhq h{whqvlyho| xvhg lq rwkhu plvvlqj gdwd sureohpv +vhh/ iru h{dpsoh/
Eìjxlq/ 5333> Ir{ ) Jodv/ 5334> Mrkqvrq ) Doehuw/ 4<<</ ss1 4<70535>
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Urehuw ) Fdvhood/ 4<<</ ss1 747076;,1 Dvvxph wkdw wkh odwhqw yduldeohv
�^�� duh uhodwhg wr wkh revhuyhg uhvsrqvhv [^��& ri shuvrq lm rq dq lwhp

n1 Wklv revhuydwlrq [^��& lqglfdwhv zkhwkhu d frqwlqxrxv yduldeoh ]
E%�
^��&

zlwk qrupdo ghqvlw| lv srvlwlyh ru qhjdwlyh1 Wkh vxshuvfulsw lqglfdwhv

wkh revhuyhg uhvsrqvh yduldeoh [= Ixuwkhu/ [^��& @ 4 li ]
E%�
^��& A 3 dqg

[^��& @ 3 rwkhuzlvh1 Lw iroorzv wkdw

s +}^��& m �^��> �&> {^��&, 2 i +}^��&>d&�^�� � e&> 4, ^L +}^��& A 3,

L +{^��& @ 4, . L +}^��& � 3, L +{^��& @ 3,` >

zkhuh i+=> d&�^�� � e&> 4, vwdqgv iru wkh qrupdo ghqvlw| zlwk phdq htxdo
wr d&�^�� � e& dqg xqlw yduldqfh/ dqg L +=, lv dq lqglfdwru yduldeoh wdnlqj
wkh ydoxh rqh li lwv dujxphqw lv wuxh/ dqg }hur rwkhuzlvh1 Ixuwkhu/ �^��

dqg �
E%�
& duh wkh shuvrq dqg lwhp sdudphwhuv iru shuvrq lm dqg lwhp n/

uhvshfwlyho|1 Wkh pdwul{ ]E%� vhuyhv wr vlpsoli| fdofxodwlrqv dqg wkh
ydoxh ri ]E%� grhv qrw d�hfw wkh ydoxh ri wkh hvwlpdwru/ wkdw lv/ ]E%� lv
rqo| d xvhixo ghylfh1
Ohw Zr^�& eh d glfkrwrprxv uhvsrqvh yduldeoh ri d Ohyho 5 xqlw/ lq0

gh{hg m> rq dq lwhp/ lqgh{hg n> uhodwhg wr wkh v|� Ohyho 5 odwhqw yduldeoh/
�r^� > iru suhglfwlqj �^� = Iru h{dpsoh/ �r^� pljkw eh wkh shgdjrjlfdo fol0
pdwh ri vfkrro m phdvxuhg xvlqj d txhvwlrqqdluh zlwk glfkrwrprxvo|
vfruhg txhvwlrqv dgplqlvwhuhg wr d whdfkhu ru sulqflsdo ri vfkrro m1 Lq
wkh vdph zd| dv iru Ohyho 4/ frpsohwh gdwd duh iruphg> wkh dxjphqwhg

gdwd zloo eh ghqrwhg zlwk ]
E��
r^�&=

Wkh Jleev vdpsohu duudqjhv wkh vdpsolqj iurp rqh ri wkh sdudphwhuv
frqglwlrqdoo| rq doo rwkhu sdudphwhuv lq d qxpehu ri vwhsv1 Wkh hqwluh
surfhgxuh frqvwlwxwhv ri vwhszlvh gudzv iurp wkh frqglwlrqdo srvwhulru
glvwulexwlrqv ri wkh frpsrqhqwv ]E%�> �E%�>�>�> �2>�>W>]E��>�E�� dqg
�= Wkh surfhgxuh frqvlvwv ri 43 vwhsv=

41 Gudz ]E%� frqglwlrqdo rq �>�E%� dqg [=

51 Gudz �E%� frqglwlrqdo rq � dqg ]E%�=

61 Gudz � frqglwlrqdo rq ]E%�>�E%�>�> �2>
> dqg \=

71 Gudz � frqglwlrqdo rq 
>�> �2>�>W dqg |=

81 Gudz � frqglwlrqdo rq �>� dqg W=

91 Gudz �2 frqglwlrqdo rq �>
 dqg |=

:1 Gudz W frqglwlrqdo rq �>� dqg �=

;1 Gudz ]E�� frqglwlrqdo rq �> �E�� dqgZ=
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<1 Gudz �E�� frqglwlrqdo rq � dqg ]E��=

431 Gudz � frqglwlrqdo rq ]E��>�E��>�>� dqg �=

Vwhs 4051 Vdpsolqj dxjphqwhg gdwd/ ]E%�> dqg vdpsolqj wkh lwhp sd0
udphwhuv/ �E%�/ lv ghvfulehg e| Doehuw +4<<5, dqg Ir{ dqg Jodv +5334,1

Vwhs 61 Wkh yduldeohv/ ����> = = = > �^��> fdq eh vdpsohg lqglylgxdoo| eh0

fdxvh wkh| duh xqfruuhodwhg1 Jlyhq ]
E%�
^�� > �

E%�>�� dqg �2 duh wkh| lqgh0
shqghqw dqg glvwulexwhg dv d pl{wxuh ri qrupdo glvwulexwlrqv1 Wkdw lv/

wkh dxjphqwhg gdwd ]
E%�
^�� dqg wkh revhuyhg gdwd \�� duh qrupdoo| glv0

wulexwhg zlwk/ dprqj rwkhuv/ sdudphwhu �^�� > zklfk lv d sulrul qrupdoo|
glvwulexwhg1 Wkh wzr0sdudphwhu qrupdo rjlyh prgho lv lghqwl�hg e| �{0
lqj wkh ruljlq dqg vfdoh ri wkh odwhqw glphqvlrq1 Wkhuhiruh/ wkh phdq
dqg yduldqfh ri wkh delolw| glvwulexwlrq duh �{hg wr }hur dqg rqh/ uhvshf0
wlyho|1 Dffruglqj wr irupxod +7=6, > wkh gh�qlwlrq ri wkh dxjphqwhg gdwd
dqg wkh sulru iru �^�� lw iroorzv wkdw

s
�
�^�� m }

E%�
^�� >�

E%�>�� > �
2>
3

�� > |��
�
2 s

�
}
E%�
^�� m �^��> �

E%�
�

s
�
|�� m �^��>��> �

2>
3
��

�
s+�^��, +71;,

zkhuh 
3
�� duh wkh vhw ri h{sodqdwru| yduldeohv iru shuvrq lm rq Ohyho 4

zlwkrxw �^�� 1 Vsolw wkh uhjuhvvlrq frh!flhqwv rq Ohyho 4/ ��> lqwr �^� dqg

�
El�
� > wr glvwlqjxlvk wkh uhjuhvvlrq frh!flhqw ri h{sodqdwru| yduldeoh �^��

iurp wkh uhjuhvvlrq frh!flhqwv ri wkh rwkhu h{sodqdwru| yduldeohv 
3
��1

Irupxod +7=;, lv wkh surgxfw ri d qrupdo prgho iru wkh uhjuhvvlrq ri

]
E%�
^��& . e& rq d& zlwk �^�� dv d uhjuhvvlrq frhiilflhqw/ d qrupdo prgho iru

wkh uhjuhvvlrq ri \����
El�
� 
3

�� rq �^� zlwk �^�� dv d uhjuhvvlrq frhiilflhqw
dqg d vwdqgdug qrupdo sulru iru �^�� = Gxh wr vwdqgdug surshuwlhv ri
qrupdo glvwulexwlrqv +h1j1/ vhh/ Er{ )Wldr/ 4<:6> Olqgoh| ) Vplwk/ 4<:5,
wkh ixoo| frqglwlrqdo srvwhulru ghqvlw| ri �^�� lv dovr qrupdoo| glvwulexwhg/

�^�� m ]
E%�
^�� >�

E%�>��> �
2>
3

�� > \�� q Q

3C ew^��
� .

hw^��
�

�
�
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�
. 4

>
4

�
�
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�
. 4

4D > +71<,

zkhuh wkh srvwhulru h{shfwdwlrq frqvwlwxwhv ri e�^�� @
�Sg

&'� d
2
&

�3�
Sg

&'� d& +}^��& . e&, > dqg h�^�� @ �
3�

^�

�
|�� � �

El�
� 
3��

�
> dqg wkh srvwhulru

yduldqfhv ri y @
�Sg

&'� d
2
&

�3�
dqg ! @ �

32

^� �
21 Wkh srvwhulru h{shfwd0

wlrq/ irupxod +7=<, > lv wkh zhoo0nqrzq frpsrvlwh ru vkulqndjh hvwlpdwru1
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Wkh hvwlpdwh ri �^�� lv d frpelqdwlrq ri wzr hvwlpdwhv/ e�^�� dqg h�^�� >
zlwk wkh zhljkwv sursruwlrqdo wr wkh suhflvlrqv1

Vwhs 70:1 Wkh prgl�fdwlrq ri wkh pxowlohyho prgho wr kdqgoh phd0
vxuhphqw huuru lq wkh fryduldwhv fdxvhv plqlpdo fkdqjh lq wkh frp0
sohwh frqglwlrqdo glvwulexwlrqv ri wkh sdudphwhuv ri wkh pxowlohyho prgho/�
�>�> �2>W

�
1 Wkh ixoo frqglwlrqdov ri wkh pxowlohyho prgho sdudphwhuv/

uhtxluhg lq wkh hvwlpdwlrq surfhgxuh/ fdq eh irxqg lq Ir{ dqg Jodv
+5334, dqg Vhow}hu +4<<6, dqg Vhow}hu/ Zrqj/ ) Eu|n +4<<9,1

Vwhs ;0<1 Phdvxuhphqw huuru lq wkh suhglfwru yduldeohv rq Ohyho 5 duh
wuhdwhg lq wkh vdph zd| dv rq Ohyho 4/ zlwk d qrupdo rjlyh prgho dv
phdvxuhphqw prgho1 Wkhuhiruh/ dxjphqwhg gdwd ghqrwhg dv ]E��/ lq
uhodwlrq wr wkh revhuyhg gdwd Z> lwhp sdudphwhuv �E�� dqg � kdyh wr

eh vdpsohg1 Dq dgdswhg frpsohwh frqglwlrqdo ri ]E�� jlyhq �>�
E��
& fdq

eh irxqg lq Doehuw +4<<5, dqg Ir{ dqg Jodv +5334,1 Dovr dq dgdswhg
frpsohwh frqglwlrqdo glvwulexwlrq ri wkh lwhp sdudphwhuv fdq eh irxqg
wkhuhlq1

Vwhs 431 Vsolw wkh uhjuhvvlrq frh!flhqwv �^ rq Ohyho 5 lq �^r dqg

�
E[�
^ > uhodwlqj wr wkh suhglfwru �r^� dqg uhpdlqlqj Ohyho 5 fryduldwhv

�3
^� > uhvshfwlyho|/ zkhuh �3

^� lv wkh vhw ri h{sodqdwru| yduldeohv iru �^�
rq Ohyho 5 zlwkrxw �r^�1 Wkh odwhqw suhglfwru yduldeohv ��^�> = = = > �r^�
fdq eh vdpsohg lqglylgxdoo|/ ehfdxvh wkh| duh lqghshqghqw1 Wkh Ohyho
5 prgho/ irupxod +7=7,/ lv uhirupxodwhg dv/

�^� � �E[�^ �3
^� @ �^r�r^� . x^� > +7143,

zkhuh x^� q Q
�
3> �2^^

�
dqg �2^^ lv wkh t

|� gldjrqdo hohphqw ri W1 Iurp

irupxod +7=43, wkh ohdvw vtxduhv hvwlpdwru h�r^� @ �3�^r

�
�^� � �

E[�
^ �3

^�

�
fdq eh rewdlqhg1 Wkh sdudphwhuv �r^� jlyhq dxjphqwhg gdwd ]

E��
r^� dqg

sdudphwhuv �E��> �^�>�
3
^� dqg �^ duh lqghshqghqw dqg glvwulexwhg dv d

pl{wxuh ri qrupdo glvwulexwlrqv1 Wkdw lv/ dxjphqwhg gdwd/ ]
E��
r^� > dqg

uhjuhvvlrq frh!flhqw/ �^�> duh qrupdoo| glvwulexwhg zlwk/ dprqj rwkhuv/
sdudphwhu �r^� zklfk lv d sulrul qrupdoo| glvwulexwhg1 Wkhuhiruh/ lw
iroorzv wkdw

s
�
�r^� m }

E��
r^� > �

E��> �^�>�
3
^� >�^

�
2 s

�
}
E��
r^� m �r^�> �

E��
�

s
�
�^� m �r^� >�

3
^�>�^

�
s+�r^�,= +7144,

Iru lghqwl�fdwlrq ri wkh prgho wkh sulru iru �r^� lv wkh vwdqgdug qrupdo
glvwulexwlrq1 Khqfh/ wkh ixoo| frqglwlrqdo srvwhulru ghqvlw| ri �r^� lv
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jlyhq e|

�r^� m ]
E��
r^� >�

E��> �^� >�
3
^�>�^ q Q

3C elr^�
V .

hlr^�
�

�
V
. �

�
. 4

>
4

�
V
. �

�
. 4

4D > +7145,

zkhuh e�r^� lv wkh ohdvw vtxduhv hvwlpdwru iroorzlqj iurp wkh uhjuhvvlrq

ri }
E��
r^�& . e�& rq d�& dqg � wkh yduldqfh ri e�r^�> dv lq Vwhs 61 Wkh lwhp

sdudphwhuv �
E��
& @ +d�&> e

�
&, duh vdpsohg lq Vwhs <1 Ilqdoo|/

h�r^� lv wkh ohdvw
vtxduhv hvwlpdwru iru �r^�/ irupxod +7=43, > zlwk yduldqfh # @ 4@�2^r=
Wklv lpsohphqwdwlrq ri wkh Jleev vdpsohu lv hdvlo| fkdqjhg lqwr d

surfhgxuh iru hvwlpdwlqj wkh sdudphwhuv ri wkh vwuxfwxudo +pxowlohyho,
prgho zlwk wkh fodvvlfdo wuxh vfruh prgho dv phdvxuhphqw huuru prgho1
Lw lv dvvxphg wkdw wkh yduldqfh vwuxfwxuh/ *> lv nqrzq dqg jlyhq e|
irupxod +7=8, = Wklv lv dovr qhfhvvdu| iru lghqwl�fdwlrq ri wkh prgho1 Wkh
vxuurjdwhv [ dqg Z surylgh d vxp vfruh ru revhuyhg vfruh [�� ri wkh
h{dplqhh lqgh{hg lm rq Ohyho 4 dqg d vxp vfruh/ Z�> revhuyhg lq vfkrro
m= Wkxv/ lq wklv fdvh wkh fodvvlfdo wuxh vfruh prgho/ lqvwhdg ri wkh qrupdo
rjlyh prgho/ lv xvhg dv phdvxuhphqw huuru prgho rq Ohyho 4 dqg Ohyho
51 Dxjphqwhg gdwd dqg lwhp sdudphwhuv gr qrw kdyh wr eh vdpsohg1
Wkhuhiruh/ Vwhs 4/ 5/ ; dqg Vwhs < fdq eh ohiw rxw1 Vwhs 6 dqg Vwhs 43
fkdqjhv lqwr wkh iroorzlqj wzr vwhsv1

Vwhs 6 �1 Ohw [^�� ghqrwh wkh revhuyhg vfruh ri d shuvrq/ lqgh{hg lm/
lq uhodwlrq wr �^��> wkh t

|� odwhqw fryduldwh rq Ohyho 4 lq suhglfwlqj \��=
Djdlq/ wkh odwhqw suhglfwruv rq Ohyho 4 fdq eh vdpsohg vhsdudwho| eh0
fdxvh wkh| duh lqghshqghqw1 Ixuwkhu/ [^�� lv d udqgrp yduldeoh wdnlqj
rq ydoxhv iurp lqghshqghqw uhshdwhg phdvxuhphqwv/ zklfk lv qrupdoo|
glvwulexwhg zlwk phdq �^�� dqg yduldqfh *1 Wkh frpsohwh frqglwlrqdo ri
�^�� iroorzv iurp wkh uhjuhvvlrq ri [^�� rq �^�� dqg wkh uhjuhvvlrq ri \��
rq 
��> irupxod +7=6, = Lw iroorzv wkdw

s
�
�^�� m 
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�
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Wkh sulru lqirupdwlrq iru �^�� lv lqfrusrudwhg lqwr wkh phdvxuhphqw huuru
prgho/ zkhuh wkh glvwulexwlrq dqg yduldqfh vwuxfwxuh ri wkh wuxh vfruh
lv ghwhuplqhg1 Lw iroorzv wkdw wkh ixoo| frqglwlrqdo srvwhulru ghqvlw| ri
�^�� lv jlyhq e|

�^�� m 
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zlwk h��� dqg ! dv lq irupxod +7=<, =
Wkh fodvvlfdo wuxh vfruh prgho fdq dovr eh xvhg iru prgholqj wkh phd0

vxuhphqw huuru lq wkh suhglfwru yduldeohv rq Ohyho 51 Ohw �r^� eh wkh h{0
shfwhg ydoxh ri wkh revhuyhg vfruh/Zr^�> zkhuh wkh h{shfwdwlrq lv wdnhq
zlwk uhvshfw wr wkh qrupdo glvwulexwlrq/ wkh dvvxphg uhvsrqvh glvwul0
exwlrq1 Ixuwkhu/ gh�qh � dv wkh yduldqfh/ d sulrul nqrzq/ ryhu sdudooho
revhuydwlrqv riZr^�= Lw iroorzv wkdw �r^� fdq eh vdpsohg lq wkh vdph zd|

dv lq Vwhs 6�= Wkdw lv/ Vwhs 43�> gudz �r^� frqglwlrqdo rqZr^� > �> �^� >�
3
^�

dqg �^=
Lq irupxod +7=6, lw lv dvvxphg wkdw hyhu| uhjuhvvlrq frh!flhqw ydulhv

dfurvv Ohyho 5 jurxsv1 Lq fhuwdlq dssolfdwlrqv/ lw fdq eh ghvludeoh wr
frqvwudlq wkh h�hfw ri rqh ru pruh ri wkh Ohyho 4 suhglfwruv wr eh lghq0
wlfdo dfurvv Ohyho 5 xqlwv1 Dq lpsohphqwdwlrq ri wkh Jleev vdpsohu/
zkhuh uhjuhvvlrq frh!flhqwv duh wuhdwhg dv qrq0ydu|lqj dfurvv Ohyho 5
jurxsv/ qhhgv d ixuwkhu glylvlrq ri uhjuhvvlrq frpsrqhqwv1 Wklv fdoov iru
d glylvlrq lq uhjuhvvlrq frh!flhqwv uhodwhg wr revhuyhg suhglfwruv dqg
odwhqw suhglfwruv/ zlwk d ixuwkhu vxeglylvlrq ri erwk sduwv lqwr frpsr0
qhqwv wuhdwhg dv udqgrp dqg frpsrqhqwv wuhdwhg dv qrq0udqgrp dfurvv
Ohyho 5 jurxsv1 Ilqdoo|/ wkh frpsohwh frqglwlrqdo glvwulexwlrq ri hdfk
vxevhw/ jlyhq wkh rwkhu sdudphwhuv dqg wkh gdwd/ pxvw eh vshfl�hg +vhh/
iru h{dpsoh/ Vhow}hu hw do1/ 4<<9,1
Wkh suhvhqwhg 43 vwhsv gh�qh wkh Jleev vdpsohu iru hvwlpdwlrq ri

wkh sdudphwhuv ri wkh pxowlohyho prgho zlwk phdvxuhphqw huuru lq wkh
suhglfwru yduldeohv/ zkhuh wkh qrupdo rjlyh prgho ru wkh fodvvlfdo wuxh
vfruh prgho lv xvhg dv phdvxuhphqw huuru prgho1 Zlwk lqlwldo ydoxhv
iru wkh sdudphwhuv/ wkh Jleev vdpsohu uhshdwhgo| vdpsohv iurp wkh ixoo
frqglwlrqdo glvwulexwlrqv zlwk v|vwhpdwlf vfdq/ wkdw lv/ wkh vdpsohu xs0
gdwhv wkh frpsrqhqwv lq wkh qdwxudo rughulqj1 D gl�huhqw vwudwhj| ri
xsgdwlqj wkh frpsrqhqwv fdq d�hfw wkh vshhg ri frqyhujhqfh +Urehuwv
) Vdkx/ 4<<:,1 Wkh ydoxhv ri wkh lqlwldo sdudphwhuv duh lpsruwdqw iru
wkh udwh ri frqyhujhqfh1 Lqlwldo hvwlpdwhv fdq eh rewdlqhg e| hvwlpdwlqj
wkh qrupdo rjlyh prgho xvlqj Elorj0PJ +]lprzvnl/ Pxudnl/ Plvohy|/
) Erfn/ 4<<9,/ vxevhtxhqwo|/ wkh sdudphwhuv ri wkh pxowlohyho prgho
fdq eh hvwlpdwhg zlwk KOP iru Zlqgrzv +Udxghqexvk/ Eu|n/ Fkhrqj/
) Frqjgrq/ 5333, jlyhq wkh sdudphwhu hvwlpdwhv ri wkh qrupdo rjlyh
prgho1
Frqyhujhqfh fdq eh hydoxdwhg e| frpsdulqj wkh ehwzhhq dqg zlwklq

yduldqfh ri jhqhudwhg pxowlsoh Pdunry fkdlqv iurp gl�huhqw vwduwlqj
srlqwv +vhh/ iru lqvwdqfh/ Urehuw ) Fdvhood/ 4<<</ ss1 699,1 Dqrwkhu
phwkrg lv wr jhqhudwh d vlqjoh Pdunry fkdlq dqg wr hydoxdwh frqyhu0
jhqfh e| glylglqj wkh fkdlq lqwr vxefkdlqv dqg frpsdulqj wkh ehwzhhq0
dqg zlwklq0vxe0fkdlq yduldqfh1 D vlqjoh uxq lv ohvv zdvwhixo lq wkh qxp0
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ehu ri lwhudwlrqv qhhghg1 Dgglwlrqdoo|/ d xqltxh fkdlq dqg d vorz udwh
ri frqyhujhqfh lv pruh olnho| wr jhw forvhu wr wkh vwdwlrqdu| glvwulex0
wlrq wkdq vhyhudo vkruwhu fkdlqv1 Lq wkh h{dpsoh jlyhq ehorz/ wkh ixoo
Jleev vdpsoh zdv xvhg lq hvwlpdwlqj doo sdudphwhuv lqvwhdg ri vxevdp0
solqj iurp wklv vdpsoh1 Wkh odwwhu surfhgxuh ohdgv wr orvvhv lq h!flhqf|
+PdfHdfkhuq ) Ehuolqhu/ 4<<7,1 Ilqdoo|/ diwhu wkh Jleev vdpsohu kdv
uhdfkhg frqyhujhqfh dqg �hqrxjk� vdpsohv duh gudzq/ srvwhulru phdqv
ri doo sdudphwhuv ri lqwhuhvw duh hvwlpdwhg zlwk wkh pl{wxuh hvwlpdwru wr
uhgxfh wkh vdpsolqj huuru dwwulexwdeoh wr wkh Jleev vdpsohu +Olx/ Zrqj/
) Nrqj/ 4<<7,1 Wkh srvwhulru vwdqgdug ghyldwlrqv dqg kljkhvw srvwh0
ulru ghqvlw| lqwhuydov fdq eh hvwlpdwhg iurp wkh vdpsohg ydoxhv rewdlqhg
iurp wkh Jleev vdpsohu +Fkhq ) Vkdr/ 4<<<,1

81 Phdvxuhphqw Huuru lq Fruuhodwhg Suhglfwru
Yduldeohv

Lq wklv vhfwlrq/ phdvxuhphqw huuru lq h{sodqdwru| yduldeohv rq Ohyho
4 zloo eh prghohg e| dq LUW prgho iru wkh lwhp uhvsrqvhv uhodwhg wr
wkhvh h{sodqdwru| yduldeohv1 Ehfdxvh lw lv riwhq qrw uhdolvwlf wr dvvxph
wkdw wkh suhglfwru yduldeohv duh lqghshqghqw/ d pxowlyduldwh LUW prgho
zloo eh xvhg dv phdvxuhphqw huuru prgho1 Wkh vdph surfhgxuh fdq eh
dssolhg wr phdvxuhphqw huuruv lq fruuhodwhg h{sodqdwru| yduldeohv rq
Ohyho 51 Lw lv dvvxphg wkdw wkhuh h{lvwv d pdqlihvw yduldeoh iru hyhu|
xqrevhuyhg suhglfwru yduldeoh dqg hyhu| pdqlihvw yduldeoh frqvlvwv ri d
vhw ri lwhp uhvsrqvhv1
Dvvxph wkdw wkh odwhqw yduldeohv �^�� duh uhodwhg wr revhuydeoh ydul0

deohv [^��> +t @ 4> = = = >T, yld d qrupdo rjlyh LUW phdvxuhphqw prgho1

Ohw [^�� @
�
[^���> = = = >[^��g^

�|
/ zlwk uhdol}dwlrq

�
{^���> = = = > {^��g^

�|
>

ghqrwh d uhvsrqvh yhfwru rq d whvw zlwk N^ lwhpv1 Ehiruh wkh dfwxdo
sdudphwhuv � zloo eh lghqwl�hg/ frqvlghu d sdudphwul}dwlrq �W1 Ohw
�W�� eh wkh yhfwru ri odwhqw suhglfwru yduldeohv iru d shuvrq lqgh{hg lm/
wkdw lv/ �W�� kdv hohphqwv �W^�� 1 Ixuwkhu/ vxssrvh wkdw iru hyhu| suhglf0
wru d wzr0sdudphwhu frpshqvdwru| qrupdo rjlyh prgho krogv/ wkdw lv/

S
�
[^��& @ 4 m �W^�� > d

W
^&> e

W
^&

�
@ �

�
dW^&�

W
^�� � eW^&

�
/ zkhuh dW^& dqg eW^& duh

lwhp sdudphwhuv ri dq lwhp ri suhglfwru t1 Ehfdxvh wkh suhglfwru ydul0
deohv �W^�� duh frqvlghuhg ghshqghqw/ lw zloo eh dvvxphg wkdw �W�� kdv d
pxowlyduldwh qrupdo glvwulexwlrq zlwk phdq }hur dqg fryduldqfh pdwul{
	W1 Krzhyhu/ wkh sdudphwul}dwlrq �W fdq eh wudqviruphg vxfk wkdw �
kdv d pxowlyduldwh qrupdo glvwulexwlrq zlwk phdq }hur dqg fryduldqfh
pdwul{ L/ wkdw lv/ wkh yduldeohv �^�� ehfrph lqghshqghqw1 Xqghu wklv
wudqvirupdwlrq/ wkh qrupdo rjlyh prgho wudqvirupv wr

S +[^��& @ 4 m ���>d^&> e^&, @ �
�
d|^&��� � e^&

�
>
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zkhuh d^& lv d yhfwru ri glvfulplqdwlrq0sdudphwhuv ru idfwru ordglqjv
+vhh/ iru lqvwdqfh/ PfGrqdog/ 4<9:/ 4<;5/ 4<<:,1 Qrwlfh wkdw hyhu| lwhp
uhvsrqvh qrz ghshqgv rq doo odwhqw glphqvlrqv1 Wklv jlyhv ulvh wr wkh
iroorzlqj surfhgxuh1
Dqdorjrxv zlwk wkh deryh surfhgxuh/ vhh Vwhs 4 wr 6 deryh/ d udq0

grp yhfwru ]�� @
�
]����> = = = > ]'��g'

�|
lv lqwurgxfhg/ zkhuh ]^��& q

Q
�
d|^&��� � e^&> 4

�
/ dqg lw lv vxssrvhg wkdw [^��& @ 4 zkhq ]^��& A 3

dqg [^��& @ 3 rwkhuzlvh1 Diwhu ghulylqj wkh ixoo| frqglwlrqdo glvwulex0
wlrqv/ wkh Jleev vdpsohu fdq djdlq eh xvhg wr hvwlpdwh wkh srvwhulru
glvwulexwlrqv ri doo sdudphwhuv1

Vwhs 4= Vdpsolqj ]1 Jlyhq wkh sdudphwhuv ��� dqg �^&> wkh yduldeohv
]^��& duh lqghshqghqw dqg

]^��& m ���>�^&>[^��& q Q
�
d|^&��� � e^&> 4

�
> +7147,

wuxqfdwhg dw wkh ohiw e| 3 li [^��& @ 4 dqg wuxqfdwhg dw wkh uljkw e| 3 li
[^��& @ 3=

Vwhs 5= Vdpsolqj ���1 Ohw ��� eh wkh yhfwru zlwk T suhglfwru yduldeohv
iru d shuvrq lqgh{hg lm1 Wkhvh duh wkh uhjuhvvlrq frhiilflhqwv lq wkh
qrupdo olqhdu prgho

]�� . e @D��� . %�� >

zkhuh e @
�
e��> = = = > e�g�

> e2�> = = = > e'g'

�|
/ ��� @ +����> = = = > �'��,

| dqg D

lv d
�S

^N^ �T
�
pdwul{ zlwk urz yhfwruv d|^&> iru lwhpv n @ 4> = = = >N^

dqg suhglfwruv t @ 4> = = = >T= Ixuwkhupruh/ wkh yhfwru %�� kdv hohphqwv
%^��&> zklfk duh lqghshqghqw dqg vwdqgdug qrupdoo| glvwulexwhg1 Lw lv
dvvxphg wkdw doo Ohyho 4 suhglfwruv duh xqrevhuyhg dqg wkhlu uhjuhvvlrq
frh!flhqwv duh wuhdwhg dv ydu|lqj dfurvv Ohyho 5 jurxsv1 Iru lghqwl�fd0
wlrq ri wkh prgho/ ��� kdv d pxowlyduldwh vwdqgdug qrupdo sulru/ dqg lw
iroorzv wkdw
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Dv lq wkh xqlglphqvlrqdo fdvh/ wkh pl{wxuh ri pxowlyduldwh qrupdo glv0
wulexwlrqv uhvxowv lq d pxowlyduldwh qrupdo glvwulexwlrq zlwk d vkulqndjh
hvwlpdwru dv h{shfwdwlrq/
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dqg wkh fruuhvsrqglqj yduldqfhv duh 
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Vwhs 6= Vdpsolqj �^&1 Ohw �^& @ +d^&> e^&,
|/ n @ 4> = = = >N^ dqg

t @ 4> = = = > T> zklfk uhsuhvhqw wkh lwhp0sdudphwhuv ri lwhp n ri d whvw
uhodwlqj wr suhglfwru t= Ixuwkhu/ gh�qh � @ +��> = = = >�', zlwk �^ @

+�^��> = = = > �^?aa,
| = Jlyhq �> wkh ]^& @ +]^��&> = = = > ]^?aa&,

| vdwlvi| wkh
olqhdu prgho

]^& @
�
� �4

�
�^& . %^& +7149,

zkhuh %^& @ +%^��&> = = = > %^?aa&,
| duh vwdqgdug qrupdoo| glvwulexwhg1 Frp0

elqlqj wkh sulru iru s
�
�^&
�
@
T'

^'� L +d^& A 3, zlwk htxdwlrq +7=49, jlyhv

�^& m �>]^& q Q
�e�^&> �K|K

�3�� '\
^'f

L +d^& A 3, >

zkhuh K @
�
� �4

�
dqg e�^& lv wkh ohdvw vtxduhv hvwlpdwru edvhg rq

+7=49,1
Djdlq/ wklv surfhgxuh frxog eh h{whqghg wr kdqgoh revhuyhg dqg qrq0

revhuyhg h{sodqdwru| yduldeohv zlwk uhjuhvvlrq frh!flhqwv ydu|lqj ru
�{hg dfurvv Ohyho 5 xqlwv1 Qrwlfh wkdw wkh vwhsv iru vdpsolqj wkh rwkhu
sdudphwhuv ri wkh vwuxfwxudo prgho/ ghvfulehg lq wkh suhylrxv vhfwlrq/
uhpdlq wkh vdph1 Prgholqj phdvxuhphqw huuru lq fruuhodwhg suhglfwru
yduldeohv zlwk wkh fodvvlfdo wuxh vfruh prgho qhhgv d orw ri sulru lqiru0
pdwlrq1 Wkh jurxs vshfl�f huuru yduldqfh uhjduglqj doo whvwv kdv wr eh
nqrzq d sulrul/ wkdw lv/ wkh fryduldqfh pdwul{ ri T h{sodqdwru| yduldeohv
ri shuvrq lm kdv wr eh nqrzq lq dgydqfh1 Wkh fryduldqfh pdwul{ ri wkh
fruuhodwhg odwhqw suhglfwru yduldeohv dovr lghqwl�hv wkh prgho/ lq fdvh ri
wkh fodvvlfdo wuxh vfruh prgho dv phdvxuhphqw huuru prgho1 Wkhq/ wkh
frqglwlrqdo glvwulexwlrq ri ��� ehfrphv

��� m [��> \�� >�� > �
2>
 qQ

#

3�{�� .�3�h���


3� .�3�
>
�

3� .�3�

�3�$
>

zkhuh {�� @ +{��� > = = = > {'��, dqg {^�� lv wkh vxp vfruh ri shuvrq lm rq d
whvw uhodwhg wr suhglfwru t1 Ixuwkhu/ 
 lv wkh d sulrul nqrzq fryduldqfh
pdwul{ ri wkh vxp vfruhv ri shuvrq lm1 Lq prvw fdvhv/ wkh fryduldqfh
pdwul{ lv srsxodwlrq ghshqghqw dqg �{hg ryhu shuvrqv wdnlqj wkh whvwv
wr jhw d uholdeoh hvwlpdwh1



Ed|hvldq Prgholqj ri Phdvxuhphqw Huuru lq Suhglfwru Yduldeohv :4

91 D Vlpxodwlrq Vwxg|

Lq wklv vhfwlrq/ d qxphulfdo h{dpsoh zdv dqdo|}hg wr looxvwudwh sd0
udphwhu uhfryhu| zlwk wkh Jleev vdpsohu1 Gdwd zhuh vlpxodwhg xvlqj d
pxowlohyho prgho zlwk wzr odwhqw suhglfwruv1 Wkh prgho lv jlyhq e|

|�� @ �f� . ������� . h�� +714:,

�f� @ �ff . �f���f� . xf�

��� @ ��f . x��>

zkhuh h�� q Q
�
3> �2

�
dqg x� q Q +3>W, = Ixuwkhupruh/ lw zdv dvvxphg

wkdw wkh revhuyhg yduldeohv [ dqgZ zhuh uhodwhg wr wkh odwhqw suhglf0
wruv � dqg � wkurxjk d qrupdo rjlyh prgho1 Uhvsrqvh sdwwhuqv [ dqg
Z zhuh jhqhudwhg dffruglqj wr d qrupdo rjlyh prgho iru d whvw ri 53
lwhpv dqg d whvw ri 73 lwhpv/ uhvshfwlyho|1 Iru wkh whvw uhodwlqj wr wkh
odwhqw fryduldwh � dw Ohyho 4/ 7> 333 uhvsrqvh sdwwhuqv zhuh jhqhudwhg
zklfk zhuh glylghg ryhu M @ 533 jurxsv ri 53 vwxghqwv hdfk1 Wkh jhqhu0
dwlqj ydoxhv ri wkh lwhp sdudphwhuv duh vkrzq xqghu wkh odeho Jhqhudwhg
lq Wdeoh 7=4= Dffruglqjo|/ iru wkh whvw uhodwlqj wr wkh odwhqw fryduldwh �
dw Ohyho 5/ 533 uhvsrqvh sdwwhuqv zhuh jhqhudwhg1 Wkh wuxh ydoxhv ri
wkh �{hg dqg udqgrp h�hfwv/ �> �2 dqg W> duh vkrzq xqghu wkh odeho
Jhqhudwhg lq Wdeoh 7=51
Wkh qrupdo rjlyh prghov zhuh hvwlpdwhg zlwk Elorj0PJ1 Qh{w/ wkh

lqlwldo sdudphwhuv ri wkh pxowlohyho prgho zhuh frpsxwhg zlwk KOP
jlyhq wkh sdudphwhuv ri wkh qrupdo rjlyh prghov1 Lq wkh vlpxodwlrq
vwxg|/ 833 lwhudwlrqv zhuh qhhghg wr hvwlpdwh wkh phdvxuhphqw huuru
prghov dqg dqrwkhu 833 lwhudwlrqv zhuh qhhghg wr frpsxwh wkh sdudph0
whuv ri wkh pxowlohyho prgho1 Vxevhtxhqwo|/ 53> 333 lwhudwlrqv zhuh pdgh
wr hvwlpdwh wkh sdudphwhuv ri wkh pxowlohyho LUW prgho1 Wkh frqyhu0
jhqfh ri wkh Jleev vdpsohu zdv fkhfnhg e| h{dplqlqj wkh sorwv ri vdp0
sohg sdudphwhu ydoxhv1 Lw zdv frqfoxghg wkdw d exuq0lq shulrg ri 4> 333
lwhudwlrqv zdv vx!flhqw1 Wkh orfdwlrq ri wkh xqrevhuyhg suhglfwruv fdq
eh �{hg e| wudqviruplqj hdfk vdpsoh gxulqj wkh Jleev vdpsolqj sur0
fhvv1 Judqg phdq ru jurxs0phdq fhqwhulqj ri dq xqrevhuyhg h{sodqdwru|
yduldeoh lv rewdlqhg e| vxewudfwlqj wkh judqg phdq ru jurxs0phdqv iurp
hdfk vdpsoh gudzq lq hdfk vwhs ri wkh Jleev vdpsohu1 Wkh prgho zdv
lghqwl�hg e| �{lqj wkh vfdoh ri wkh odwhqw yduldeohv wr wkh wuxh vfdoh ri
wkh jhqhudwhg odwhqw yduldeohv1 Wklv zd|/ wkh hvwlpdwhg sdudphwhuv zhuh
gluhfwo| frpsdudeoh wr wkh wuxh sdudphwhu ydoxhv1 Wkh prgho frxog dovr
eh lghqwl�hg e| uhvwulfwlqj wkh vxp ri wkh gl!fxow| sdudphwhuv wr }hur
dqg wkh surgxfw ri wkh glvfulplqdwlrq sdudphwhuv wr rqh1 Dffruglqjo|/
wkh hvwlpdwhg sdudphwhuv vkrxog eh uhvfdohg wr frpsduh wkhp wr wkh
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Wdeoh 7141 Lwhp sdudphwhu hvwlpdwhv ri wkh qrupdo rjlyh LUW prgho dw Ohyho 41

Jhqhudwhg Jleev Vdpsohu

Lwhp @& K& @& v1g1 KSG K& v1g1 KSG

� �H2� 3��Hf �.b2 �f2b d�.�Sc �HD2o 3��SD �f22 d3�2fHc3��22o
2 ��fDH 3�e�H �bH� �f�D d�b��c ��fD�o 3��bb �f2e d3�eebc3��D�o
� ��H�f ��SS ��H�f �fS2 d��SHDc ��b2bo �eH2 �f�f d�e22c �D�bo
e ��Sbf 3�2De ��SeD �fD� d��De�c ��.D�o 3��2H �f2H d3��H2c3�f.eo
D �Hfe 3�fbS �... �f2b d�.2fc �H�Do 3��fH �f22 d3��D2c3�fSSo
S ��efb �DDf ��ee� �feH d���eSc ��D�.o �SD� �f2b d�DbDc �.�fo
. ��eS� �f.. ��e.f �feb d���.Sc ��DSbo ���b �f2S d�fS.c ��.fo
H �b�2 ��f2S �bDe �f�S d�HHSc ��f2Do ��fb� �f�� d��f�fc ���D2o
b �Dbb �S.D �S2� �f2. d�DSbc �S.So �.eH �f2e d�.f2c �.bDo
�f ��.HH �fb� ��.Se �fS� d��SeSc ��HHDo �2�S �f2H d��Sfc �2.fo
�� �... 3�eDD �.�f �f�f d�SD�c �.SHo 3�e.e �f2� d3�D2fc3�e�fo
�2 �2bb �bHf ���b �f2D d�2.fc ��S.o �bb� �f2D d�be2c ��f�bo
�� �H2b �Dbe �H�� �f�� d�..�c �Hb�o �S�f �f2e d�DH2c �S.Ho
�e 2�HfS 3��f2e 2�H�S ���f d2�Dbec ���f.o 3�bSe �fDD d3��f.bc3�HS2o
�D �H.S 3�2H. �H�H �f�f d�.DHc �H.So 3�2SS �f2� d3����c3�222o
�S ��H�e �fb� ��.e� �fDb d��S2.c ��HDSo ��.. �f2H d��2�c �2�fo
�. �..� ��He �.�e �f2H d�S.bc �.HHo ��be �f22 d��D2c �2�So
�H ��D�b �SeH ��Dff �fD� d��effc ��Db.o �Sb2 �f�f d�S�ec �.D�o
�b ���SS ��e� ��fSe �f�D d�bbec ����2o �2f� �f2e d��D�c �2eSo
2f �bbe �e2D ��f�2 �f�e d�beSc ��fb.o �eSb �f2e d�e2�c �D�So

wuxh sdudphwhu ydoxhv1 Wr looxvwudwh wkh sdudphwhu uhfryhu|/ wkh prgho
zdv lghqwl�hg vxfk wkdw wkh sdudphwhuv zhuh gluhfwo| frpsdudeoh1
Lq fdvh ri wkh pxowlohyho wuxh vfruh prgho 833 lwhudwlrqv zhuh xvhg dv d

exuq0lq shulrg dqg dqrwkhu 53> 333 lwhudwlrqv zhuh xvhg wr frpsxwh wkh
sdudphwhuv1 Lqlwldo ydoxhv ri wkh pxowlohyho sdudphwhuv zhuh rewdlqhg
e| KOP xvlqj wkh revhuyhg vfruhv dv h{sodqdwru| yduldeohv1 Wkh prgho
zdv lghqwl�hg e| vshfli|lqj wkh jurxs vshfl�f huuru yduldqfhv lq dgydqfh1
Wkh jurxs vshfl�f huuru yduldqfhv/ uhodwlqj wr whvw [ dqgZ> ghqrwhg dv
*� dqg *2> zhuh =489 dqg =3;</ uhvshfwlyho|1 Wkh hvwlpdwhv ri wkh jurxs
vshfl�f huuru yduldqfhv zhuh rewdlqhg e| dyhudjlqj wkh xqeldvhg hvwl0
pdwhv iru wkh huuru yduldqfhv ri lqglylgxdo h{dplqhhv +Orug ) Qrylfn/
4<9;/ ss1 488,1 Wkh vfdoh ri wkh odwhqw yduldeohv zdv �{hg wr wkh wuxh
vfdoh ri wkh jhqhudwhg odwhqw yduldeohv1 Wkh odwhqw yduldeohv lq wkh gl�hu0
hqw prghov zhuh htxdoo| vfdohg/ wkhuhiruh/ wkh jhqhudwhg sdudphwhuv/ wkh
hvwlpdwhg sdudphwhuv ri wkh pxowlohyho LUW prgho/ dqg wkh hvwlpdwhg
sdudphwhuv ri wkh pxowlohyho wuxh vfruh prgho zhuh gluhfwo| frpsdudeoh1
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Wdeoh 7151 Sdudphwhu hvwlpdwhv ri wkh pxowlohyho prgho zlwk phdvxuhphqw huuru lq

wkh fryduldwhv1

Jhqhudwhg LUW Prgho Fodvvlfdo Wuxh Vfruh Prgho

)� ' ��DSc )2 ' �fHb
Il{hg Frh�1 Frh�1 v1g1 KSG Frh�1 v1g1 KSG

H�hfwv

�ff 2 2�f�f �fe� d��b�2c 2�fHDo 2�f�� �fe2 d��b2.c 2�fb�o
�f� � �b.f �f�� d�bf.c ��f2bo �bS. �f�� d�bf2c ��f2Ho
��f � �b2H �f�S d�HD.c �bb.o �b�S �f�. d�HSec ��ff.o

Udqgrp Ydu1 Ydu1 v1g1 KSG Ydu1 v1g1 KSG

H�hfwv Frps1 Frps1 Frps1

j2 �D �eH. �f�e d�eS�c �D�Do �e.2 �f�e d�eeDc �ebbo
�2f �2 ���� �fef d�2�.c ��b�o ���2 �feD d�2ebc �e22o
�2� �2 �22� �f2. d��.fc �2.�o �2�H �f2H d��HDc �2b�o
�2f� �� �2f2 �f2. d��D�c �2DSo �22� �f�f d��SDc �2H�o

.
�
u2

�
v1g1 .

�
u2

�
v1g1

�S2D �f�e �.e. �f�H

Lq Wdeoh 7=4/ wkh hvwlpdwhv ri wkh lwhp sdudphwhuv uhvxowlqj iurp wkh
Jleev vdpsohu/ dvvrfldwhg zlwk wkh phdvxuhphqw huuru prgho iru �/ duh
jlyhq xqghu wkh odeho Jleev Vdpsohu1 Wkh uhsruwhg vwdqgdug ghyldwlrqv
duh wkh srvwhulru vwdqgdug ghyldwlrqv1 Kljkhvw srvwhulru ghqvlw| lqwhu0
ydov zhuh fdofxodwhg dv frq�ghqfh uhjlrqv iru wkh sdudphwhuv dqg wkh|
duh jlyhq lq wkh froxpq odehohg KSG1 Wkhvh kljkhvw srvwhulru ghqvlw|
lqwhuydov duh wkh <8(0lqwhuydov1 Prvw ri wkh wuxh sdudphwhu ydoxhv zhuh
zhoo zlwklq wkh frpsxwhg lqwhuydov1 Wkh hvwlpdwhv ri wkh lwhp sdudph0
whuv/ iurp wkh whvw uhodwlqj wr �> dqg wkh wuxh sdudphwhu ydoxhv zhuh dovr
txlwh forvh exw frqwdlqhg odujhu vwdqgdug ghyldwlrqv gxh wr wkh vpdoo
qxpehu ri jurxsv1
Wdeoh 7=5 suhvhqwv wkh uhvxowv ri hvwlpdwlqj wkh sdudphwhuv ri wkh

pxowlohyho prgho1 Wkh hvwlpdwhv ri wkh �{hg dqg udqgrp h�hfwv xvlqj wkh
fodvvlfdo wuxh vfruh prgho duh jlyhq xqghu wkh odeho Fodvvlfdo Wuxh Vfruh
Prgho1 Wkh hvwlpdwhv ri wkh �{hg dqg udqgrp h�hfwv xvlqj wkh qrupdo
rjlyh prgho duh jlyhq xqghu wkh odeho LUW Prgho1 Lw zdv uhpdundeoh
wkdw lq erwk prghov wkh sdudphwhu hvwlpdwhv ri wkh yduldqfhv rq Ohyho
5 dqg fryduldqfh ehwzhhq wkh Ohyho 5 uhvlgxdov zhuh wrr kljk1 Wkh
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sdudphwhu hvwlpdwhv ri wkh udqgrp frh!flhqwv xvlqj wkh fodvvlfdo wuxh
vfruh prgho gl�huhg pruh iurp wkh wuxh sdudphwhu ydoxhv1 E| hvwlpdwlqj
wkh udqgrp frh!flhqwv jlyhq wkh wuxh jhqhudwhg odwhqw yduldeohv/ +�> �, >
wkh hvwlpdwhv ri wkh udqgrp frh!flhqwv �2f> �

2
� dqg �2f� zhuh =5;3/ =538

dqg =538> uhvshfwlyho|1 Lw zdv yhul�hg wkdw wkh hvwlpdwhg sdudphwhuv
rewdlqhg xvlqj wkh fodvvlfdo wuxh vfruh prgho/ lqvwhdg ri wkh qrupdo
rjlyh prgho/ gl�huhg pruh iurp wkhvh sdudphwhu hvwlpdwhv1
Wkh prghov zhuh frpsduhg xvlqj srvwhulru suhglfwlyh gdwd/\oeR>[oeR>

dqg ZoeR xqghu wkh gl�huhqw prghov +Fduolq ) Orxlv/ 4<<9> Jhopdq hw
do1/ 4<<8> Jhopdq/ Phqj/ ) Vwhuq/ 4<<9,1 Ohw \oeR ghqrwh uhsolfdwh
revhuydwlrqv/ jlyhq wkh xqghuo|lqj prgho sdudphwhuv1 Dqdorjrxvo|/ ohw
[oeR dqgZoeR ghqrwh uhsolfdwhg revhuydwlrqv/ jlyhq [ dqgZ/ uhvshf0
wlyho|/ dqg jlyhq wkh xqghuo|lqj prgho sdudphwhuv1
Gh�qh O�� dv wkh glvwdqfh iurp \

oeR
� wr \� jlyhq prgho P dqg gdwd

+[� >Z�, > vr

H
�
O2�� mP>|�

�
@

] ] ] \
���

�
|�� � |oeR��

�2
s
�
|oeR�� m ���>��> �

2
�

s
�
���> �

2 m {�� >|
�
g|oeR�� g���g�

2= +714;,

Djjuhjdwlqj ryhu vfkrrov uhvxowv lq

H
�
O2� mP>|

�
@ H

k
+|� |oeR,2 mP>|

l
@
\
�

] ]
H
�
O2�� mP>|�

�
s
�
�� m ��>|�

�
s
�
�� m z�>|�

�
g��g�� > +714<,

zkhuh s
�
|oeR�� m ��� >�� > �

2
�
lv wkh suredelolw| ri uhsolfdwhg gdwd jlyhq wkh

sdudphwhuv/ s
�
��� > �

2 m {��>|
�
dqg s

�
�� m z�>|�

�
duh wkh mrlqw srvwhulru

ghqvlw| ri wkh xqrevhuyhg h{sodqdwru| yduldeohv dqg yduldqfh dw Ohyho
4 dqg wkh srvwhulru ghqvlw| ri wkh xqrevhuyhg h{sodqdwru| yduldeohv dw
Ohyho 5/ uhvshfwlyho|1 Lq wkh vdph zd|/ gh�qh O2 dv wkh glvwdqfh iurp
[oeR wr [ jlyhq prgho P dqg gdwd +\�>Z�,1 Wklv uhvxowv lq

H
�
O22 mP>{

�
@ H

k
+{=� {=oeR,2 mP>{

l
> +7153,

zkhuh {= dqg {=oeR ghqrwh wkh revhuyhg vxp vfruhv dqg wkh uhsolfdwhg
vxp vfruhv/ uhvshfwlyho|1 Dffruglqjo|/ ohw O� eh wkh glvwdqfh iurpZoeR

wr Z jlyhq prgho P dqg gdwd +\�>[�, > ohdglqj wr wkh vwdwlvwlf

H
�
O2� mP>z

�
@ H

k
+z=�z=oeR,2 mP>z

l
> +7154,
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zkhuh z= ghqrwhv wkh revhuyhg vxp vfruhv dqg z=oeR ghqrwhv wkh uhsol0
fdwhg vxp vfruhv1 Hdfk vwdwlvwlf vxppdul}hv wkh lqirupdwlrq frqfhuqlqj
wkh suhglfwlyh gdwd jlyhq wkh revhuyhg gdwd1 Ehvlghv/ hdfk vwdwlvwlf lv
wkh vxp ri wkh yduldqfh ri wkh uhsolfdwhg gdwd soxv wkh vtxduh ri wkh
eldv ri wkh uhsolfdwhg gdwd zlwk uhvshfw wr wkh revhuyhg gdwd1 Wrjhwkhu
wkhvh wkuhh suhglfwlyh fulwhulrqv jlyhq vrph prgho P uh hfw wkh txdolw|
ri suhglfwlrq ri d uhsolfdwh ri wkh revhuyhg gdwd1 Lw lv d qdwxudo zd|
wr hydoxdwh prgho shuirupdqfh e| frpsdulqj zkdw lw suhglfw zlwk zkdw
kdv ehhq revhuyhg +Ehuqdugr ) Vplwk/ 4<<7/ ss1 6<:,1 Li wkh prgho �wv/
H
�
O2� mP>|

�
> H

�
O22 mP>{

�
> dqg H

�
O2� mP>z

�
vkrxog eh vpdoo1 Wkh

vxp ri wkh wkuhh vwdwlvwlfv/ irupxod +7=4<, > +7=53, > dqg +7=54, > vxppd0
ul}hv wkh lqirupdwlrq frqfhuqlqj wkh jhqhudo �w ri wkh prgho1 Lw zloo eh
ghqrwhg dv

H
�
O2 mP>|>{>z

�
= +7155,

Lq Wdeoh 7=5 wkh ydoxhv ri H
�
O2 mP>|>{>z

�
shu Ohyho 4 xqlw dqg

fruuhvsrqglqj srvwhulru vwdqgdug ghyldwlrqv ri erwk prghov duh jlyhq1
Wkh vpdoohu ydoxh iru wkh pxowlohyho LUW prgho lqglfdwhg wkdw wklv prgho
suhglfwhg wkh revhuyhg gdwd ehwwhu wkdq wkh pxowlohyho wuxh vfruh prgho1
Iljxuh 714 suhvhqwv 53> 333 ydoxhv ri wkh vwdwlvwlf frpsxwhg dw hyhu|
lwhudwlrq ri wkh Jleev vdpsohu1 Lw fdq eh vhhq wkdw wkh vwdwlvwlf lqglfdwhg
d suhihuhqfh iru wkh LUW prgho1 Ehvlghv/ wkh sorw dovr looxvwudwhv wkh jrrg
frqyhujhqfh ri wkh Jleev vdpsohu1
Iljxuh 715 suhvhqwv wkh glvwulexwlrqv ri wkh jhqhudwhg gdwd dqg wkh

srvwhulru suhglfwlyh glvwulexwlrqv ri wkh gdwd xvlqj wkh pxowlohyho wuxh
vfruh prgho dqg wkh pxowlohyho LUW prgho1 Wkh wrs �jxuh vkrzv wkdw
erwk prghov suhglfw wkh ghshqghqw gdwd | yhu| zhoo1 Wkh pxowlohyho
wuxh vfruh prgho lv ohvv uhvwulfwlyh wkdq wkh pxowlohyho LUW prgho dqg
wklv uhvxowhg lq d voljkwo| ehwwhu suhglfwlrq1 Exw pxowlohyho LUW hqwdlov
d pruh uhdolvwlf zd| ri prgholqj wkh lqghshqghqw revhuyhg gdwd +{>z, =
Wklv fdq eh vhhq lq wkh plggoh dqg erwwrp �jxuh1 Dqrwkhu lpsruwdqw
srlqw lv wkdw wkh qrupdo rjlyh prgho suhglfwhg wkh vnhzhg glvwulexwlrq
ri wkh whvw vfruhv { dw Ohyho 4 ehwwhu1 Wkh fodvvlfdo wuxh vfruh prgho
glvfulplqdwhg ohvv ehwzhhq vwxghqwv* rxwfrphv ehfdxvh lw lv edvhg rq
vxp vfruhv lqvwhdg ri frpsohwh uhvsrqvh sdwwhuqv1 Ixuwkhu/ wkh yduldqfh
lq wkh h{sodqdwru| yduldeoh � zdv vxssuhvvhg e| d �fhlolqj� h�hfw lq wkh
revhuyhg vxp vfruhv lq wkh fodvvlfdo wuxh vfruh prgho1 Wkh pruh  h{leoh
pxowlohyho wuxh vfruh prgho uhvxowhg lq d ehwwhu suhglfwlrq ri |/ exw wkh
sulfh wr sd| zdv d idu ohvv suhflvh suhglfwlrq ri { dqg z1 Lq jhqhudo/
wkh pxowlohyho LUW prgho suhglfwhg doo revhuyhg gdwd yhu| zhoo/ dqg wklv
uhvxowhg lq d pxfk ehwwhu �w wr wkh gdwd1



:9 PXOWLOHYHO LUW= D ED\HVLDQ SHUVSHFWLYH

0 5000 10000 15000 20000

Iteration

0.5

0.6

0.7

0.8

0.9

1.0

E
[L

2 ]
IRT model
Classical true score model

Iljxuh 7141 Wkh .
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�
iru wkh pxowlohyho LUW prgho dqg wkh pxowlohyho wuxh vfruh

prgho1

:1 Dq Looxvwudwlyh H{dpsoh ri Phdvxuhphqw
Huuru lq Klhudufklfdo Prghov

Wkh pxowlohyho LUW dqg wkh wuxh vfruh prghov zhuh xvhg lq dq dqdo|0
vlv ri d pdwkhpdwlfv whvw/ dgplqlvwhuhg wr 6:46 sxslov ri judgh 7 lq 4<;
uhjxodu sulpdu| vfkrrov +Ervnhu/ Eodwfkirug/ ) Phlmqhq/ 4<<<> Kripdq
) Ervnhu/ 4<<<,1 Dprqj rwkhu wklqjv/ lqwhuhvw zdv irfxvhg rq wkh uh0
odwlrq ehwzhhq dfklhyhphqw lq pdwkhpdwlfv dqg hgxfdwlrqdo surylvlrqv
dw wkh vfkrro ohyho dqg dgdswlyh lqvwuxfwlrq e| whdfkhuv1 D whvw phd0
vxulqj wkh zloolqjqhvv/ dqg fdsdelolw| wr lqwurgxfh hgxfdwlrqdo surjudp
fkdqjhv zdv wdnhq e| whdfkhuv1 Wklv whvw/ ghqrwhg dv [/ frqvlvwhg ri 56
glfkrwrprxvo| vfruhg lwhpv wr phdvxuh dgdswlyh lqvwuxfwlrq/ ghqrwhg dv
DL1
E| srvlqj wkh iroorzlqj Ohyho 4 prgho/ wkh qhvwhg vwuxfwxuh ri wkh

gdwd zdv wdnhq lqwr dffrxqw1 Iru hdfk vfkrro m +m @ 4> = = = > M, >

|�� @ �f� . ���LT�� . h�� > +7156,
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Iljxuh 7151 Ghqvlw| sorwv ri wkh revhuyhg dqg uhsolfdwhg gdwd xvlqj wkh qrupdo rjlyh

prgho dqg wkh fodvvlfdo wuxh vfruh prgho1

zkhuh |�� zdv wkh vfruh ri wkh pdwkhpdwlfv whvw dqg LT�� zdv dq xqre0
vhuyhg suhglfwru uhsuhvhqwlqj wkh lqwhooljhqfh ri d shuvrq lqgh{hg lm= LT
zdv phdvxuhg e| dq lqwhooljhqfh whvw ri 6: lwhpv/ ghqrwhg dv Z1 Wkh
uhvsrqvh sdwwhuqv ri 6:46 sxslov zhuh dydlodeoh1 Wkh h�� zhuh dvvxphg
qrupdoo| glvwulexwhg zlwk phdq }hur dqg yduldqfh �21
Iluvw/ lw zdv dvvxphg wkdw wkh lqwhufhsw zdv jurxs0ghshqghqw dqg

ydulhv udqgrpo| iurp vfkrro wr vfkrro1 Ixuwkhupruh/ wkh vxp vfruhv
phdvxulqj dgdswlyh lqvwuxfwlrq zhuh jurxs ohyho yduldeohv wkdw h{suhvv
uhohydqw dwwulexwhv ri wkh vfkrrov1 Wkh| zhuh vxssrvhg wr kdyh dq lq x0



:; PXOWLOHYHO LUW= D ED\HVLDQ SHUVSHFWLYH

hqfh lq wkh glyhuvlw| lq pdwkhpdwlfv vfruhv1 Wkhuhiruh/ wkh yduldelolw| lq
�f� zdv prghohg dv

�f� @ �ff . �f�DL� . xf� +7157,

��� @ ��f>

zkhuh xf� zhuh dvvxphg qrupdoo| glvwulexwhg zlwk yduldqfh �2f=
Iru hdfk dqdo|vlv/ iurp h{dplqlqj wkh sorwv ri vdpsohg sdudphwhu

ydoxhv/ lw zdv frqfoxghg wkdw d exuq0lq shulrg ri 833 lwhudwlrqv zdv vxi0
�flhqw1 Wkhq dq dgglwlrqdo 53> 333 Jleev f|fohv/ iurp zklfk sdudphwhuv
ri wkh srvwhulru glvwulexwlrq zhuh hvwlpdwhg/ zhuh uxq1
Wdeoh 7=6 suhvhqwv wkh sdudphwhu hvwlpdwhv ri Prgho 4/ irupxod +7=56, >

zkhuh d phdvxuhphqw huuru prgho zdv dssolhg wr wkh xqrevhuyhg h{0
sodqdwru| yduldeoh uhsuhvhqwlqj wkh LT ydoxhv ri wkh h{dplqhhv1 Wkh
hvwlpdwhg jurxs vshfl�f huuru yduldqfh/ *> zdv =6<= Iru wkh prphqw/ wkh
phdq revhuyhg vfruh iurp wkh DL whvw zdv xvhg/ qhjohfwlqj lwv huuru frp0
srqhqw1 Wkh pdlq uhvxow ri wkh dqdo|vlv zdv wkdw/ frqglwlrqdoo| rq LT>
dgdswlyh lqvwuxfwlrq iru whdfkhuv vhhphg wr kdyh d vpdoo srvlwlyh h�hfw
rq pdwkhpdwlfv dfklhyhphqwv ri vwxghqwv/ exw wklv h�hfw glg qrw gl�hu
vljql�fdqwo| iurp }hur1 Ixuwkhupruh/ lqglylgxdov zlwk kljk LT ydoxhv
vfruhg kljk rq wkh pdwkhpdwlfv whvw1 Wkh xvh ri pxowlohyho prgho zdv
mxvwl�hg/ ehfdxvh d vxevwdqwldo sursruwlrq ri wkh yduldwlrq lq wkh rxw0
frph dw wkh vwxghqw ohyho zdv ehwzhhq vfkrrov1 Wklv lv wkh yduldqfh ri
wkh dfklhyhphqwv ri vwxghqwv lq vfkrro m frqwuroolqj iru LT> durxqg wkh
judqg phdq/ �ff> zklfk glg qrw gl�hu vljql�fdqwo| iurp }hur1
Wkhuh zhuh rqo| vpdoo gl�huhqfhv ehwzhhq wkh sdudphwhu hvwlpdwhv

iurp wkh pxowlohyho LUW prgho dqg wkh pxowlohyho wuxh vfruh prgho/ zlwk
* @ =6</ ghqrwhg e|P� dqgPS�> uhvshfwlyho|1 Wkh sdudphwhu hvwlpdwhv
lq Wdeoh 7=6 duh frpsdudeoh ehfdxvh wkh LT suhglfwruv lq erwk prghov
zhuh vfdohg wr wkh vwdqgdug qrupdo glvwulexwlrq1 Wkh yduldqfh dw Ohyho 4
zdv voljkwo| vpdoohu iru wkh pxowlohyho wuxh vfruh prgho1 Wkh gl�huhqfhv
lq kdqgolqj wkh uhvsrqvh huuru lq wkh h{sodqdwru| yduldeoh dw Ohyho 4 zhuh
hydoxdwhg xvlqj wkh srvwhulru suhglfwlyh gdwd1 Wdeoh 7=6 suhvhqwv wkh
H
�
O2
�
dqg fruuhvsrqglqj vwdqgdug ghyldwlrqv iru erwk prghov1 Prgho

P� shuiruphg voljkwo| ehwwhu wkdq prgho PS�1 Erwk prghov uhvxowhg
lq d ehwwhu prgho �w lq whupv ri plqlpl}dwlrq ri H

�
O2�
�
lq frpsdulvrq

wr wkh vwdqgdug klhudufklfdo prgho wuhdwlqj wkh DL dqg LT yduldeohv dv
revhuyhg1
Qh{w/ d phdvxuhphqw huuru prgho zdv lqwurgxfhg iru Ohyho 51 Wkh

uhvsrqvh yduldqfh ri wkh DL whvw zdv prghohg xvlqj +7=57,1 Wdeoh 7=7
suhvhqwv wkh sdudphwhu hvwlpdwhv ri wkh pxowlohyho LUW prgho dqg wkh
pxowlohyho wuxh vfruh prgho zlwk uhvsrqvh huuru lq LT dqg DL= Wkh prgho
odehohg P2> prghohg erwk xqrevhuyhg suhglfwruv zlwk d qrupdo rjlyh
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Wdeoh 7161 Sdudphwhu hvwlpdwhv ri wkh pxowlohyho prgho zlwk wkh qrupdo rjlyh dqg

wkh fodvvlfdo wuxh vfruh prgho dv phdvxuhphqw huuru prghov1

LUW Prgho Fodvvlfdo Wuxh Vfruh Prgho

�� �S�c ) ' ��b
Il{hg Frh!flhqw v1g1 KSG Frh!flhqw v1g1 KSG

H�hfwv

�ff 3�f�H �f.D d3��Sec ��2So 3�f�. �f.e d3��S2c ��2So
�f� �fDb �f.D d3�fHbc �2f.o �fD2 �f.D d3�fbDc ��bHo
��f ��b. �f�. d��Sec �e�fo �eH. �f�. d�eD�c �D2�o

Udqgrp Yduldqfh v1g1 KSG Yduldqfh v1g1 KSG

H�hfwv Frpsrqhqwv Frpsrqhqwv

j �HeD �f2H d�H2Dc �HSDo �Hf� �f2H d�.Hfc �H2eo
�f ��eb �f�� d�2bSc �ef�o ���H �f�� d�2H.c ��beo

.
�
u2

�
v1g1 .

�
u2

�
v1g1

��H.� �f�D ��b.H �f�.

prgho/ Prgho PS2 xvhg wkh fodvvlfdo wuxh vfruh prgho dv phdvxuhphqw
prgho iru erwk suhglfwruv zlwk *� @ =6< dqg *2 @ =76 dv wkh hvwlpdwhg
uhvsrqvh yduldqfh iru wkh LT dqg DL whvw/ uhvshfwlyho|1 Wkh uhvxowv iurp
erwk prghov vkrzhg wkdw dgdswlyh lqvwuxfwlrq iru whdfkhuv vwloo kdg qr
vljql�fdqw h�hfw rq wkh pdwkhpdwlfv dfklhyhphqwv ri vwxghqwv1 Ixu0
wkhu/ vwxghqwv zlwk kljk LT vfruhv vwloo shuiruphg ehwwhu wkdq vwxghqwv
zlwk orzhu vfruhv1 Wkh sursruwlrq ri yduldqfh lq pdwkhpdwlfv vfruhv
dffrxqwhg iru e| jurxs0phpehuvkls/ frqwuroolqj iru LT vfruhv/ zdv =47;
xvlqj prgho P2 dqg =479 xvlqj prgho PS21 Wklv hpskdvl}hg wkh vpdoo
gl�huhqfhv ehwzhhq wkh sdudphwhu hvwlpdwhv ri erwk prghov1
Prgho P2 dqg PS2 frqvlghuhg uhvsrqvh huuru lq doo suhglfwruv1 Wkh

H
�
O2�
�
zdv uhgxfhg iru erwk prghov lq frpsdulvrq wr prgho P� dqg

PS� exw wkh H
�
O2
�
lqfuhdvhg gxh wr wkh h{wud huuru whup H

�
O2�
�
= Wkh

yduldelolw| lq wkh suhglfwruv lqgxfhg odujhu yduldqfhv ri wkh sdudphwhu
hvwlpdwhv dqg ghfuhdvhg wkh glvwdqfh ehwzhhq wkh uhsolfdwhg gdwd dqg
wkh revhuyhg gdwd1 Fruuhfwlqj iru eldv uhvxowhg lq pruh yduldeoh hvwl0
pdwhv exw dovr lq d ehwwhu suhglfwlrq ri wkh gdwd1 Wkh orzhvw ydoxh ri
H
�
O2
�
zdv rewdlqhg zlwk prghoP2= Wklv phdqv wkdw wkh suhglfwhg gdwd

fruuhvsrqghg wr wkh revhuyhg gdwd dw ehvw zlwk prgho P2= Lq fdvh ri
prgho PS2> wkh hvwlpdwhg yduldqfh dw Ohyho 4 zdv orzhu dqg wkh hvwl0
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Wdeoh 7171 Sdudphwhu hvwlpdwhv ri wkh pxowlohyho prgho zlwk wkh qrupdo rjlyh dqg

wkh fodvvlfdo wuxh vfruh prgho dv phdvxuhphqw huuru prghov rq erwk ohyhov1

LUW Prgho Fodvvlfdo Wuxh Vfruh Prgho

�2 )� ' ��bc )2 ' �e�c �S2

Il{hg Frh!flhqw v1g1 KSG Frh!flhqw v1g1 KSG

H�hfwv

�ff 3�f�. �fH. d3��HHc ��D�o 3�f�H �fHS d3��b�c ��e.o
�f� �fDD �fHb d3��2fc �2��o �fbe �fb. d3��ffc �2.bo
��f �e�f �f�b d��.�c �eeHo �ee. �f2� d�efec �eHDo

Udqgrp Yduldqfh v1g1 KSG Yduldqfh v1g1 KSG

H�hfwv Frpsrqhqwv Frpsrqhqwv

j �HDe �f�� d�H�fc �H.bo �H�. �f�� d�H��c �HS2o
�f ��D. �f�e d�2b2c �e22o ��eD �f�D d�2H�c �e�Ho

.
�
u2

�
v1g1 .

�
u2

�
v1g1

2�eD� �fH. 2�.�D �fbH

pdwhv ri wkh �{hg h�hfwv zhuh vrphzkdw odujhu uhvxowlqj lq d voljkwo|
ehwwhu suhglfwlrq ri wkh ghshqghqw yduldeoh1 Exw wkh lqihulru suhglfwlrqv
ri wkh revhuyhg vxp vfruhv uhodwhg wr wkh LT dqg DL whvw uhvxowhg lq
d kljkhu ydoxh ri wkh vwdwlvwlf H

�
O2
�
= Lq jhqhudo/ prgho P2 �wwhg wkh

revhuyhg gdwd +|>{>z, ehvw1
Ryhudoo/ lw fdq eh frqfoxghg wkdw fruuhfwlqj iru phdvxuhphqw huuru

zlwk wkh qrupdo rjlyh prgho rq erwk ohyhov uhvxowhg lq pruh yduldqfh
ri wkh sdudphwhu hvwlpdwhv exw ohvv eldv dqg wkh prgho �w lv ehwwhu1 Lq
jhqhudo/ wkh xvh ri d phdvxuhphqw huuru prgho ohg wr d uhgxfwlrq lq eldv
dqg yduldqfh ri wkh uhsolfdwhg gdwd lq uhodwlrq wr wkh revhuyhg gdwd lq
doo fdvhv1
D zhdn srlqw ri wkh fodvvlfdo wuxh vfruh prgho lv wkdw wkh phdvxuhphqw

huuru yduldqfh kdv wr eh lpsxwhg1 Wkh Jleev vdpsohu zdv xvhg wr hvwl0
pdwh wkh pxowlohyho wuxh vfruh prgho dqg wkh fruuhvsrqglqj H

�
O2
�
iru

ydulrxv ydoxhv ri *� dqg *21 Ydu|lqj * zloo ohdg wr gl�huhqw suhglfwlrqv
zlwk uhvshfw wr wkh revhuyhg gdwd1 Iljxuh 716 glvsod|v wkh H

�
O2
�
dqg

H
�
O2�
�
iru ydulrxv ydoxhv ri wkh d sulrul hvwdeolvkhg huuru yduldqfh rq

Ohyho 4 dqg Ohyho 51 Lw fdq eh vhhq wkdw H
�
O2�
�
ghfuhdvhg zkhq wkh ydul0

dqfh lq wkh suhglfwru yduldeoh LT lqfuhdvhg1 Wklv iroorzv gluhfwo| iurp
irupxod +7=46, = Wkh srvwhulru phdq ri � lv edvhg rq wkh ydoxhv ri wkh re0
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E[L 1
2]

E[L 2]

Iljxuh 7161 Wkh .
�
u2

�
dqg .

�
u2�

�
iru gl�huhqw ydoxhv ri wkh huuru yduldqfh wr prgho

wkh odwhqw suhglfwru yduldeohv rq Ohyho 4 dqg Ohyho 5 zlwk wkh fodvvlfdo wuxh vfruh

prgho1

vhuyhg gdwd | li wkh yduldqfh lq wkh revhuyhg gdwd { lv kljk1 Dv d uhvxow/
wkh suhglfwlrqv |oeR uhvhpeoh wkh revhuyhg gdwd | pruh1 Lw iroorzv wkdw
wkh glvfuhsdqf| ehwzhhq wkh revhuyhg gdwd | dqg wkh suhglfwhg gdwd
|oeR hqodujhv zkhq wkh uhvsrqvh yduldqfh ghfuhdvhv1 Wkhq wkh srvwhulru
phdq ri � lv edvhg odujho| rq wkh revhuyhg vxp vfruhv uhodwlqj wr wkh lq0
whooljhqfh whvw/ lqvwhdg ri rq |1 Wkh H

�
O2
�
lqfuhdvhg zkhq rqh ru erwk

ri wkh uhvsrqvh yduldqfhv lqfuhdvhg ehfdxvh wkh glvwdqfh ehwzhhq suh0
glfwhg LT0vfruhv dqg DL0vfruhv ghyldwhg pruh iurp wkh revhuyhg vxp
vfruhv/ sduwo| gxh wr wkh hqodujhg uhvsrqvh yduldqfhv1 Kljk uhvsrqvh
yduldqfh lq wkh LT whvw ohg wr ehwwhu uhvxowv ri wkh vwdwlvwlfv H

�
O2
�
dqg

H
�
O2�
�
= Jhqhudoo|/ wkh sulru lqirupdwlrq derxw wkh jurxs vshfl�f huuru

yduldqfh kljko| lq xhqfhg wkh uhvxowv1

;1 Glvfxvvlrq

Lq wklv fkdswhu/ d qrupdo rjlyh prgho lv lpsrvhg rq wkh xqrevhuyhg
h{sodqdwru| yduldeohv lq d pxowlohyho prgho1 Lq wkh vrfldo vflhqfhv/ lw lv
uduho| srvvleoh wr phdvxuh doo uhohydqw fryduldwhv gluhfwo| dqg dffxudwho|1
Fruuhfwlqj iru phdvxuhphqw huuru lv ghshqghqw rq nqrzohgjh ri wkh phd0
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vxuhphqw huuru surfhvv1 Khuh/ wkh qrupdo rjlyh prgho ghvfulehv wkh olqn
ehwzhhq wkh revhuyhg gdwd dqg wkh xqrevhuyhg yduldeohv1 Wklv lv frp0
sduhg zlwk wkh fodvvlfdo wuxh vfruh prgho dv phdvxuhphqw huuru prgho1
Dssursuldwh phwkrgv iru fruuhfwlqj iru wkh h�hfwv ri phdvxuhphqw huuru
ghshqg rq wkh phdvxuhphqw huuru glvwulexwlrq +Fduuroo hw do1/ 4<<8,1 Lw
lv vkrzq wkdw erwk phdvxuhphqw huuru prghov uhgxfh wkh eldv lq wkh
hvwlpdwhv zlwk dq lqfuhdvh ri wkh yduldqfh1 Wklv eldv yhuvxv yduldqfh
wudgh0r� zrunv zhoo lq erwk fdvhv1 Ehwwhu uhvxowv duh rewdlqhg zlwk wkh
pxowlohyho LUW prgho lq whupv ri wkh h{shfwhg vtxduh glvwdqfh ehwzhhq
doo revhuyhg dqg suhglfwhg gdwd1 Wkh pxowlohyho wuxh vfruh prgho uhtxluhv
lqirupdwlrq derxw wkh jurxs vshfl�f huuru yduldqfh dqg ghshqgv kljko|
rq wklv sulru lqirupdwlrq1 Wklv ohdgv wr d fhuwdlq ghjuhh ri duelwudulqhvv1
Pruhryhu/ wkh yduldqfh vwuxfwxuh ri wkh huuruv lq wkh suhglfwru yduldeohv
lv gl!fxow wr hvwlpdwh1 Wkh pxowlohyho LUW prgho dprxqwv wr d pruh
uhdolvwlf zd| ri prgholqj phdvxuhphqw huuru lq wkh suhglfwru yduldeohv/
ehfdxvh lw grhv qrw ghshqg rq dq| duelwudu| dvvxpswlrq rq wkh huuru
yduldqfh vwuxfwxuh1

Lw lv srvvleoh wr xvh rwkhu LUW prghov dv d phdvxuhphqw huuru prgho1
H{dpsohv duh wkh wkuhh0sdudphwhu lwhp uhvsrqvh prgho dqg prghov iru
sro|wrprxvo| vfruhg lwhpv1 Wkhvh prghov fdq eh hvwlpdwhg zlwklq wkh
Ed|hvldq iudphzrun xvlqj wkh Jleev vdpsohu +Eìjxlq/ 5333> Mrkqvrq
) Doehuw/ 4<<<,1 Li wkh frqglwlrqdo glvwulexwlrq ri vrph sdudphwhuv lv
gl!fxow wr vdpsoh iurp/ wkhq d Phwursrolv0Kdvwlqjv vwhs zlwklq Jleev
vdpsohu fdq eh xvhg wr rewdlq vdpsohv iurp wkh srvwhulru glvwulexwlrq
ri wkh vshfl�f sdudphwhuv +Fkle ) Juhhqehuj/ 4<<8,1

Wkh whvw vwdwlvwlf glvfxvvhg deryh rqo| irfxvhv rq wkh h{whqw wr zklfk
wkh revhuyhg gdwd duh uhsurgxfhg e| wkh prgho1 Rwkhu srvwhulru suh0
glfwlyh fkhfnv fdq eh ghyhorshg wr mxgjh wkh �w dqg dvvxpswlrqv ri wkh
prgho/ vxfk dv orfdo lqghshqghqfh dqg krprvfhgdvwlflw|/ exw wklv lv eh0
|rqg wkh vfrsh ri wkh suhvhqw fkdswhu1

Lq wkh suhvhqw fkdswhu/ wkh uhvsrqvh yduldeoh/\> lv wuhdwhg dv revhuyhg
zlwkrxw phdvxuhphqw huuru1 Lw lv srvvleoh wr h{whqg wkh surfhgxuh dqg
wr prgho wklv yduldeoh zlwk dq LUW prgho dovr1 Wklv pruh frpsoh{ sure0
ohp/ zkhuh erwk wkh uhvsrqvh dqg vrph ri wkh suhglfwruv duh phdvxuhg
zlwk huuru/ ghvhuyhv ixuwkhu uhvhdufk1 Wkh edvlf vwuxfwxuh ri wklv pruh
frpsoh{ prgho lv uhodwhg wr wkh pxowlohyho LUW prgho/ Fkdswhu 5 dqg
6/ ru wkh jhqhulf klhudufklfdo LUW prgho +Sdw} ) Mxqnhu/ 4<<<e, zlwk
edfnjurxqg yduldeohv phdvxuhg zlwk dq huuru1Wklv zkroh iudphzrun lv
dovr vwurqjo| uhodwhg wr wkh iudphzrun ri vwuxfwxudo htxdwlrq prgholqj/
zkhuh wkhuh lv d phdvxuhphqw sduw dqg d vwuxfwxudo sduw1 Wkh phdvxuh0
phqw sduw ri wkh prgho frqvlvwv ri wkh uhvsrqvh yduldeoh dqg revhuyhg
suhglfwru vxuurjdwhv dqg odwhqw yduldeohv/ dqg wkh vwuxfwxudo sduw lv gh0
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�qhg lq whupv ri wkh odwhqw yduldeohv uhjuhvvhg rq hdfk rwkhu dqg vrph
revhuyhg edfnjurxqg yduldeohv1 Lq PLPLF prgholqj +vhh/ iru h{dpsoh/
Eroohq/ 4<;<> Pxwkìq/ 4<;<,/ rqh ru pruh odwhqw yduldeohv lqwhuyhqh eh0
wzhhq wkh revhuyhg edfnjurxqg yduldeohv suhglfwlqj d vhw ri revhuyhg
uhvsrqvh yduldeohv dqg vxuurjdwhv1 Wkh pdlq gl�huhqfh ehwzhhq wkhvh
dssurdfkhv dqg wkh rqh suhvhqwhg khuh lv wkh xvh ri dq LUW prgho dv d
phdvxuhphqw huuru prgho/ dqg lqwhjudwlrq ri wkhvh ydulrxv dssurdfkhv
uhpdlqv d srlqw ri ixuwkhu vwxg|1
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Ed|hvldq Prgho Fkhfnlqj dqg Uhvlgxdo

Dqdo|vlv

41 Lqwurgxfwlrq

Vfkrro h�hfwlyhqhvv uhvhdufk lv d pdmru wrslf lq hgxfdwlrq/ hvshfldoo|
lq oljkw ri wkh frqfhuq iru hydoxdwlrq ri gl�huhqfhv lq dfklhyhphqw dqg
dffrxqwdelolw|1 Pdlq lqwhuhvw lv sxw lq lghqwli|lqj wkh fkdudfwhulvwlfv ri
h�hfwlyh vfkrrov dqg fulwhuld iru phdvxulqj h�hfwlyhqhvv1 Wklv uhvhdufk lv
fkdudfwhul}hg e| d ydulhw| ri phwkrgv dqg ghvljqv1 Wkhuhiruh/ lvvxhv dv
vdpsoh vl}hv/ zkdw yduldeohv vkrxog eh phdvxuhg/ dqg dw zkdw ohyho wkh
gdwd vkrxog eh dqdo|}hg qhhg wr eh wdfnohg1 Lq wklv fkdswhu/ dwwhqwlrq
lv irfxvhg rq prgho fkrlfh dqg jrrgqhvv ri �w1

Wkh phwkrgv ri phdvxulqj vfkrro h�hfwlyhqhvv kdyh ehhq fkdqjhg
udglfdoo| zlwk wkh ghyhorsphqw ri pxowlohyho dqdo|vlv1 Wkh klhudufklfdo
vwuxfwxuh ri hgxfdwlrqdo v|vwhpv hpskdvl}hv wkh qhfhvvlw| ri pxowlohyho
prgholqj1 Pxowlohyho dqdo|vlv hqdeohv wkdw wkh gdwd duh wuhdwhg lq dq
dssursuldwh pdqqhu/ lqvwhdg ri ehlqj uhgxfhg wr d vlqjoh ohyho1 Wkh gli0
ihuhqfhv ehwzhhq fodvvhv dqg vfkrrov fdq eh wdnhq lqwr dffrxqw surshuo|/
udwkhu wkdq djjuhjdwhg duelwudulo|1 Lq wklv iudphzrun/ prvw ri wkh ydul0
dqfh lv h{sodlqhg e| vwxghqw edfnjurxqg yduldeohv/ vxfk dv lqwhooljhqfh
dqg vrflr0hfrqrplf vwdwxv/ rwkhu sduwv ri wkh yduldqfh fdq eh h{sodlqhg
e| fodvv ru vfkrro idfwruv1 Dssolfdwlrqv ri pxowlohyho prghov wr hgxfd0
wlrqdo gdwd fdq/ iru h{dpsoh/ eh irxqg lq Erfn +4<;<, dqg Jrogvwhlq
+4<<8,1

D pdmru frpsrqhqw ri dq| vfkrro h�hfwlyhqhvv dvvhvvphqw lv wkh xvh ri
dfklhyhphqw vfruhv dv d phdvxuh ri h�hfwlyhqhvv1 Prvw riwhq/ vfkrrov duh
frpsduhg lq whupv ri wkh dfklhyhphqwv ri wkh sxslov/ dqg vxp vfruhv duh
xvhg wr uhsuhvhqw wkhvh dfklhyhphqwv1 Lq Fkdswhu 6/ d phdvxuhphqw huuru
prgho/ wkdw lv/ dq lwhp uhvsrqvh wkhru| prgho/ lv sursrvhg wr vshfli| wkh

;8
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uhodwlrqvkls ehwzhhq odwhqw delolwlhv dqg revhuyhg uhvsrqvhv ri vwxghqwv1
Wrjhwkhu zlwk wkh vwuxfwxudo pxowlohyho prgho/ wklv uhvxowhg lq d pxowl0
ohyho LUW prgho1 Wklv prgho lv hydoxdwhg lq d ixoo| Ed|hvldq iudphzrun/
zklfk kdv wkh dgydqwdjh wkdw doo sdudphwhuv fdq eh hvwlpdwhg frqfxu0
uhqwo| zlwk wkh Jleev vdpsohu +Jhoidqg ) Vplwk/ 4<<3,1 Ixuwkhupruh/ d
ixoo| Ed|hvldq iudphzrun vxssruwv gh�qlwlrq ri d ixoo suredelolw| prgho
iru txdqwli|lqj xqfhuwdlqw|1 Rqh vwhs ixuwkhu lq vwdwlvwlfdo lqihuhqfh lv
wkh dvvhvvphqw ri wkh sodxvlelolw| ri wkh srvlwhg prgho ru ri vrph ri lwv
vshfl�f dvvxpswlrqv1

Lq wklv fkdswhu/ vhyhudo Ed|hvldq fkhfnv duh sursrvhg wkdw fdq eh xvhg
wr mxgjh wkh �w dqg dvvxpswlrqv ri d pxowlohyho LUW prgho1 Wkh elqdu|
rxwfrphv rq lwhp0ohyho duh vxssrvhg wr kdyh dq xqghuo|lqj qrupdo uh0
juhvvlrq vwuxfwxuh rq odwhqw frqwlqxrxv gdwd1 Wklv dvvxpswlrq uhvxowv
lq d dqdo|vlv ri Ed|hvldq odwhqw uhvlgxdov1 Lw zloo eh vkrzq wkdw wkh
Ed|hvldq odwhqw uhvlgxdov kdyh frqwlqxrxv0ydoxhg srvwhulru glvwulexwlrqv
dqg duh hdvlo| hvwlpdwhg zlwk wkh Jleev vdpsohu1 Wklv lq frqwudvw wr
wkh fodvvlfdo uhvlgxdov wkdw duh gl!fxow wr gh�qh dqg lqwhusuhw gxh wr wkh
glvfuhwh qdwxuh ri wkh uhvsrqvh yduldeoh +Doehuw ) Fkle/ 4<<8,1 Ixuwkhu/
Ed|hvldq uhvlgxdov kdyh gl�huhqw srvwhulru yduldqfhv exw wkh Ed|hvldq
odwhqw uhvlgxdov duh lghqwlfdoo| glvwulexwhg1 Dq xqeldvhg hvwlpdwru ri
wkh Ed|hvldq odwhqw uhvlgxdov dqg lwv yduldqfh zloo eh sursrvhg xvlqj lwv
frqglwlrqdo h{shfwdwlrq jlyhq d vx!flhqw vwdwlvwlf1

Wkh srvwhulru glvwulexwlrqv ri wkh udqgrp huuruv duh xvhg wr ghwhfw
rxwolhuv lq wkh pxowlohyho LUW prgho1 Dq rxwolhu lv gh�qhg dv dq revhu0
ydwlrq zlwk d odujh udqgrp huuru/ jhqhudwhg e| wkh prgho xqghu frq0
vlghudwlrq +Fkdorqhu ) Eudqw/ 4<;;,1 Wkh srvwhulru glvwulexwlrqv fdq
eh xvhg wr fdofxodwh wkh srvwhulru suredelolw| wkdw dq revhuydwlrq lv dq
rxwolhu1 Wkhvh srvwhulru suredelolwlhv ri dq revhuydwlrq ehlqj dq rxwolhu
duh fdofxodwhg zlwk wkh Jleev vdpsohu1 Rwkhu Ed|hvldq dssurdfkhv wr
rxwolhu ghwhfwlrq fdq eh irxqg lq/ iru h{dpsoh/ Er{ dqg Wldr +4<:6, dqg
]hooqhu +4<:8,1

K|srwkhvhv fdq eh whvwhg xvlqj kljkhvw srvwhulru ghqvlw| lqwhuydov1
Dffruglqj wr wkh xvxdo irup ri d k|srwkhvlv wkdw d sdudphwhu ydoxh ru
d ixqfwlrq ri sdudphwhu ydoxhv lv }hur/ KSG lqwhuydov zloo vkrz/ lq prvw
fdvhv/ wkh gl�huhqfh +Er{ ) Wldr/ 4<:6,1 Wklv frqfhsw lv xvhg wr fkhfn
khwhurvfhgdvwlflw| dw Ohyho 4/ wkdw lv/ wr fkhfn zkhwkhu jurxshg Ohyho
4 uhvlgxdov kdyh wkh vdph srvwhulru glvwulexwlrq1 Wkh sdudphwulf irupv
ri wkh pdujlqdo srvwhulru glvwulexwlrqv duh xqnqrzq/ exw vdpsohv ri wkh
glvwulexwlrqv duh dydlodeoh wkurxjk wkh Jleev vdpsohu1 Wkhvh vdpsohv
duh xwlol}hg wr fkhfn wkh krprvfhgdvwlflw| dvvxpswlrq dw Ohyho 41

Ixuwkhu/ wkh vhqvlwlylw| ri lqihuhqfhv wr uhdvrqdeoh fkdqjhv lq wkh sulru
glvwulexwlrq zloo eh h{dplqhg1 Wkh qhhg wr vwxg| dowhuqdwlyh sulru glv0
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wulexwlrqdo dvvxpswlrqv iru wkh yduldqfh frpsrqhqwv dulvhv zkhq Ed|hv
idfwruv duh xvhg iru prgho frpsdulvrq1 Wkh Jleev vdpsohu zloo idlo zkhq
sulru glvwulexwlrqv duh vshfl�hg wkdw ehfrph lq�qlwh dw }hur +Sdxohu/
Zdnh�hog/ ) Ndvv/ 4<<<,1 Wkh glvfxvvlrq ri lpsurshu sulruv lq uhodwlrq
zlwk Ed|hv idfwruv fdq eh irxqg lq/ h1j1/ Odylqh dqg Vfkhuylvk +4<<<,
dqg R*Kdjdq +4<<8,1
Lq wkh �uvw vhfwlrq/ Ed|hvldq uhvlgxdo dqdo|vlv dqg hvwlpdwlrq phwk0

rgv duh ghvfulehg1 Qh{w/ d phwkrg wr ghwhfw rxwolhuv e| h{dplqlqj wkh
srvwhulru glvwulexwlrq ri wkh uhvlgxdov xvlqj Jleev vdpsohu lv glvfxvvhg1
Wkhq/ whvwv edvhg rq kljkhvw srvwhulru ghqvlw| lqwhuydov/ duh ghvfulehg wr
whvw wkh krprvfhgdvwlflw| dw Ohyho 41 Ixuwkhu/ wkh sulru vhqvlwlylw| ri wkh
sdudphwhu hvwlpdwhv zloo eh glvfxvvhg1 Wkhq/ h{dpsohv ri wkh surfhgxuh
zloo eh jlyhq e| dqdo|}lqj wkh gdwd xvhg lq Fkdswhu 61 Ilqdoo|/ wkh odvw
vhfwlrq frqwdlqv d glvfxvvlrq dqg vxjjhvwlrqv iru ixuwkhu uhvhdufk1

51 Ed|hvldq Uhvlgxdo Dqdo|vlv

Wkh pxowlohyho LUW prgho dvvhvvphqw lqfoxghv d fkhfn zkhwkhu wkh
dvvxpswlrqv pdgh wr vshfli| wkh prgho duh mxvwl�hg1 Wklv fdq eh grqh
e| h{dplqlqj wkh uhjuhvvlrq uhvlgxdov wr fkhfn vxfk dvvxpswlrqv dv qru0
pdolw|/ frqglwlrqdo lqghshqghqfh ri revhuydwlrqv dqg krprvfhgdvwlflw|
ri yduldqfh1 Ixuwkhupruh/ wkhuh lv lqwhuhvw lq wkh pdjqlwxghv ri wkh hu0
uruv wkdw dfwxdoo| rffxuuhg1 Wkh uhdol}hg huuruv duh qrw revhuyhg1 Wkh|
qhhg wr eh hvwlpdwhg iurp wkh gdwd wrjhwkhu zlwk wkh xqfhuwdlqwlhv dv0
vrfldwhg zlwk wkhvh hvwlpdwhv1 Lq wkh suhvhqw fkdswhu/ uhdol}hg uhvlgxdov
duh ylhzhg dv udqgrp sdudphwhuv zlwk xqnqrzq ydoxhv1 Srvwhulru glv0
wulexwlrqv iru uhdol}hg huuruv qhhg wr eh fdofxodwhg dqg fdq eh xvhg wr
pdnh srvwhulru suredelolw| vwdwhphqwv derxw wkh ydoxhv ri wkh uhdol}hg
huuruv +vhh/ iru h{dpsoh/ Er{ ) Wldr/ 4<:6> ]hooqhu/ 4<:8,1
Wkh uhvlgxdov duh gh�qhg dv

u��& @ |��& ��+d&��� � e&, =

Lq wkh fodvvlfdo uhvlgxdo dqdo|vlv/ wkh prvw frpprq zd| wrzdug dqdo|}lqj
uhvlgxdov lv wr wudqvihu wkh uhvlgxdov wr d vfdoh zkhuh wkh| duh dssur{l0
pdwho| qrupdoo| glvwulexwhg1 Wkh prvw frpprq qrupdol}lqj wudqviru0
pdwlrqv ohdg wr Shduvrq/ ghyldqfh/ dqg dgmxvwhg ghyldqfh uhvlgxdov1 Exw
lq fdvh ri Ehuqrxool revhuydwlrqv vxfk wudqvirupdwlrqv uhvxow lq srru ds0
sur{lpdwlrqv ri wkh glvwulexwlrqv ri wkh Shduvrq/ ghyldqfh dqg dgmxvwhg
ghyldqfh uhvlgxdov e| wkh Jdxvvldq glvwulexwlrq1 D ixoo| Ed|hvldq uhvlg0
xdo dqdo|vlv grhv qrw vx�hu iurp wklv sureohp1 Lq wkh Ed|hvldq uhvlgxdo
dqdo|vlv dwwhqwlrq lv irfxvhg rq wkh srvwhulru glvwulexwlrq ri hdfk uhvlg0
xdo1 Ed|hvldq uhvlgxdov kdyh frqwlqxrxv0ydoxhg srvwhulru glvwulexwlrqv
zklfk fdq dovr eh xvhg wr ghwhfw rxwolhuv1
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Lq Fkdswhu 6 dqg 7/ dq PFPF hvwlpdwlrq phwkrg kdv ehhq sursrvhg
wr hvwlpdwh doo sdudphwhuv ri wkh pxowlohyho LUW prgho1 Wkh sursrvhg
Jleev vdpsohu fdq eh xvhg wr hvwlpdwh wkh srvwhulru glvwulexwlrq ri wkh
uhvlgxdov1 Ghqrwh dq PFPF vdpsoh iurp wkh srvwhulru glvwulexwlrq
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Wr fkhfn wkdw wkhvh uhvlgxdov duh qrupdoo| glvwulexwhg/ wkh rughuhg vdp0
sohg ydoxhv fdq eh frpsduhg wr wkh h{shfwhg rughu vwdwlvwlfv ri wkh qru0
pdo glvwulexwlrq lq d txdqwloh0txdqwloh sorw1 Ixuwkhu/ lqwhuhvw lv irfxvhg
rq lghqwli|lqj uhvlgxdov zkrvh glvwulexwlrq lv frqfhqwudwhg rq dq lqwhu0
ydo qrw frqwdlqlqj }hur1 Fkhfnlqj li d uhvlgxdo u��& lv xqxvxdoo| odujh
fdq eh grqh e| sorwwlqj wkh txdqwlohv ri wkh srvwhulru glvwulexwlrq ri
u��& djdlqvw wkh srvwhulru phdq ri wkh suredelolw| s��& @ �+d&��� � e&, >
+Doehuw ) Fkle/ 4<<8,1 D gudzedfn lv wkdw wkh pdujlqdo glvwulexwlrqv ri
wkh rughuhg uhvlgxdov gl�hu1 Iru h{dpsoh/ wkh glvwulexwlrq ri wkh vpdoohvw
uhvlgxdo lv gl�huhqw iurp wkdw ri wkh phgldq uhvlgxdo1 Wkh srvwhulru ydul0
dqfhv ri wkh uhvlgxdov gl�hu dqg duh qrw gluhfwo| frpsdudeoh1 Wkhuhiruh/
lw lv gl!fxow wr dvvhvv krz h{wuhph hdfk glvwulexwlrq lv1 Wkhvh sureohpv
fdq eh dyhuwhg e| xvlqj Ed|hvldq odwhqw uhvlgxdov dv dq dowhuqdwlyh wr
wkh Ed|hvldq uhvlgxdov1

514 Frpsxwdwlrq ri Ed|hvldq Odwhqw Uhvlgxdov

Wkh revhuydwlrq \��& fdq eh lqwhusuhwhg dv dq lqglfdwru yduldeoh wkdw
d frqwlqxrxv yduldeoh zlwk qrupdo ghqvlw| lv deryh ru ehorz }hur1 Wklv
odwhqw frqwlqxrxv vfruh lv gh�qhg dv ]��&> zkhuh ]��& A 3 li \��& @ 4
dqg ]��& � 3 li \��& @ 3= Frpsohwh gdwd/ frqvlvwlqj ri dxjphqwhg gdwd
] dqg revhuyhg gdwd \> duh iruphg wr vlpsoli| fdofxodwlrqv1 Iurp wkh
gh�qlwlrq ri ]��& lw iroorzv wkdw

s +}��& m ���>�&> |��&, 2 ! +}��&>d&��� � e&> 4, ^L +}��& A 3, L +|��& @ 4,

. L +}��& � 3, L +|��& @ 3,` > +815,

zkhuh !+=>d&����e&> 4, vwdqgv iru wkh qrupdo ghqvlw| zlwk d phdq htxdo
wr d&����e& dqg d yduldqfh htxdo wr rqh/ dqg L +=, lv dq lqglfdwru yduldeoh
wdnlqj wkh ydoxh rqh li lwv dujxphqw lv wuxh/ dqg wkh ydoxh }hur rwkhu0
zlvh1 Lpsohphqwdwlrqv ri wkh Jleev vdpsohu zlwk wkh xvh ri dxjphqwhg
gdwd fdq eh irxqg lq Doehuw +4<<5,/ Mrkqvrq dqg Doehuw +4<<<, dqg/ lq
sduwlfxodu/ iru wkh pxowlohyho LUW prgho lq Fkdswhu 6 dqg 71
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Wkh Ed|hvldq odwhqw uhvlgxdov fruuhvsrqglqj wr revhuydwlrqv \��& duh
gh�qhg dv

%��& @ ]��& � d&��� . e&= +816,

Iurp wkh gh�qlwlrq ri wkh dxjphqwhg gdwd lw iroorzv wkdw jlyhq d&> e& dqg
��� > wkh odwhqw uhvlgxdov %��& duh vwdqgdug qrupdoo| glvwulexwhg1 Wkhvh
odwhqw uhvlgxdov duh hdvlo| hvwlpdwhg dv d e|0surgxfw ri wkh Jleev vdp0
sohu1 Wkdw lv/ PFPF vdpsohv iurp ]��&> �& dqg ��� surgxfh vdpsohv
%��& iurp lwv srvwhulru glvwulexwlrq1 Dffruglqjo|/ srvwhulru phdqv dqg
vwdqgdug ghyldwlrqv ri wkh odwhqw uhvlgxdov fdq eh frpsxwhg iurp wkh
vdpsohg ydoxhv1 D pruh h!flhqw hvwlpdwru lv wkh frqglwlrqdo h{shf0
wdwlrq jlyhq d vx!flhqw vwdwlvwlf/ fdoohg d Udr0Eodfnzhoolvhg hvwlpdwru
+Jhoidqg ) Vplwk/ 4<<3,1 Wkdw lv/ wkh vdpsolqj huuru dwwulexwdeoh wr
wkh Jleev vdpsohu lv uhgxfhg wr rewdlq d pruh h!flhqw hvwlpdwh ri wkh
srvwhulru phdqv1 Wkh xqeldvhg fkdudfwhu ri wkh Prqwh Fduor hvwlpdwru
uhpdlqv zkloh uhgxflqj lwv yduldqfh1
Wkh frqglwlrqdo h{shfwdwlrq ri wkh odwhqw uhvlgxdov qhhgv wr eh fdo0

fxodwhg jlyhq d vx!flhqw vwdwlvwlf1 Vxssrvh wkdw \��& @ 4> lw iroorzv
wkdw
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zkhuh ! uhsuhvhqwv wkh ghqvlw| ri wkh vwdqgdug qrupdo glvwulexwlrq1 Olnh0
zlvh/ lw iroorzv iru \��& @ 3 wkdw

H +%��& m \��& @ 3> ��� >�&, @
�! +e& � d&���,

� +e& � d&���,
= +818,

Wkh h{shfwhg ydoxh ri %��& ghshqgv rq wkh ydoxh ri \��& dqg wkh vljq
ri d&��� � e&1 Vrph hohphqwdu| fdofxodwlrqv qhhg wr eh grqh wr �qg
dq h{suhvvlrq iru wkh yduldqfh1 Gh�qh ���& @ H +%��& m \��&> ��� >�&, dqg
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dvvxph wkdw \��& @ 4= Vnlsslqj wkh hohphqwdu| vwhsv lw iroorzv wkdw
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zkhuh ���& @ d&��� � e&= Lq wkh vdph zd| lq fdvh \��& @ 3> wkh yduldqfh
ri hvwlpdwh +8=8, lv
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Wkh hvwlpdwhv ri wkh Ed|hvldq odwhqw uhvlgxdov duh hdvlo| lpsohphqwhg
lq d Jleev vdpsohu1 Wkhq lw fdq eh fkhfnhg li wkh odwhqw uhvlgxdov duh
qrupdoo| glvwulexwhg jlyhq wkh revhuydwlrqv e| d txdqwloh0txdqwloh sorw1
Wkh uhdol}hg uhvlgxdov dw Ohyho 4 duh ylhzhg dv sdudphwhuv zlwk xq0

nqrzq ydoxhv1 Wkh hvwlpdwhv ri wkhvh odwhqw uhvlgxdov iroorz gluhfwo|
iurp wkhlu gh�qlwlrq1 Wkdw lv/
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zkhuh PFPF vdpsohv duh qhhghg ri wkh sdudphwhuv rq zklfk wkh| duh
frqglwlrqhg1 Erwk h{shfwdwlrqv rq wkh uljkw0kdqg vlgh duh hdvlo| ghulyhg
gxh wr wkh idfw wkdw wkh frqglwlrqdo glvwulexwlrqv ri wkh sdudphwhuv frq0
vlvwv ri d surgxfw ri wzr qrupdo ghqvlwlhv/ vhh Fkdswhu 61 Wkh yduldqfh
ri wkh uhvlgxdov dw Ohyho 4 fdq eh hvwlpdwhg lq wkh vdph zd|1 Srvwh0
ulru suredelolw| vwdwhphqwv derxw wkh ydoxhv ri wkh uhdol}hg huuruv duh
pdgh yld wkh ghulydwlrq ri wkh srvwhulru glvwulexwlrqv iurp wkh Jleev

vdpsohu1 Froohfwlqj wkh udz uhvlgxdov h
E6�
�� @ �

E6�
�� � [���

E6�
� iru wkh

p @ 4> = = = >P lwhudwlrqv ri wkh Jleev vdpsohu uhvxowv lq vdpsohv iurp
wkh srvwhulru glvwulexwlrq ri wkh odwhqw uhvlgxdov dw Ohyho 41 Dovr srvwh0
ulru prphqwv/ phdvxuhv ri vnhzqhvv dqg nxuwrvlv fdq eh ghulyhg iurp wkh
Jleev vdpsohu1 Fkdudfwhul}lqj wkh surshuwlhv ri wkh uhdol}hg uhvlgxdov
fdq khos wr glvfryhu wkh qdwxuh ri srvvleoh ghsduwxuhv iurp wkh dvvxps0
wlrqv ri wkh pxowlohyho LUW prgho1 Ilqdoo|/ odwhqw uhvlgxdov dw Ohyho 5
duh hvwlpdwhg dv

H
�
x� m ��>��> �

2>�>W
�
@ H

�
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�Z�H
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� m �� >W
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Wkh frqglwlrqdo glvwulexwlrqv ri wkh sdudphwhuv �� dqg � duh erwk qru0
pdoo| glvwulexwhg/ dqg/ iru wkdw uhdvrq/ wkh h{shfwdwlrqv duh hdvlo| gh0

ulyhg1 Wkh urxjk uhvlgxdov x
E6�
� @ �

E6�
� �Z��

E6� iru p @ 4> = = = >P duh
vdpsohv iurp wkh pdujlqdo srvwhulru glvwulexwlrq1 Dprqj rwkhu wklqjv/
wkh vdpsohv fdq eh xvhg wr hvwlpdwh wkh srvwhulru yduldqfh1 D txdqwloh0
txdqwloh sorw fdq eh pdgh wr fkhfn li wkh odwhqw uhvlgxdov duh qrupdoo|
glvwulexwhg jlyhq wkh revhuydwlrqv1
Lw pxvw eh uhpdunhg wkdw wkh uhvlgxdov lq wkh phdvxuhphqw prgho

dqg dw Ohyho 4 dqg Ohyho 5 ri wkh pxowlohyho prgho duh qrw frqvlghuhg
vhsdudwho| lq wklv pdqqhu1 Wklv phdqv wkdw dqdo|}lqj uhvlgxdov ri wkh
phdvxuhphqw prgho lv edvhg rq vshfl�fdwlrqv ri wkh pxowlohyho prgho
dqg/ dqdorjrxvo|/ dqdo|}lqj uhvlgxdov ri wkh pxowlohyho prgho lv edvhg
rq vshfl�fdwlrqv ri wkh phdvxuhphqw prgho1 Reylrxvo|/ lw lv srvvleoh wr
fkhfn wkh uhvlgxdov ri wkh phdvxuhphqw prgho vhsdudwho| e| hvwlpdwlqj
wkh prgho lqghshqghqw ri wkh pxowlohyho prgho exw wkhq uhvlgxdov duh
dqdo|}hg iurp d frpsohwho| gl�huhqw prgho1 Wkh Ohyho 4 uhvlgxdov fdq
eh frpsxwhg e| ruglqdu| ohdvw vtxduhv uhjuhvvlrqv zlwklq hdfk jurxs
vhsdudwho| +vhh/ Vqlmghuv ) Ervnhu/ 4<<</ ss1 45;0465,/ jlyhq hvwlpdwhv
ri wkh odwhqw yduldeohv dw Ohyho 41 Exw wkh hvwlpdwhv ri wkh odwhqw yduldeohv
zloo dovr frqwdlq wkh lq xhqfh ri wkh uhvlgxdov lq wkh phdvxuhphqw prgho1
Wkh uhvlgxdov dw Ohyho 4 zloo eh dqdo|}hg xqfrqirxqghg e| wkh Ohyho 5
uhvlgxdov exw wkh rwkhu uhvlgxdov duh dqdo|}hg dffruglqj wr wkh frpsohwh
prgho1

61 Ghwhfwlrq ri Rxwolhuv

Wkh rxwolhu ghwhfwlrq sureohp lv dgguhvvhg iurp d Ed|hvldq shuvshf0
wlyh1 Dv vwdwhg deryh/ uhdol}hg uhjuhvvlrq huuru whupv duh wuhdwhg dv
xqnqrzq sdudphwhuv/ vhh ]hooqhu +4<:8,1 Wkh srvwhulru glvwulexwlrq ri
wkhvh uhvlgxdov fdq eh xvhg wr fdofxodwh wkh srvwhulru suredelolw| wkdw
dq revhuydwlrq lv dq rxwolhu1 Rxwolhuv fdq eh ghwhfwhg e| h{dplqlqj wkh
srvwhulru glvwulexwlrq ri wkh huuru whupv1 Dq revhuydwlrq fdq eh frq0
vlghuhg wr eh rxwo|lqj li wkh srvwhulru glvwulexwlrq ri wkh fruuhvsrqglqj
uhvlgxdo lv orfdwhg idu iurp lwv phdq +Doehuw ) Fkle/ 4<<8,1 Khuh/ wkh
srvwhulru glvwulexwlrq ri wkh Ed|hvldq odwhqw uhvlgxdov duh h{dplqhg wr
ghwhfw rxwolhuv dprqj wkh revhuydwlrqv1 Wkh Ed|hvldq odwhqw uhvlgxdov
duh d ixqfwlrq ri xqnqrzq sdudphwhuv dqg wkh srvwhulru glvwulexwlrqv
duh wkhuhiruh vwudljkwiruzdug wr fdofxodwh1
Iroorzlqj Fkdorqhu dqg Eudqw +4<;;,/ Mrkqvrq dqg Doehuw +4<<<, dqg

]hooqhu +4<:8,/ wkh lmnwk revhuydwlrq lv dq rxwolhu li wkh devroxwh ydoxh
ri wkh uhvlgxdo lv odujhu dv vrph suh0vshfl�hg ydoxh o wlphv wkh vwdqgdug
ghyldwlrq1 Wkdw lv/ revhuydwlrqv \��& zlwk d kljk srvwhulru suredelolw|/
S +m%��&m A o m |��&, > duh pdunhg dv rxwolhuv/ dffruglqj wr irupxod +8=6, =
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Lq idfw wkh dxjphqwhg frqwlqxrxv vfruhv ]��& duh pdunhg dv rxwolhuv
exw ]��& kdv d rqh0wr0rqh fruuhvsrqghqfh zlwk \��&1 Wkh suredelolw|
wkdw dq revhuydwlrq h{fhhgv d suh0vshfl�hg ydoxh lv fdoohg wkh rxwo|lqj
suredelolw|1 Wkh rxwo|lqj suredelolwlhv fdq eh hvwlpdwhg zlwk wkh Jleev
vdpsohu1
Iluvw/ frqvlghu wkh uhvlgxdov dw wkh LUW ohyho1 Vxssrvh \��& @ 4> lw

iroorzv wkdw

S +m%��&m A o m \��& @ 4> ��� >�&, @

] "

,

i +}��&> \��& @ 4 m ��� >�&,

i +\��& @ 4 m ��� >�&,
g}��&

@
�+�o,

� +d&��� � e&,
+81<,

dqg li \��& @ 3> wkhq

S +m%��&m A o m |��&> ��� >�&, @
� +�o,

4��+d&��� � e&,
= +8143,

Wr rewdlq dq hvwlpdwh ri wkh suredelolw| S +m%��&m A o m |��&,PFPF vdp0
sohv ri wkh delolw| dqg lwhp sdudphwhuv duh qhhghg wr fdofxodwh wkh phdq

ri S
�
m%��&m A o m |��&> �

E6�
�� >�

E6�
&

�
iru p @ 4> = = = >P 1 Dv lq Fkdswhu 6

dqg 7/ dq lpsurshu vlpxowdqhrxv sulru/ s +d>e, b
Tg

&'� L +d& A 3, > lv
xvhg lq wkh Jleev vdpsohu iru wkh lwhp sdudphwhuv wr lqvxuh wkdw hdfk
lwhp zloo kdyh d srvlwlyh glvfulplqdwlrq lqgh{1 Rwkhu sulruv duh srvvleoh>
h{dpsohv zloo eh glvfxvvhg ehorz1
Lw lv srvvleoh wr �qg o vxfk wkdw wkh suredelolw| S +m%��&m A o m |��&,

dvvxphv d jlyhq shufhqwdjh/ vd| �(1 Wkhuhiruh/ lq hyhu| Jleev lwhudwlrq
o pxvw eh vroyhg lq wkh htxdwlrq S +m%��&m A o m |��&, @

D
�ff = Wkh phdq

ri wkhvh ydoxhv lv dq hvwlpdwh ri wkh xqltxh urrw/ wkdw lv/ wkh o0shufhqw
ydoxh/ ru wkh suredelolw| wkdw ]��& zloo ghyldwh iurp lwv phdq e| pruh
wkdq o1
Wkh fkrlfh ri o lv txlwh duelwudulo|/ exw li wkh prgho xqghu frqvlghu0

dwlrq lv uhtxluhg wr ghvfuleh wkh gdwd wkhq o @ 5 pljkw eh xvhg wr �qg
revhuydwlrqv wkdw duh qrw zhoo ghvfulehg e| wkh gdwd1 Wkhuh lv uhdvrq iru
frqfhuq li pruh wkdq 8( ri wkh uhvlgxdov kdyh kljk srvwhulru suredelolw|
ri ehlqj juhdwhu wkdq wzr vwdqgdug ghyldwlrqv1
Qrwlfh wkdw rwkhu frpsoh{ srvwhulru suredelolwlhv fdq eh frpsxwhg

zlwk wkh Jleev vdpsohu e| nhhslqj wudfn ri doo wkh srvvleoh rxwfrphv ri
wkh uhohydqw suredelolw| vwdwhphqw1 Krzhyhu/ wklv phwkrg kdv wkh gudz0
edfn wkdw d orw ri lwhudwlrqv duh qhfhvvdu| wr jhw d uholdeoh hvwlpdwh1 Lw
frxog eh srvvleoh/ iru h{dpsoh/ wkdw lq fdvh ri pxowlsoh rxwolhuv d whvw
iru d vlqjoh rxwolhu grhv qrw ghwhfw rqh rxwolhu lq wkh suhvhqfh ri dqrwkhu
rxwolhu1 Wklv vr0fdoohg pdvnlqj rffxuv zkhq wzr srvwhulru suredelolwlhv/
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vd| S +m%��&m A o m |��&, dqg S +m%r�&m A o m |r�&, > gr qrw lqglfdwh dq| rxw0
olhuv exw wkh srvwhulru suredelolw| S +m%��&m A o dqg m%r�&m A o m |, vkrzv
wkdw %��& dqg %r�& duh erwk rxwolhuv1 Wklv vlpxowdqhrxv suredelolw| fdq
eh hvwlpdwhg e| frxqwlqj wkh hyhqwv wkdw erwk devroxwh ydoxhv ri wkh
uhvlgxdov duh juhdwhu wkdq o wlphv wkh vwdqgdug ghyldwlrq glylghg e| wkh
wrwdo qxpehu ri lwhudwlrqv1

71 Khwhurvfhgdvwlflw|

Lq d vwdqgdug olqhdu pxowlohyho prgho/ wkh uhvlgxdov dw Ohyho 4 dqg 5
duh dvvxphg wr eh krprvfhgdvwlf1 Lw lv srvvleoh wkdw wkh yduldqfhv ri
wkh uhvlgxdov duh khwhurvfhgdvwlf zkhq wkh| ghshqg rq vrph h{sodqd0
wru| yduldeohv1 E| prgholqj wkh yduldwlrq dv d ixqfwlrq ri wkh h{sodqd0
wru| yduldeohv zloo uhwxuq krprvfhgdvwlf yduldqfhv1 Qhjohfwlqj wkh khw0
hurvfhgdvwlflw| pd| ohdg wr lqfruuhfw lqihuhqfhv frqfhuqlqj wkh k|srwkh0
vhv whvwv iru yduldeohv zklfk duh uhvsrqvleoh iru wkh khwhurvfhgdvwlflw|
+Vqlmghuv ) Ervnhu/ 4<<<,1

Lq d Ed|hvldq iudphzrun/ frpsoh{ yduldqfh vwuxfwxuhv fdq eh gh�qhg
dv sulru lqirupdwlrq1 Khuh/ Ohyho 4 yduldwlrq zloo eh frqvlghuhg exw
wkh vdph sulqflsohv dsso| wr kljkhu ohyhov1 Jhqhudo ixqfwlrqv ri pruh
wkdq rqh h{sodqdwru| yduldeoh fdq eh frqvlghuhg wr prgho wkh yduldqfh
dw Ohyho 41 H{dpsohv ri frpsoh{ yduldwlrq prgholqj duh jlyhq lq/ iru
h{dpsoh/ Jrogvwhlq +4<<8/ ss1 83, dqg Vqlmghuv ) Ervnhu +4<<</ ss1
443044<,1 Rqh frpprq h{dpsoh lv wkh fdvh zkhuh yduldqfhv duh vshfl�f
iru vxejurxsv1 Iru h{dpsoh/ wkh huuru yduldqfh frxog gl�hu iru pdoh dqg
ihpdoh uhvsrqghqwv1 Ehvlghv prgholqj wkh yduldqfh frqglwlrqdo rq wkh
ydoxh ri wkh h{sodqdwru| yduldeoh/ lw lv dovr srvvleoh wr jlyh wkh h{sodqd0
wru| yduldeoh d udqgrp vorsh dw Ohyho 41 Ixuwkhu/ wkh udqgrp vorsh
yduldqfhv fdq eh pdgh wr ghshqg rq vrph yduldeoh1 Lq fdvh wkh yduldqfh
sdudphwhu fdqqrw eh vdpsohg gluhfwo| iurp wkh ixoo frqglwlrqdo glvwul0
exwlrq d Phwursrolv0Kdvwlqjv0zlwklq0Jleev vwhs frxog eh lqfrusrudwhg1

Zlwkrxw d vshfl�f frqqhfwlrq wr vrph h{sodqdwru| yduldeoh khwhurvfh0
gdvwlflw| lv kdughu wr ghwhfw1 Wkhuhiruh/ lw lv vrphwlphv xvhixo wr frq0
vlghu wkh srvvlelolw| wkdw wkh uhvlgxdo yduldqfh gl�huv ehwzhhq jurxsv1
Wkh Jleev vdpsohu fdq eh xvhg wr jhqhudwh vdpsohv ri jurxs vshfl�f
uhvlgxdo yduldqfhv1 Vxevhtxhqwo|/ wkhvh gudzv fdq eh xvhg wr fkhfn wkh
dvvxpswlrq ri ehwzhhq0jurxs gl�huhqfhv lq wkh Ohyho 4 uhvlgxdo yduldqfh1

714 Kljkhvw Srvwhulru Ghqvlw| Lqwhuydov

Khuh/ wzr whvwv iru khwhurvfhgdvwlflw| dw Ohyho 4 lq fdvh ri wzr ru pruh
jurxsv duh frqvlghuhg wkdw duh hdv| wr frpsxwh lq frpelqdwlrq zlwk wkh
xvh ri d Jleev vdpsohu1 Whvwlqj wkh htxdolw| ri yduldqfhv ri wzr ru pruh
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jurxshg uhvlgxdov dw Ohyho 4 frlqflghv zlwk wkh k|srwkhvlv wkdw vdpsohv
ri uhvlgxdov +h�> = = = >hu, kdyh d frpprq yduldqfh �2= Wkdw lv/ vdpsohv
gudzq iurp wkh pdujlqdo glvwulexwlrqv ri wkh jurxs vshfl�f yduldqfhv
kdyh wkh vdph orfdwlrq1 Wkh vdpsohg ydoxhv duh xvhg wr hvwlpdwh wkh
srvwhulru phdqv ri �2, > o @ 4> = = = > O exw fdq dovr eh xvhg wr whvw wkh
k|srwkhvlv/ �2� @ = = = @ �2u djdlqvw wkh dowhuqdwlyh �2, 9@ �2,� iru dw ohdvw
rqh o 9@ o�= Xqghu wkh qxoo0k|srwkhvlv wkh O vdpsohv duh gudzq iurp d
frpprq srsxodwlrq1
Lq fdvh ri wzr jurxsv dw Ohyho 4/ wkh yduldqfhv ri wzr Qrupdo glvwul0

exwlrqv/ ghqrwhg dv �2� dqg �
2
2> duh frpsduhg1 E| orrnlqj dw wkh kljkhvw

srvwhulru ghqvlw| lqwhuydo ri �22@�
2
� lw fdq eh mxgjhg li wkh uhvlgxdo ydul0

dqfh ri jurxs 4 gl�hu iurp jurxs 5= Vlqfh

�22@v
2
2

�2�@v
2
�

q I +q� � 4> q2 � 4, +8144,

zkhuh v2� @
S?�

�'�

�
��� �[����

�2
iru l @ 4> 5> lw iroorzv wkdw

�22
�2�
q

v22
v2�
I +q� � 4> q2 � 4, > +8145,

vhh/ Er{ dqg Wldr +4<:6/ ss1 4430445,1 Wkh prgh ri wkh glvwulexwlrq
ri I lv 4> wkxv wkh prgh ri wkh srvwhulru glvwulexwlrq ri �22@�

2
� lv v

2
2@v

2
�=

Xvlqj wkh Jleev vdpsohu/ wkh olplwv ri wkh KSG lqwhuydo duh vshfl�hg e|
wkh I glvwulexwlrq lq frpelqdwlrq zlwk dq hvwlpdwh ri v22@v

2
�=

Wr lqvxuh wkdw frpsdulvrqv ri O vfdoh sdudphwhuv
�
�2�> = = = > �

2
u

�
duh

xqd�hfwhg e| dq| olqhdu uhfrglqj ri wkh gdwd/ frqvlghu +O� 4, olqhduo|
lqghshqghqw frqwudvwv lq orj �2, 1 Vr/ ohw �, @ orj �2, � orj �2u= Wkh srlqw
�f @ 3 lv lqfoxghg lq wkh kljkhvw srvwhulru ghqvlw| uhjlrq ri frqwhqw
+4� �, li dqg rqo| li

S +s +� m |, A s +�fm |, m |, ? 4� �=

Wkh ghqvlw| ixqfwlrq s +� m |, lv d prqrwrqlf ghfuhdvlqj ixqfwlrq ri d
ixqfwlrq zlwk sdudphwhuv �2, dqg v2, zklfk lv dv|pswrwlfdoo| glvwulexwhg
dv "2u3�> dv q, $4> o @ 4> = = = > O> zkhuh v2, lv wkh phdq vxp ri vtxduhv
lq jurxs o +Er{ ) Wldr/ 4<:6/ ss1 4660468,1 Lq fdvh ri wkh k|srwkhvlv
�f @ 3> zklfk fruuhvsrqgv wr wkh vlwxdwlrq �2� @ = = = @ �2u> wklv ixqfwlrq
ehfrphv

Pf @ �
u[
,'�

q,
�
orj v2, � orj v2

�
+8146,
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zkhuh v2 @ �
�

Su
,'� q,v

2
, = Lw iroorzv wkdw

olp
?,<"

S +s +� m |, A s +�fm |, m |, @ S
�
"2u3� ?Pf

�
=

Khqfh/ iru odujh vdpsohv/ wkh srlqw �f @ 3 lv lqfoxghg lq wkh +4� �,
kljkhvw srvwhulru ghqvlw| uhjlrq li

Pf ? "2u3�ck= +8147,

Iru prghudwh vdpsoh vl}hv Eduwohww*v dssur{lpdwlrq fdq eh xvhg wr ds0
sur{lpdwh wkh glvwulexwlrq zlwk juhdwhu dffxudf| +Er{ ) Wldr/ 4<:6/ ss1
4680469,1 Lw iroorzv wkdw/

S ^s +� m |, A s +�fm |, m |` ' S

�
"2u3� ?

Pf

4 .D

�
> +8148,

zkhuh D @ �
�Eu3��

�Su
,'� q

3�
, �Q3�

�
1 Wkh gl!fxow| lq sudfwlfh zlwk

wklv whvw iru htxdo yduldqfhv lv wkh h{wuhph vhqvlwlylw| wr wkh dvvxpswlrq
ri qrupdolw|1
Wkh h{suhvvlrq rq wkh uljkw ri +8=46, lv frpsxwhg e| wdnlqj wkh phdq

ryhu wkh frpsxwhg ydoxhv ri +8=46, lq hyhu| lwhudwlrq ri wkh Jleev vdp0
sohu1 Qrwlfh wkdw lw lv qrw qhfhvvdu| wr hvwlpdwh wkh prgho zlwk wkh
dvvxpswlrq ri khwhurvfhgdvwlflw| rq ohyho 4/ ehfdxvh wkh ydoxh ri �2 fdq
eh sdvvhg rq lq wkh Jleev vdpsohu1 Wkdw lv/ vdpsoh �2, > o @ 4> = = = > O>
iurp wkh frqglwlrqdo glvwulexwlrq jlyhq +�>�, > exw sdvv rq wkh vdpsohg
�2> edvhg rq +�>�, > wr xsgdwh wkh frqglwlrqdo ydoxhv ri wkh rwkhu prgho
sdudphwhuv lq wkh Jleev vdpsohu1 Jurxs vshfl�f yduldqfhv duh vdpsohg
vhsdudwho| exw wkh yduldqfhv duh htxdo wr wkh ryhudoo vdpsolqj yduldqfh
�2> lq fdvh wkh qxoo0k|srwkhvlv ri htxdo yduldqfhv lv wuxh1
Lw lv srvvleoh wr frpsxwh wkh kljkhvw srvwhulru ghqvlw| ri

�
�2�> = = = > �

2
u

�
jlyhq wkh revhuyhg gdwd e| lqwhjudwlqj ryhu wkh udqgrp h�hfwv +�>�,
dqg frpsxwlqj wkh suredelolw| ghqvlw|/ lq hyhu| lwhudwlrq ri wkh Jleev
vdpsohu1 Wkh kljkhvw srvwhulru ghqvlw| uhjlrq vkrxog eh frqvwuxfwhg lq
vxfk d zd| wkdw wkh suredelolw| ri hyhu| vhw ri lqwhulru srlqwv lv dw ohdvw
dv odujh wkdw ri dq| vhw ri h{whulru srlqwv1 Ixuwkhu/ wkh uhjlrq vkrxog eh
vxfk wkdw iru d jlyhq suredelolw|/ lw rffxslhv wkh vpdoohvw srvvleoh yroxph
lq wkh sdudphwhu vsdfh1 Wkh rewdlqhg yhfwruv ri sdudphwhu ydoxhv fdq eh
xvhg wr frqvwuxfw vxfk d uhjlrq1 Dffruglqjo|/ wkh htxdolw| ri yduldqfhv
fdq eh whvwhg e| fkhfnlqj li wkh yhfwru

�
�2�> = = = > �

2
u

�
@ 3 olhv zlwklq wkh

kljkhvw srvwhulru ghqvlw| uhjlrq1
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715 Qrupdo Dssur{lpdwlrq wr wkh Srvwhulru Glvwulexwlrq

Dqrwkhu whvw ri htxdolw| ri yduldqfhv lv rewdlqhg e| dssur{lpdwlqj
wkh srvwhulru glvwulexwlrq ri wkh lqglylgxdo jurxs vshfl�f yduldqfhv e|
d qrupdo glvwulexwlrq1 Li wkh srvwhulru glvwulexwlrqv duh xqlprgdo dqg
urxjko| v|pphwulf wkh| fdq eh dssur{lpdwhg e| d qrupdo glvwulexwlrq
fhqwhuhg dw wkh prgh +Ehuqdugr ) Vplwk/ 4<<7/ ss1 5;:05;;> Jhopdq/
Fduolq/ Vwhuq/ ) Uxelq/ 4<<8/ ss1 <70<9,1 Wkh dssur{lpdwlrq ri wkh
srvwhulru glvwulexwlrq ri orj

�
�2,
�
zloo wxuq rxw frqyhqlhqw vlqfh xqnqrzq

sdudphwhuv zloo hqwhu rqo| lqwr wkh phdq dqg qrw lq wkh yduldqfh ri wkh
dssur{lpdwhg glvwulexwlrq1 Xvlqj d Wd|oru vhulhv h{sdqvlrq ri orj

�
�2,
�

lw iroorzv wkdw

s
�
orj �2, m �

E,�>�E,�>|
�
� Q

�
orj e�2, > �L �orj e�2, ��3�� > +8149,

iru o @ 4> = = = > O zkhuh �E,� dqg �E,� ghqrwh wkh delolw| sdudphwhuv dqg
uhjuhvvlrq frh!flhqwv dw Ohyho 4 fruuhvsrqglqj wr jurxs o= Ixuwkhu/ orj e�2,
lv wkh prgh ri wkh srvwhulru glvwulexwlrq dqg L

�
orj e�2, � lv wkh revhuyhg

lqirupdwlrq hydoxdwhg dw wkh prgh1 Zlwk d qrqlqirupdwlyh sulru orfdoo|
xqlirup lq orj �2, lw iroorzv wkdw

s
�
orj�2, m �

E,�>�E,�>|
�
� Q

�
orj v2, >

5

q,

�
= +814:,

Vr wkh sureohp ri whvwlqj �2� @ = = = @ �2u lv uhgxfhg wr wkdw ri whvwlqj
wkh htxdolw| ri O phdqv ri lqghshqghqw qrupdoo| glvwulexwhg yduldeohv
v�, @ orj

�
v2,
�
= Wklv sureohp vlpsol�hv lq wkh sduwlfxodu fdvh wkdw wkh

qxpehu ri revhuydwlrqv shu jurxs duh htxdo/ wkdw lv/ q, @ q= D whvw iru
whvwlqj wkh htxdolw| ri wkh phdqv ri wkh O qrupdo glvwulexwlrqv lvSu

,'� +v
�
, � v�,2

5@ +q� 4,
A F> +814;,

zkhuh 5@ +q� 4, lv wkh frpprq yduldqfh ri wkh v�, dqg zkhuh F lv ghwhu0
plqhg e| ] "

�

"2u3� +|, g| @ �= +814<,

Li wkh revhuydwlrqv shu jurxs gl�hu wkhq wkh wudqvirupdwlrq v�,@�,> zlwk
�, @ 5@ +q, � 4, > uhvxowv lq d whvw zklfk uhmhfwv zkhq

u[
,'�

�
v�,
�,

�2

�

�Su
,'� v

�
,@�

2
,

�2
Su

,'�

�
4@�2,

� A F> +8153,
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zkhuh F lv ghwhuplqhg e| +8=4<, vhh/ Ohkpdqq +4<;9/ ss1 6::,1 Wkh
Jleev vdpsohu lv xvhg wr hvwlpdwh wkh v�, iru hyhu| jurxs o= Wkdw lv/ diwhu
d vx!flhqw qxpehu ri lwhudwlrqv/ wkh whvw vwdwlvwlf lv frpsxwhg wr whvw
wkh krprjhqhlw| ri yduldqfhv1
Erwk sdudphwulf whvwv iru htxdolw| ri yduldqfhv duh kljko| vhqvlwlyh wr

wkh dvvxpswlrq ri qrupdolw| dqg vkrxog eh xvhg zlwk vrph fduhixoqhvv1
Wkh dvvxpswlrq ri qrupdolw| fdq eh fkhfnhg e| xvlqj wkh Vwxghqw*v w0
glvwulexwlrq lq sodfh ri wkh qrupdo glvwulexwlrq wr dvvhvv wkh vhqvlwlylw|
wr wkh qrupdo dvvxpswlrq e| ydu|lqj wkh ghjuhhv ri iuhhgrp iurp odujh
wr vpdoo +vhh/ h1j1/ Jhopdq hw do1/ 4<<8/ ss1 67<> Vhow}hu/ 4<<6,1

81 Fkrlfh ri Sulruv

Sulru lqirupdwlrq derxw wkh sdudphwhuv ri wkh prgho lv xvxdoo| uhsuh0
vhqwhg e| dq dssursuldwho| fkrvhq suredelolw| glvwulexwlrq1 D glvwlqfwlrq
fdq eh pdgh ehwzhhq wzr w|shv ri sulruv= gdwd0edvhg ru lqirupdwlyh sul0
ruv/ irxqghg rq lqirupdwlrq iurp sdvw gdwd dqg qrqgdwd0edvhg/ qrqlq0
irupdwlyh ru ydjxh sulruv/ dulvlqj iurp/ iru h{dpsoh/ wkhruhwlfdo frqvlg0
hudwlrqv1 Lqfrusrudwlqj qrqlqirupdwlyh sulruv lq wkh dqdo|vlv lv grqh lq
vxfk d zd| wkdw wkh pdwkhpdwlfdo rshudwlrqv fdq eh grqh frqyhqlhqwo|1
Wkh hdvlhvw zd| lv wr xvh qdwxudo frqmxjdwh sulruv zklfk duh xvhixo lq
uhsuhvhqwlqj sulru lqirupdwlrq1 Lq wkh iruphu fkdswhuv/ qrqlqirupdwlyh
frqmxjdwhg sulruv zhuh xvhg wr uh hfw ydjxh lghdv derxw wkh glvwulexwlrq
ri wkh sdudphwhuv1 Lq wkh ixoo| Ed|hvldq dssurdfk rqh pxvw eh dzduh
wkdw wkh rewdlqhg sdudphwhuv pd| eh vhqvlwlyh wr wkh fkrlfh ri sulruv1
Xvlqj ydulrxv sulruv dqg frpsdulqj uhvxowv fdq surylgh lqirupdwlrq rq
wkhlu lpsdfw1 Ehorz/ sulru fkrlfhv dqg wkh lpsruwdqfh ri uhfdofxodwlqj
wkh pdujlqdo srvwhulruv zlwk dowhuqdwlyh sulruv duh glvfxvvhg ixuwkhu1
Pdq| qrqlqirupdwlyh sulruv duh lpsurshu/ wkdw lv/ wkh| gr qrw lqwh0

judwh wr d �qlwh qxpehu1 Ndvv dqg Zdvvhupdq +4<<9, glvfxvv vhyhudo
sureohpv fdxvhg e| lpsurshu sulruv1 Khuh/ dwwhqwlrq lv irfxvhg rq lp0
surshu srvwhulruv1Wkh frpsoh{lw| ri wkh pxowlohyho LUW prgho pdnhv lw
gl!fxow wr dqdo|wlfdoo| fkhfn li wkh srvwhulruv duh surshu1 D pruh hdv|
zd| lv wr xvh dowhuqdwlyh sulruv dqg fkhfn wkh uhvxowv iru djuhhphqw1
Dyrlglqj lpsurshu srvwhulru glvwulexwlrqv fdq eh grqh e| xvlqj surshu

frqmxjdwh sulruv wkdw duh gl�xvh +Fduolq ) Orxlv/ 4<<9> Jhoidqg/ Kloov/
Udflqh0Srrq/ ) Vplwk/ 4<<3,1 Wklv phdqv wkdw lwv ghqvlw| lv vorzo|
ydu|lqj ryhu wkh uhjlrq lq zklfk wkh olnholkrrg ixqfwlrq lv frqfhqwudwhg1
Lw lv riwhq srvvleoh wr fkrrvh wkh vsuhdg lq d surshu sulru vxlwdeoh odujh wr
uhpdlq ydjxh1 Dq dowhuqdwlyh wr Mh�uh|v* sulru iru wkh Ohyho 4 yduldqfh
�2 lv dq lqyhuvh fkl0vtxduh sulru zlwk ghjuhhv ri iuhhgrp �� vpdoo1 Zlwk
4 ? �� ? 7 wkh lqyhuvh fkl0vtxduh glvwulexwlrq kdv dq lq�qlwh yduldqfh/
vr wkh sulru lqirupdwlrq lv zhdn uhodwlyh wr wkh lqirupdwlrq surylghg



<; PXOWLOHYHO LUW= D ED\HVLDQ SHUVSHFWLYH

e| wkh gdwd1 Ixuwkhupruh/ wkh sulru ghqvlw| grhv qrw ehfrph lq�qlwho|
odujh dv �2 dssurdfkhv }hur1 Lw iroorzv wkdw wkh Jleev vdpsohu lqfoxghv
wkh frqglwlrqdo glvwulexwlrq ri �2 jlyhq � dqg �/

s
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b s

�
� m �> �2

�
s
�
�2> ��> Vf

�
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�
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�3��nD�
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�
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�
�4

5�2
�
V2 . V2f

��
> +8154,

zkhuh V2 lv wkh vxp ri vtxduhv dw Ohyho 4/ Q @
Sa

�'� q� dqg Vf wkh vfdoh

sdudphwhu ri wkh sulru iru �21 Wkh frqglwlrqdo glvwulexwlrq ri �2 jlyhq �

dqg � lv dq lqyhuvh0jdppd glvwulexwlrq zlwk sdudphwhuv
�
�nD�
2 >

72n72f
2

�
=

Lq wkh Ohyho 5 prgho/ dq lqyhuvh Zlvkduw glvwulexwlrq zlwk vpdoo ghjuhhv
ri iuhhgrp �2 fdq eh xvhg dv d gl�xvh surshu sulru iru W= Lw iroorzv wkdw

W q lqy �Zlvkduw
�
�2 . M> +V. V�,

3�
�

+8155,

zkhuh �2 � T.4> wkh glphqvlrq ri �� > V lv wkh zhljkwhg vxp ri vtxduhv
dw Ohyho 5 dqg V� d srvlwlyh gh�qlwh vfdoh pdwul{1
Wkh gl!fxow| zlwk erwk sulruv olhv lq wkh vshfl�fdwlrq ri wkh vfdoh

sdudphwhuv +Vf>V�, = Vrph lghd derxw wkh ydoxhv ri wkh vfdoh sdudphwhuv
frxog eh rewdlqhg e| hvwlpdwlqj wkh pxowlohyho sdudphwhuv zlwk delolw|
sdudphwhuv hvwlpdwhg iurp wkh surjudp Elorj0PJ +]lprzvnl/ Pxudnl/
Plvohy|/ ) Erfn/ 4<<9,1 Wklv wzr0vwdjh hvwlpdwlrq surfhgxuh ljqruhv wkh
xqfhuwdlqw| frqfhuqlqj � lq wkh hvwlpdwlrq ri wkh pxowlohyho sdudphwhuv/
dqg/ rq wkh rwkhu kdqg/ lq wkh hvwlpdwlrq ri � wkh pxowlohyho vwuxfwxuh
lv ljqruhg1
Frqmxjdwhg surshu sulru lqirupdwlrq iru � fdq eh h{suhvvhg dv d qru0

pdo glvwulexwlrq/ wkdw lv/

� q Q +�f>	�,

zkhuh erwk sdudphwhuv/ h{shfwdwlrq �f dqg yduldqfh 	�> pxvw eh vshf0
l�hg1 D gl�xvh surshu sulru lv rewdlqhg e| gh�qlqj d yhu| odujh vsuhdg1
Dqrwkhu zd| wr kdqgoh lpsurshu sulruv lv wr wuxqfdwh wkh grpdlq wr d
frpsdfw uhjlrq/ zklfk zloo uhvxow lq d surshu sulru1 Iru h{dpsoh/ Mhi0
iuh|v* sulru/ � q f> gh�qhg rq d frpsdfw vsdfh D/ uhvxowv lq d surshu
sulru/ dqg wkh ixoo frqglwlrqdo ri � jlyhq �>W ehfrphv

s +� m �>W, b
a\
�'�

s
�
�� m �>W

�
L +� 5D,
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zkhuh L +=, lv dq lqglfdwru ixqfwlrq1 Krzhyhu wkh lpsursulhw| ri Mh�uh|v*
sulru/ � q f> grhv qrw uhvxow lq dq lpsurshu srvwhulru/

s +� m �>W, @
s +�>W m �, � f

f �
U
s +�>W m �,g�

> +8156,

zkhuh f fdqfhov1 Wkh whfkqltxh ri wuxqfdwlqj wkh grpdlq ri dq lpsurshu
sulru fdq dovr eh xvhg iru lpsurshu sulruv iru wkh yduldqfh frpsrqhqwv1
Reylrxvo|/ uhvwulfwlqj wkh grpdlq zloo uhvxow lq d pruh lqirupdwlyh sulru1
Wkh qrupdo glvwulexwlrq fdq eh xvhg dv dq lqirupdwlyh sulru iru wkh

gl!fxow| sdudphwhu1 Vshfli|lqj wklv glvwulexwlrq zlwk d odujh vsuhdg uh0
vxowv lq d gl�xvh surshu frqmxjdwhg sulru1 D qrqlqirupdwlyh sulru iru
wkh glvfulplqdwlrq sdudphwhu pxvw dw ohdvw h{suhvv srvlwlylw| +Plvohy|/
4<;9,1 Wklv fdq eh dffrpsolvkhg e| dvvxplqj wkdw wkh glvwulexwlrq ri
d&> n @ 4> = = = >N> lv orjqrupdo1 Wkh orjqrupdo sulru lv d qrq0frqmxjdwh
sulru zklfk ohdgv wr gl!fxowlhv lq vdpsolqj iurp wkh ixoo frqglwlrqdo
glvwulexwlrq ri wkh glvfulplqdwlrq sdudphwhu1 Wkh Phwursrolv0Kdvwlqjv
dojrulwkp fdq eh xvhg wr vdpsoh iurp dssur{lpdwh ixoo frqglwlrqdo glv0
wulexwlrqv zklovw pdlqwdlqlqj wkh vwdwlrqdu| glvwulexwlrq ri wkh Pdunry
fkdlq +Jlonv/ 4<<9> Wlhuqh|/ 4<<7,1 Wkhuhiruh/ vdpsolqj iurp wkh ixoo
frqglwlrqdo frqvlvwv ri wkh iroorzlqj wkuhh vwhsv=

41 Vdpsoh d�& iurp s
�
d&>�>�

2
�

51 Vdpsoh x iurp X +3> 4,

61 li x � plq

�
4>

R+)&��c@�&cK&,R+@�&(>cj2,
RE)&��c@&cK&�RE@&(>cj2�

�
dffhsw d�& hovh krogv wkh rog ydoxh

ri d&1

Lw lv dovr srvvleoh wr fkdqjh wkh sulru vshfl�fdwlrqv/
�
�> �2

�
> gxulqj wkh

hvwlpdwlrq surfhgxuh/ vhh/ iru h{dpsoh/ Sdw} dqg Mxqnhu +4<<<e,1 Wklv
phwkrg/ odehohg Phwursrolv0Kdvwlqjv0zlwklq0Jleev/ surgxfhv d gl�huhqw
Pdunry fkdlq exw zlwk wkh vdph vwdwlrqdu| glvwulexwlrq1 Li d sdudphwhu
fdqqrw eh vdpsohg gluhfwo| iurp lwv frpsohwh frqglwlrqdo glvwulexwlrq/ d
Phwursolv vwhs fdq eh lqfrusrudwhg wr vdpsoh iurp wkh ixoo frqglwlrqdo1
Lw pxvw eh phqwlrqhg wkdw wkh frqyhujhqfh ri wkh dojrulwkp lv ghshqghg
rq wkh sursrvdo glvwulexwlrq lq wkh Phwursrolv0Kdvwlqjv vwhs1 Ixuwkhu/
wkh sdudphwhuv ri wkh sursrvdo glvwulexwlrq pxvw eh fkrvhq fduhixoo| wr
hvwdeolvk dq dffhswdeoh frqyhujhqfh udwh iru wkh Pdunry fkdlq1
Wkh vshfl�fdwlrq ri gl�xvh surshu sulruv dyrlgv/ lq prvw fdvhv/ srv0

vleoh sureohpv dv lpsurshu srvwhulruv1 Ndvv dqg Zdvvhupdq +4<<9,
srlqwhg rxw wkdw srvvleoh sureohpv fdq vwloo rffxu li wkh sulru grpl0
qdwhv wkh gdwd1 Lq gdwd grplqdwhg fdvhv/ wkdw lv/ zkhq wkh srvwhulru
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lv grplqdwhg e| d shdnhg olnholkrrg/ wkh xvh ri lpsurshu dqg gl�xvh
surshu sulruv uhpdlqv dffhswdeoh1 Ghwhuplqlqj zkhwkhu d srvwhulru lv
gdwd grplqdwhg lv kdug wr hvwdeolvk1 D srvvleoh vroxwlrq lv wr xvh vhyhudo
qrqlqirupdwlyh sulruv dqg wr fkhfn wkh uhvxowv iru djuhhphqw1

91 Dq Dqdo|vlv ri d Gxwfk Sulpdu| Vfkrro
Pdwkhpdwlfv Whvw

Wklv vhfwlrq lv frqfhuqhg zlwk wkh vwxg| ri d sulpdu| vfkrro ohdylqj
whvw1 Lq Fkdswhu 6/ wklv gdwdvhw zdv dqdo|}hg wr frpsduh sdudphwhu hv0
wlpdwhv ri d pxowlohyho LUW prgho dqg dq klhudufklfdo olqhdu prgho xvlqj
revhuyhg vfruhv1 Khuh/ wkh jrrgqhvv ri �w ri wkh pxowlohyho LUW prgho
zloo eh dqdo|}hg1 Uhvlgxdov dw gl�huhqw ohyhov duh dqdo|}hg/ rxwolhuv duh
lghqwl�hg dqg gl�huhqw prghov duh frpsduhg1 Ixuwkhu/ khwhurvfhgdvwlf0
lw| dw Ohyho 4 lv whvwhg1
Wkh gdwdvhw frqvlvwhg ri uhvsrqvhv iurp 5489 judgh ; vwxghqwv/ xq0

htxdoo| vsuhdg ryhu <: vfkrrov/ wr 4; pdwkhpdwlfv lwhpv wdnhq iurp wkh
vfkrro ohdylqj h{dplqdwlrq ghyhorshg e| wkh Qdwlrqdo Lqvwlwxwh iru Hg0
xfdwlrqdo Phdvxuhphqw +Flwr,1 Ri wkh <: vfkrrov vdpsohg/ :5 vfkrrov
uhjxoduo| sduwlflsdwhg lq wkh vfkrro ohdylqj h{dplqdwlrq/ ghqrwhg dv Flwr
vfkrrov dqg wkh uhpdlqlqj 58 vfkrrov zloo eh ghqrwhg dv wkh qrq0Flwr
vfkrrov1 Vrflr0hfrqrplf vwdwxv +VHV,/ qrq0yhuedo lqwhooljhqfh whvw +LVL,
dqg Jhqghu zhuh xvhg dv suhglfwruv iru wkh vwxghqwv* dfklhyhphqw1 VHV
zdv edvhg rq irxu lqglfdwruv= wkh hgxfdwlrq dqg rffxsdwlrq ohyho ri erwk
sduhqwv +li suhvhqw,1 Suhglfwruv VHV dqg LVL zhuh qrupdol}hg dqg vwdq0
gdugl}hg1 Wkh glfkrwrprxv suhglfwru Jhqghu zdv dq lqglfdwru yduldeoh
htxdo wr 3 iru pdohv dqg htxdo wr 4 iru ihpdohv1 Ilqdoo|/ d suhglfwru
yduldeoh odehohg Hqg htxdohg 4 li wkh vfkrro sduwlflsdwhv lq wkh vfkrro
ohdylqj whvw/ dqg 3 li wklv zdv qrw wkh fdvh1
Vwxghqwv zhuh foxvwhuhg ryhu vfkrrov zlwk d glvwlqfwlrq ehwzhhq Flwr

dqg qrq0Flwr vfkrrov1 Frqvlghu wkh prgho P� jlyhq e|

��� @ �f� . h�� +8157,

�f� @ �ff . �f�Hqg� . xf�

zkhuh h�� q Q
�
3> �2

�
> xf� q Q

�
3> �2f

�
= Wkh prgho frqwdlqv udqgrp

jurxsv dqg udqgrp yduldwlrq zlwklq jurxsv1 Wkh ghshqghqw yduldeoh
htxdov wkh vxp ri d jhqhudo phdq �ff> d udqgrp h�hfw dw wkh vfkrro
ohyho/ xf�> dqg d udqgrp h�hfw dw wkh lqglylgxdo ohyho/ h��/ fruuhfwhg iru
wkh suhglfwru Hqg1 Wkh wzr0sdudphwhu qrupdo rjlyh prgho lv xvhg dv
phdvxuhphqw prgho1 Lq Wdeoh 814/ wkh hvwlpdwhv ri wkh sdudphwhuv lv0
vxhg iurp wkh Jleev vdpsohu duh jlyhq xqghu wkh odeho LUW Prgho P�1
Wkh uhsruwhg vwdqgdug ghyldwlrqv dqg KSG uhjlrqv duh wkh srvwhulru
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Wdeoh 8141 Sdudphwhu hvwlpdwhv ri d pxowlohyho LUW prgho zlwk h{sodqdwru| yduldeoh

Hqg rq Ohyho 51

LUW Prgho ��

Il{hg H�hfwv Frh!flhqw v1g1 KSG

�ff 3�2.� �2�f d3�S2�c �fS.o
�f� �eS� �2ef d�f.2c �HDeo

Udqgrp H�hfwv Yduldqfh Frpsrqhqw v1g1 KSG

j2 �Db� �f.� d�e.Sc �.f.o
�2f �2fe �feS d���fc �2.Do

vwdqgdug ghyldwlrqv dqg wkh <3( kljkhvw srvwhulru ghqvlw| lqwhuydov/ uh0
vshfwlyho|1
Wkh jhqhudo phdq dfklhyhphqw ri wkh vwxghqwv zdv }hur iru wkrvh dw0

whqglqj qrq0Flwr vfkrrov dqg voljkwo| kljkhu iru wkh vwxghqwv dwwhqglqj
Flwr vfkrrov1 Wkh lqwudfodvv0fruuhodwlrq frh!flhqw zdv dssur{lpdwho|
=59> zklfk lv wkh sursruwlrq ri yduldqfh dffrxqwhg iru e| jurxs php0
ehuvkls jlyhq wkh h{sodqdwru| yduldeoh Hqg1
Wkh ehkdylru ri wkh Ed|hvldq odwhqw uhvlgxdov iru wklv gdwd vhw zhuh

frqvlghuhg1 Wkh Ed|hvldq odwhqw uhvlgxdov/ wkh suredelolwlhv ri d fru0
uhfw uhvsrqvh/ dqg wkh rxwo|lqj suredelolwlhv/ wkdw lv/ wkh suredelolwlhv
wkdw wkh uhvlgxdov zhuh odujhu wkdq 5> zhuh hvwlpdwhg xvlqj irupxodh
+8=7, > +8=8, > +8=<, > dqg +8=43,1 Lq Iljxuh 814/ wkh Ed|hvldq odwhqw uhvlg0
xdov/ %��&> duh sorwwhg djdlqvw wkh suredelolwlhv ri d fruuhfw uhvsrqvh ri
shuvrq lm wr lwhp n/ s��&> dqg wkh rxwo|lqj suredelolwlhv1 Wkh uhvlgxdov
zhuh jurxshg e| wkh ydoxh ri |��&= Li wkh dqvzhu zdv fruuhfw/ |��& @ 4>
wkh Ed|hvldq uhvlgxdo/ %��&> zdv qhjdwlyh/ rwkhuzlvh/ lw zdv srvlwlyh1 Lq
jhqhudo/ lw zdv srvvleoh wkdw d fruuhfw dqvzhu fruuhvsrqghg zlwk d qhjd0
wlyh uhvlgxdo dqg wkh rwkhu zd| durxqg1 Vxffhvvhv/ |��& @ 4> zlwk �wwhg
suredelolwlhv forvh wr rqh dqg idloxuhv/ |��& @ 3> zlwk �wwhg suredelolwlhv
forvh wr }hur fruuhvsrqghg wr vpdoo devroxwh ydoxhv ri wkh uhvlgxdov1 Lq
wkhvh fdvhv/ wkh �wwhg suredelolwlhv djuhhg zlwk wkh revhuyhg gdwd1 Wkh
rxwo|lqj suredelolw| lqfuhdvhg li wkh ydoxh ri wkh uhvlgxdov lqfuhdvhg1 Wkh
srlqwv zlwk orz �wwhg suredelolwlhv fruuhvsrqglqj wr fruuhfw dqvzhuv dqg
kljk �wwhg suredelolwlhv fruuhvsrqglqj wr lqfruuhfw dqvzhuv zhuh pdunhg
dv rxwolhuv1 Reylrxvo|/ Iljxuh 814 vkrzv wkdw wkhuh duh d orw ri rxwolhuv
vr wkh prgho grhvq*w �w wkh gdwd yhu| zhoo1
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Y=0

Y=1

Iljxuh 8141 Ed|hvldq odwhqw uhvlgxdov sorwwhg djdlqvw wkh suredelolwlhv ri d fruuhfw

uhvsrqvh dqg wkh rxwo|lqj suredelolwlhv1

Wkh pdujlqdo sulru ri hdfk uhvlgxdo/ %��&> zdv vwdqgdug qrupdo glv0
wulexwhg1 Ilwwhg suredelolwlhv forvh wr rqh fruuhvsrqglqj wr vxffhvvhv dqg
�wwhg suredelolwlhv forvh wr }hur fruuhvsrqglqj wr idloxuhv kdg uhvlgxdov
wkdw uhvhpeohg wkh vwdqgdug qrupdo fxuyhv1 Krzhyhu/ wkh revhuydwlrqv
kdg odujh lq xhqfh rq wkh srvwhulru glvwulexwlrq ri wkh uhvlgxdov zkhq
wkh �wwhg suredelolwlhv zhuh lq frq lfw zlwk wkh revhuydwlrqv1 Lq Iljxuh
815/ srvwhulru glvwulexwlrqv ri wkh uhvlgxdov fruuhvsrqglqj wr Lwhp 4: ri
wkh pdwk whvw ri vhyhudo vwxghqwv duh sorwwhg1 Lq wklv fdvh/ wkh Ed|hvldq
uhvlgxdov zhuh hdvlo| frpsduhg wr hdfk rwkhu ehfdxvh wkh| zhuh vxssrvhg
wr kdyh wkh vdph vsuhdg1 Vrph ri wkh Ed|hvldq uhvlgxdov zhuh pdunhg dv
rxwolhuv ehfdxvh wkhlu srvwhulru glvwulexwlrqv gl�huhg iurp wkh vwdqgdug
qrupdo glvwulexwlrq1 Wkdw lv/ wkh frq lfw ehwzhhq wkh revhuydwlrqv dqg
wkh �wwhg suredelolwlhv zdv h{suhvvhg lq wkh qrq}hur orfdwlrq dqg wkh
vpdoohu vwdqgdug ghyldwlrq ri wkh srvwhulru glvwulexwlrq ri wkhvh uhvlgx0
dov1 Wkh rxwo|lqj suredelolw| ri wkh odujhvw uhvlgxdo/ lq Iljxuh 815/ zdv
=<;5= Wkh fruuhvsrqglqj uhvsrqvh sdwwhuq vkrzhg wkdw doo lwhpv zhuh
vfruhg fruuhfw h{fhsw iru Lwhp 4: zklfk zdv dqvzhuhg fruuhfwo| e| ;;(
ri wkh vwxghqwv1
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Iljxuh 8151 Srvwhulru ghqvlwlhv ri wkh Ed|hvldq odwhqw uhvlgxdov fruuhvsrqglqj wr Lwhp

4: iru d qxpehu ri vwxghqwv1

Lw zdv dvvxphg wkdw wkh qrq0yhuedo lqwhooljhqfh whvw dqg wkh vrflr0
hfrqrplf vwdwxv surylgh lqirupdwlrq derxw wkh dfklhyhphqwv rq d pdwk
whvw1 Wkhvh suhglfwruv vkrxog glvfulplqdwh pruh ehwzhhq wkh vwxghqwv*
dfklhyhphqwv1 Wkhuhiruh/ Prgho P�> irupxod +8=57, > zdv h{whqghg zlwk
wkhvh Ohyho 4 suhglfwruv/ wkdw lv/

��� @ �f� . ��LVL�� . �2VHV�� . h�� +8158,

�f� @ �ff . �f�Hqg� . xf�

�� @ ��f
�2 @ �2f

zkhuh h�� q Q
�
3> �2

�
dqg xf� q Q

�
3> �2f

�
= Lq wkh vhtxho/ wklv prgho zloo

eh odehohg P2= Khuh/ lw zdv dvvxphg wkdw wkh h�hfwv ri wkh vfruhv ri wkh
lqwhooljhqfh whvw dqg wkh vrflr0hfrqrplf vwdwxv ri wkh vwxghqwv glg qrw
gl�hu shu vfkrro/ wkdw lv/ wkh udqgrp uhjuhvvlrq frh!flhqwv zhuh �{hg
ryhu vfkrrov1 Wkh sdudphwhu hvwlpdwhv uhvxowlqj iurp wkh Jleev vdpsohu
duh jlyhq lq Wdeoh 8151
Wkh uhvlgxdo yduldqfh dw Ohyho 4 zdv ghfuhdvhg gxh wr wkh suhglfwruv

dw Ohyho 41 Wkh Ohyho 4 uhvlgxdov zhuh hdvlo| hvwlpdwhg dv d e|0surgxfw
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Wdeoh 8151 Sdudphwhu hvwlpdwhv ri d pxowlohyho LUW prgho zlwk h{sodqdwru| yduldeohv

LVL dqg VHV rq Ohyho 4 dqg Hqg rq Ohyho 51

LUW Prgho �2

Il{hg H�hfwv Frh!flhqw v1g1 KSG

�ff 3�2eH �2�f d3�Db�c �fbeo
�f� ��eH �2�H d�fe.c �H2.o
��f �e2D �f�f d��.ec �e.�o
�2f �22D �f2� d��H.c �2S�o

Udqgrp H�hfwv Yduldqfh Frpsrqhqw v1g1 KSG

j2 ��Hf �feD d�2bec �ee2o
�2f ��DS �f�H d�fb.c �2�2o

ri wkh Jleev vdpsohu/ dqg zhuh dvvxphg wr eh qrupdoo| glvwulexwhg1
Wkh odwhqw yduldeoh/ �> ghshqgv rq wkh Ohyho 4 dqg Ohyho 5 uhvlgxdov exw
dovr rq wkh uhvlgxdov/ %> dw wkh lwhp ohyho1 Lw lv lpsrvvleoh wr frqvlghu
wkhvh uhvlgxdov vhsdudwho|1 H{fhsw wkdw wkh Ohyho 4 uhvlgxdov/ h> fdq
eh hvwlpdwhg vxfk wkdw wkh| duh xqfrqirxqghg e| wkh Ohyho 5 uhvlgxdov
+Vqlmghuv ) Ervnhu/ 4<<</ ss1 45;0465,1
Wkh Ohyho 4 uhvlgxdov zhuh hvwlpdwhg zlwklq hdfk jurxs xvlqj rqo|

wkh Ohyho 4 yduldeohv1 Wklv kdg wkh dgydqwdjh wkdw wkh hvwlpdwhv ri wkh
Ohyho 4 uhvlgxdov zhuh qr orqjhu lq xhqfhg e| d Ohyho 5 plvvshfl�fdwlrq1
Lq Iljxuh 816/ wkh srvwhulru phdqv ri wkh vwdqgdugl}hg Ohyho 4 uhvlgxdov/
h> duh sorwwhg djdlqvw wkh fruuhvsrqglqj h{shfwhg ydoxhv ri wkh vwdqgdug
qrupdo glvwulexwlrq/ dffruglqj wr wkh udqn ri h= Wklv zdv grqh zlwk wkh
hvwlpdwhg uhvlgxdov dw Ohyho 4 frqirxqghg dqg xqfrqirxqghg zlwk wkh
Ohyho 5 uhvlgxdov/ ghqrwhg dv srvwhulru phdqv zlwk Ohyho 5 dqg srvwh0
ulru phdqv zlwkrxw Ohyho 5/ uhvshfwlyho|1 Lw zdv uhpdundeoh wkdw wkh
glvwulexwlrqv ri wkh uhvlgxdov kdg vpdoohu wdlov wkdq wkh vwdqgdug qrupdo
glvwulexwlrq1 Wklv lqglfdwhg wkdw wkh vsuhdg lq wkh dfklhyhphqwv ri wkh
vwxghqwv zdv udwkhu vpdoo/ dowkrxjk dq lwhp uhvsrqvh prgho zdv xvhg/
lqvwhdg ri vxp vfruhv/ wr glvwlqjxlvk vwxghqwv* dfklhyhphqwv ehwwhu iurp
hdfk rwkhu1

914 Khwhurvfhgdvwlflw|

Wkh uhvlgxdov dw ohyho 4 zhuh dvvxphg wr kdyh d frqvwdqw yduldqfh/
wkdw lv/ wkh| zhuh dvvxphg wr eh krprvfhgdvwlf1 Lw zdv lqyhvwljdwhg li
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Iljxuh 8161 Qrupdo suredelolw| sorw ri vwdqgdugl}hg uhvlgxdov dw Ohyho 41

wkh uhvlgxdo yduldqfh dw Ohyho 4 gl�huhg ehwzhhq pdoh dqg ihpdoh vwx0
ghqwv1 Erwk yduldqfhv zhuh udqgrpo| gudzq xqghu wkh dvvxpswlrq ri
htxdo yduldqfhv1 Vr/ hdfk jurxs vshfl�f uhvlgxdo huuru yduldqfh zdv vdp0
sohg gxulqj wkh sdudphwhu hvwlpdwlrq ri prgho +8=58, > zklfk dvvxphg
krprvfhgdvwlflw| dw Ohyho 41 Lq Iljxuh 817/ wkh wrs �jxuh vkrzv wkh
srvwhulru glvwulexwlrq ri wkh jurxs vshfl�f uhvlgxdo yduldqfh dw Ohyho 4
iru erwk wkh pdoh dqg wkh ihpdoh jurxs/ uhvshfwlyho|1 Lw fdq eh vhhq
wkdw wkh srvwhulru phdqv ri wkh yduldqfhv glg qrw gl�hu pxfk1 Wkh <3(
KSG uhjlrq ri wkh udwlr ri wkh wzr jurxs vshfl�f uhvlgxdo yduldqfhv zdv
^=;7> 4=37`= Wkxv wkh srlqw ri htxdo yduldqfhv zdv lqfoxghg lq wkh <3 shu
fhqw uhjlrq1 Lq Iljxuh 817/ wkh erwwrp �jxuh vkrzv wkh srvwhulru glvwul0
exwlrq ri wkh yduldqfh udwlr dqg looxvwudwhv wkh <3( KSG uhjlrq1 Wklv
udwlr frqvlvwhg ri wkh uhvlgxdo huuru yduldqfh zlwklq wkh pdoh jurxs gl0
ylghg e| wkh uhvlgxdo yduldqfh zlwklq wkh ihpdoh jurxs1 Wkh srvwhulru
phdq ri wkh yduldqfh udwlr zdv vkliwhg wrzdugv wkh ohiw ri }hur1 Wkhuhiruh/
wkh uhvlgxdo yduldqfh zlwklq wkh ihpdoh jurxs zdv voljkwo|/ exw qrw vljqli0
lfdqwo|/ kljkhu1 Wkh rwkhu whvw vwdwlvwlfv/ irupxod +8=46, dqg +8=53,/ zhuh
frpsxwhg lq hyhu| lwhudwlrq ri wkh Jleev vdpsohu1 Erwk phdqv ri wkh
frpsxwhg whvw vwdwlvwlfv fruuhvsrqghg zlwk d s0ydoxh ri =5:1 Wkhuhiruh/



439 PXOWLOHYHO LUW= D ED\HVLDQ SHUVSHFWLYH

0.0 0.2 0.4 0.6 0.8 1.0

Variance Level 1

0

1

2

3

P
o

st
e

ri
o

r 
d

e
n

si
ty

Variance Level 1 - Female
Variance Level 1 - Male

0.7 0.8 0.9 1.0 1.1 1.2

Variance ratio

0

1

2

3

4

5

6

7

8

P
o

st
e

ri
o

r 
d

e
n

si
ty

Iljxuh 8171 Whvwlqj khwhurvfhgdvwlflw| dw Ohyho 41

lw fdq eh frqfoxghg wkdw wkhuh zhuh qr lqglfdwlrqv ri uhvlgxdo yduldqfh
gl�huhqfhv ehwzhhq wkh pdoh dqg ihpdoh jurxs dw ohyho 41

915 Wkh Fkrlfh ri Sulruv

Wkh xvh ri qrqlqirupdwlyh sulru glvwulexwlrqv pd| ohdg wr sureohpv
lq hvwlpdwlqj sdudphwhuv dqg whvwlqj k|srwkhvlv1 Iru h{dpsoh/ whvwlqj
k|srwkhvhv e| d Ed|hv idfwru uhtxluhv surshu sulru glvwulexwlrqv rq wkh
sdudphwhuv ri lqwhuhvw +vhh/ iru h{dpsoh/ Ndvv ) Udiwhu|/ 4<<8,1 Ixuwkhu/
wkh sdudphwhu hvwlpdwhv dqg whvw vwdwlvwlfv fdq eh vhqvlwlyh wr fkrlfh ri
sulruv1 Lq hvwlpdwlrq/ wkh lq xhqfh ri wkh sulruv lv vpdoo li wkh vdpsoh lv
idluo| odujh1 Exw lq k|srwkhvlv whvwlqj wkh whvw vwdwlvwlf fdq eh gh�qhg xs
wr dq xqgh�qhg pxowlsolfdwlyh frqvwdqw ohdglqj wr xqmxvwl�hg lqihuhqfh1
Lq wklv vhfwlrq/ wkh vhqvlwlylw| ri wkh sulruv dqg wkh lpsurshuqhvv ri

wkh srvwhulru glvwulexwlrqv duh fkhfnhg e| frpsxwlqj wkh sdudphwhu hv0
wlpdwhv dqg wkh whvw vwdwlvwlfv xvlqj surshu lqirupdwlyh sulruv1 Surshu
lqyhuvh fkl0vtxduh sulruv zhuh xvhg iru erwk wkh yduldqfh frpsrqhqwv1 Wr
uhpdlq ydjxh/ wkh vfdoh sdudphwhu dqg wkh ghjuhhv ri iuhhgrp zhuh erwk
vhw htxdo wr wzr1 Ixuwkhu/ d qrupdo glvwulexwlrq zlwk d odujh yduldqfh
+vwdqgdug ghyldwlrq @ 433, zdv xvhg dv sulru iru wkh gl!fxow| sdudph0
whuv dqg wkh �{hg h�hfwv1 Wkh sulru glvwulexwlrq iru wkh glvfulplqdwlrq
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Wdeoh 8161 Sdudphwhu hvwlpdwhv ri d pxowlohyho LUW prgho zlwk h{sodqdwru| yduldeohv

LVL dqg VHV rq Ohyho 4 dqg Hqg rq Ohyho 5 xvlqj surshu lqirupdwlyh sulruv1

LUW Prgho ��

Il{hg H�hfwv Frh!flhqw v1g1 KSG

�ff 3��fD �2�S d3�SSbc �fefo
�f� �D�. �2e2 d��fDc �bf2o
��f �Dff �f�e d�ee2c �DDeo
�2f �2Se �f2. d�22fc ��f.o

Udqgrp H�hfwv Yduldqfh Frpsrqhqw v1g1 KSG

j2 �D�e �fS� d�efSc �SfDo
�2f �2�� �feS d��efc �2Heo

sdudphwhu zdv d orj0qrupdo glvwulexwlrq zlwk phdq }hur dqg yduldqfh
wzr1 Wkh Phwursrolv0Kdvwlqjv dojrulwkp zdv xvhg wr vdpsoh wkh glvfulp0
lqdwlrq sdudphwhuv1 Frqyhujhqfh ri wkh Pdunry fkdlq zdv hvwdeolvkhg lq
wkh vdph zd| dv lq Fkdswhu 61 Lq Wdeoh 816/ wkh hvwlpdwhv ri prgho P�

duh jlyhq/ zkhuh prghoP� lv htxdo wr prghoP2> exw zlwk surshu sulruv1
Wkh vfdoh ri wkh odwhqw yduldeoh � fkdqjhg gxh wr fkdqjhv ri wkh sulruv1
Wkhuhiruh/ wkh sdudphwhu hvwlpdwhv lq Wdeoh 816 gl�hu iurp wkh hvwlpdwhv
lq Wdeoh 815/ zkhuh wkh vdph prgho zdv hvwlpdwhg zlwk qrqlqirupdwlyh
sulruv1 Exw wkh frqfoxvlrqv wkdw fdq eh gudzq iurp erwk wdeohv duh pxfk
wkh vdph1 Wkh vdph sdudphwhuv duh vljql�fdqwo| gl�huhqw iurp }hur/ dqg
dovr wkh lqwudfodvv fruuhodwlrq frh!flhqw uhpdlqv doprvw wkh vdph1 Dovr
whvwv rq khwhurvfhgdvwlflw| ohg wr wkh vdph frqfoxvlrqv1 Wklv lqglfdwhv
wkdw/ lq wklv vlwxdwlrq/ wkh xvh ri qrqlqirupdwlyh sulruv grhvq*w uhvxow
wr lpsurshu srvwhulruv iru wkh sdudphwhuv ri lqwhuhvw1 Wkh Ed|hv idfwru
zdv zhoo0gh�qhg xvlqj surshu sulruv dqg uhvxowhg lq d vpdoo idyrxu ri
Prgho 6 lq frpsdulvrq wr Prgho 4 zlwk surshu sulruv1 Dovr/ wkh orjd0
ulwkp ri wkh pdujlqdo olnholkrrg ri wkh gdwd/ i +| mP�, > zdv lqfuhdvhg/
lq frpsdulvrq wr Prgho 4 xvlqj surshu sulruv1 Ilqdoo|/ vpdoo fkdqjhv
lq wkh sulru vshfl�fdwlrqv/ wkdw lv/ lqfuhdvlqj wkh ghjuhhv ri iuhhgrp/ ru
fkdqjlqj wkh vfdoh ru phdq ri wkh sulru glvwulexwlrqv glg qrw uhvxow lq
pdmru gl�huhqfhv lq wkh sdudphwhu hvwlpdwhv ru wkh Ed|hv idfwru1
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:1 Glvfxvvlrq

Deryh/ phwkrgv iru hydoxdwlrq ri wkh �w ri d pxowlohyho LUW prgho
zdv glvfxvvhg1 Lw zdv vkrzq wkdw Ed|hvldq odwhqw uhvlgxdov duh hdvlo| hv0
wlpdwhg dqg sduwlfxoduo| xvhixo lq fdvh ri glfkrwrprxv gdwd1 Hvwlpdwhv
ri wkhvh Ed|hvldq odwhqw uhvlgxdov fdq eh xvhg wr ghwhfw rxwolhuv1 Pruh0
ryhu/ rxwo|lqj suredelolwlhv ri wkh uhvlgxdov duh hdvlo| frpsxwhg zlwk wkh
Jleev vdpsohu1 Wrjhwkhu/ wkhvh hvwlpdwhv surylgh xvhixo lqirupdwlrq
uhjduglqj wkh �w ri wkh prgho1 Rqh sduwlfxodu dvvxpswlrq ri wkh pxowl0
ohyho LUW prgho lv krprvfhgdvwlflw| dw Ohyho 41 Vhyhudo whvwv duh jlyhq
wr fkhfn wklv dvvxpswlrq1 Wkh| fdq eh frpsxwhg dv d e|0surgxfw ri wkh
Jleev vdpsohu1 Ilqdoo|/ wkh lpsdfw ri sulru glvwulexwlrqv zdv glvfxvvhg1
Wkh pxowlohyho LUW prgho zdv hdvlo| hvwlpdwhg zlwk lqirupdwlyh sulruv
dqg d Phwursrolv0kdvwlqjv dojrulwkp fdq eh xvhg wr vdpsoh sdudphwhuv
iurp wkhlu frqglwlrqdo glvwulexwlrqv1 Hvwlpdwlqj wkh prgho zlwk surshu
sulruv mxvwl�hv wkh xvh ri wkh Ed|hv idfwru1 Wklv udwlr fdq eh xvhg wr whvw
vhyhudo k|srwkhvlv +Ndvv ) Udiwhu|/ 4<<8> Sdxohu hw do1/ 4<<<,1
Rqh fodvv ri whvwv wr fkhfn wkh glvfuhsdqf| ehwzhhq wkh prgho dqg wkh

gdwd duh wkh vr fdoohg srvwhulru suhglfwlyh fkhfnv/ lqwurgxfhg e| Uxelq
+4<;7,1 Srvwhulru suhglfwlyh fkhfnv frqvlvw ri txdqwli|lqj wkh h{wuhph0
qhvv ri wkh revhuyhg ydoxh ri d vhohfwhg glvfuhsdqf|1 Vhyhudo jhqhudo
glvfuhsdqflhv duh ghyhorshg exw wklv fdq eh dq| ixqfwlrq ri wkh gdwd dqg
wkh prgho sdudphwhuv +Phqj/ 4<<7> Jhopdq hw do1/ 4<<9,1 Reylrxvo|/
wkhvh whvwv fdq eh xvhg wr mxgjh wkh �w ri d pxowlohyho LUW prgho1 Pruh
uhvhdufk lv uhtxluhg lqwr wkh uhodwlrq ehwzhhq wkh whvwv ghvfulehg lq wklv
fkdswhu dqg srvwhulru suhglfwlyh fkhfnv1
Wkh lqwurgxfwlrq ri wkh odwhqw gdwd wr frqqhfw wkh elqdu| gdwd wr

wkh frqwlqxrxv odwhqw gdwd kdv vhyhudo dgydqwdjhv1 Wkh sureohp ri hvwl0
pdwlqj doo sdudphwhuv uhgxfhv wr vdpsolqj iurp vwdqgdug glvwulexwlrqv/
dv fdq eh vhhq lq Fkdswhu 61 Wkh odwhqw uhvlgxdov surylgh lqirupdwlrq
frqfhuqlqj wkh �w ri wkh prgho dqg srvvleoh rxwolhuv duh hdvlo| ghwhfwhg1
Wkhvh whfkqltxhv fdq eh h{whqghg wr pxowlohyho LUW prghov zlwk odwhqw
yduldeohv lq wkh ghshqghqw dqg lqghshqghqw yduldeohv/ dv ghvfulehg lq
Fkdswhu 51 Wklv vlpxodwlrq whfkqltxh lqwurgxfhv h{wud udqgrpqhvv lq
wkh hvwlpdwlrq surfhgxuh/ wkhuhiruh/ hvwdeolvklqj wkh frqyhujhqfh ri wkh
dojrulwkp uhtxluhv h{wud dwwhqwlrq1



Fkdswhu 9

D Vwrfkdvwlf HP Dssurdfk

Devwudfw Dq lwhp uhvsrqvh +LUW, prgho lv xvhg dv d phdvxuhphqw huuru prgho iru
wkh ghshqghqw yduldeoh ri d pxowlohyho prgho1 Wkh ghshqghqw yduldeoh lv
odwhqw exw fdq eh phdvxuhg lqgluhfwo| e| xvlqj whvwv ru txhvwlrqqdluhv1
Wkh dgydqwdjh ri xvlqj odwhqw vfruhv dv ghshqghqw yduldeohv ri d pxowl0
ohyho prgho lv wkdw lw r�huv wkh srvvlelolw| ri prgholqj uhvsrqvh yduldwlrq
dqg phdvxuhphqw huuru dqg vhsdudwlqj wkh lq xhqfh ri lwhp gl!fxow|
dqg delolw| ohyho1 Wkh wzr0sdudphwhu qrupdo rjlyh prgho lv xvhg iru wkh
LUW prgho1 Lw lv vkrzq wkdw wkh vwrfkdvwlf HP +VHP, dojrulwkp fdq eh
xvhg wr hvwlpdwh wkh sdudphwhuv zklfk duh forvh wr wkh pd{lpxp olnhol0
krrg hvwlpdwhv1 Wklv dojrulwkp lv hdvlo| lpsohphqwhg1 Wkh hvwlpdwlrq
surfhgxuh zloo eh frpsduhg wr dq lpsohphqwdwlrq ri wkh Jleev vdpsohu
lq d Ed|hvldq iudphzrun1 H{dpsohv xvlqj uhdo gdwd duh jlyhq1

Nh|zrugv= Ed|hv hvwlpdwhv/ Gdwd Dxjphqwdwlrq/ Jleev vdpsohu/ lwhp uhvsrqvh
wkhru|/ Pdunry fkdlq Prqwh Fduor/ pxowlohyho prgho/ vwrfkdvwlf HP/
wzr0sdudphwhu qrupdo rjlyh prgho1

41 Lqwurgxfwlrq

Pdq| gdwd lq hgxfdwlrqdo vflhqfh kdyh d klhudufklfdo ru foxvwhuhg
vwuxfwxuh1 Iru h{dpsoh/ lq vfkrrolqj v|vwhpv vwxghqwv duh qhvwhg zlwklq
vfkrrov1 Lqirupdwlrq uhohydqw wr hgxfdwlrqdo rxwfrphv lv lqkhuhqwo| pxo0
wlohyho ru klhudufklfdo1 Lq rughu wr surshuo| xqghuvwdqg hgxfdwlrqdo skh0
qrphqd uhohydqw wr vfkrrolqj/ lw lv lpsruwdqw wr zrun zlwk pxowlohyho
prghov wkdw h{solflwo| wdnh wklv klhudufklfdo rujdql}dwlrq lqwr dffrxqw1
Wkhuhiruh/ pxowlohyho dqdo|vlv lv d frpprq zd| iru surshuo| dqdo|}lqj

43<
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vxfk gdwd +Eu|n ) Udxghqexvk/ 4<<5> Jrogvwhlq/ 4<<8,1 Ixuwkhupruh/
pxowlohyho dqdo|vlv pdnhv lw srvvleoh wr frpsduh vfkrrov lq whupv ri wkh
dfklhyhphqwv ri wkhlu vwxghqwv dqg idfwruv fdq eh vwxglhg wkdw h{sodlq
vfkrro gl�huhqfhv1

Lq Fkdswhu 5/ d pxowlohyho LUW prgho lv sursrvhg wr prgho vxfk gdwd
dqg d odwhqw yduldeoh lv xvhg dv rxwfrph lq wkh pxowlohyho dqdo|vlv1 Wklv
dssurdfk wdnhv lqwr dffrxqw wkdw/ iru h{dpsoh lq vfkrro h�hfwlyhqhvv
uhvhdufk/ wkh vwxghqwv* delolwlhv duh odwhqw yduldeohv1 D phdvxuhphqw
huuru prgho lv xvhg wr prgho wklv odwhqw yduldeoh1 Whvwv ru txhvwlrqqdluhv
frqvlvwlqj ri vhsdudwh lwhpv duh xvhg wr shuirup d phdvxuhphqw huuru
dqdo|vlv1 Wklv dssurdfk kdv wkh dgydqwdjh wkdw lw lv qr orqjhu dvvxphg
wkdw wkh huuru frpsrqhqw lv lqghshqghqw ri wkh rxwfrph yduldeoh/ l1h1/
wkh vfruh ri wkh whvw wdnhu1 Phdvxuhphqw huuru lv gh�qhg orfdoo| dv
wkh yduldqfh ri wkh delolw| sdudphwhu jlyhq d uhvsrqvh sdwwhuq1 Wklv
orfdo gh�qlwlrq ri phdvxuhphqw huuru uhvxowv lq khwhurvfhgdvwlflw|1 Dq
LUW dssurdfk wr pxowlohyho prghov jlyhv d pruh uhdolvwlf wuhdwphqw ri
phdvxuhphqw huuru1 Ehvlghv/ frqwudu| wr revhuyhg vfruhv/ odwhqw vfruhv
duh whvw0lqghshqghqw/ zklfk r�huv wkh srvvlelolw| ri dqdo|}lqj gdwd iurp
lqfrpsohwh ghvljqv/ vxfk dv/ iru lqvwdqfh/ pdwul{0vdpsohg hgxfdwlrqdo
dvvhvvphqwv/ zkhuh gl�huhqw +jurxsv ri, shuvrqv uhvsrqg wr gl�huhqw
+vhwv ri, lwhpv1

Lq wkh ilhog ri LUW prghov vrph dssolfdwlrqv ri wkh pxowlohyho prgho
fdq eh irxqg1 Dgdpv/ Zlovrq dqg Zx +4<<:, glvfxvv wkh wuhdwphqw
ri odwhqw yduldeohv dv rxwfrphv lq d uhjuhvvlrq dqdo|vlv1 Wkh| vkrz
wkdw d uhjuhvvlrq prgho rq odwhqw sur�flhqf| yduldeohv fdq eh ylhzhg
dv d wzr0ohyho prgho zkhuh wkh �uvw ohyho frqvlvwv ri wkh lwhp uhvsrqvh
phdvxuhphqw prgho zklfk vhuyhv dv d zlwklq0vwxghqw prgho dqg wkh
vhfrqg ohyho frqvlvwv ri d prgho rq wkh vwxghqw srsxodwlrq glvwulexwlrq/
zklfk vhuyhv dv d ehwzhhq0vwxghqwv prgho1 Ixuwkhu/ Dgdpv/ Zlovrq dqg
Zx +4<<:, vkrz wkdw wklv dssurdfk uhvxowv lq dq dssursuldwh wuhdwphqw
ri phdvxuhphqw huuru lq wkh ghshqghqw yduldeoh ri wkh uhjuhvvlrq prgho1
Udxghqexvk dqg Vdpsvrq +4<<<, hpehgghg wkh Udvfk prgho zlwklq
d wkuhh0ohyho klhudufklfdo uhjuhvvlrq prgho/ wkdw lv/ wkh Ohyho 4 prgho
frqvlvwv ri wkh suhglfwdeoh dqg udqgrp yduldwlrq dprqj lwhp uhvsrqvhv
zlwklq hdfk jurxs1 Dqrwkhu dssolfdwlrq ri pxowlohyho prgholqj lq wkh
iudphzrun ri LUW prghov zdv jlyhq e| Plvohy| dqg Erfn +4<;<, zkhuh
jurxs0ohyho dqg vwxghqw0ohyho h�hfwv duh frpelqhg lq dq klhudufklfdo LUW
prgho1 Ilqdoo|/ Sdw} dqg Mxqnhu +4<<<e, ghyhorshg d jhqhulf klhudufklfdo
lwhp uhvsrqvh prgho zklfk doorz fryduldwhv rq vxemhfwv dqg fryduldwhv
rq lwhpv1

Lq Fkdswhu 6/ d ixoo| Ed|hvldq hvwlpdwlrq surfhgxuh lv ghvfulehg/ dqg
zlwklq wklv surfhgxuh d Pdunry fkdlq Prqwh Fduor phwkrg +Jleev vdp0
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sohu, lv xvhg iru hvwlpdwlqj doo sdudphwhuv1 Wkh ixoo| frqglwlrqdo gh0
frpsrvlwlrq ri Jhoidqg dqg Vplwk*v +4<<3, Jleev vdpsolqj surgxfhv dq
dssur{lpdwlrq iru wkh srvwhulru glvwulexwlrqv ri wkh sdudphwhuv1 Wkdw lv/
wkh Jleev vdpsohu lv xvhg wr �qg wkh prgh ri wkh srvwhulru glvwulexwlrq
lq d Ed|hvldq iudphzrun/ wdnlqj dffrxqw ri doo vrxufhv ri xqfhuwdlqw| lq
wkh hvwlpdwlrq ri wkh sdudphwhuv1 Lq wkh suhvhqw sdshu/ Ed|hv hvwlpdwru
zloo eh frpsduhg wr wkh pd{lpxp olnholkrrg hvwlpdwru zklfk kdv dwwudf0
wlyh ihdwxuhv/ dv jrrg0odujh vdpsoh surshuwlhv1 Pruh vshfl�f surshuwlhv
ri pd{lpxp olnholkrrg hvwlpdwhv fdq eh irxqg lq/ iru h{dpsoh/ Ohkpdqq
dqg Fdvhood +4<<;, dqg Udr +4<:6,1 Ehvlghv/ wkh olnholkrrg ri wkh vdpsoh
ri revhuydwlrqv uhsuhvhqwhg e| wkh gdwd lv pd{lpl}hg zlwkrxw dq| sulru
nqrzohgjh uhjduglqj wkh sdudphwhuv ri lqwhuhvw1
Wkh olnholkrrg ixqfwlrq lv frpsoh{ gxh wr wkh devhqfh ri vrph sduw ri

wkh gdwd1 Pd{lpl}lqj wkh olnholkrrg gluhfwo| lv riwhq qxphulfdoo| lqihd0
vleoh1 Wkh lghd lv wr dvvrfldwh zlwk wkh jlyhq lqfrpsohwh0gdwd sureohp/
d frpsohwh0gdwd sureohp iru zklfk pd{lpxp olnholkrrg hvwlpdwlrq lv
ihdvleoh1 Wkdw lv/ wkh sureohp ri pd{lpl}lqj wkh olnholkrrg lv uhirupx0
odwhg lq vxfk d zd| wkdw wkh pd{lpxp olnholkrrg hvwlpdwhv duh pruh
hdvlo| frpsxwhg iurp d frpsohwh0gdwd olnholkrrg1 Wkh vwrfkdvwlf HP
+VHP, dojrulwkp lv sduwlfxoduo| dsshdolqj lq vlwxdwlrqv zkhuh lqihuhqfh
rq frpsohwh0gdwd lv hdv|1 Wkh dojrulwkp kdqgohv frpsoh{ plvvlqj0gdwd
vwuxfwxuhv lq zklfk kljk0glphqvlrqdo lqwhjudwlrqv pd| eh lqyroyhg1 Lw
lpsxwhv ydoxhv iru wkh plvvlqj gdwd dqg wkhq lwhudwlyho| shuirupv gl0
uhfw sdudphwulf lqihuhqfh edvhg rq wkh frpsohwh0gdwd1 Wklv pdnhv lw
dwwudfwlyh iru hvwlpdwlqj wkh pxowlohyho LUW prgho zlwk odwhqw yduldeohv
gh�qhg e| d frpsoh{ vwuxfwxudo prgho1 Pruhryhu/ wkh sdudphwhu hvwl0
pdwhv uhvxowlqj iurp wkh dojrulwkp duh forvh wr wkh pd{lpxp olnholkrrg
hvwlpdwhv1 Ixuwkhu dssolfdwlrqv ri wkh VHP dojrulwkp fdq eh irxqg lq/
h1j1/ Fhohx{ dqg Glherow +4<;8,/ Fhohx{/ Fkdxyhdx/ ) Glherow/ +4<<9,/
Glherow dqg Ls +4<<9, dqg Ls +4<<7,1
Lq wkh �uvw vhfwlrq/ wkh qrwdwlrq dqg d jhqhudo pxowlohyho LUW prgho

lv suhvhqwhg1 Qh{w/ wkh sulqflsohv ri VHP dqg wkh lpsohphqwdwlrq iru
hvwlpdwlqj wkh sdudphwhuv ri d pxowlohyho LUW prgho duh ghvfulehg1 Ixu0
wkhupruh/ d sdudooho zloo eh gudzq ehwzhhq sdudphwhu hvwlpdwlrq zlwk
VHP dqg Pdunry fkdlq Prqwh Fduor +Jleev vdpsohu,1 Diwhu wkdw/ d
Gxwfk sulpdu| odqjxdjh whvw zloo eh dqdo|}hg dqg wkh phqwlrqhg hvwl0
pdwruv zloo eh frpsduhg1 Ilqdoo|/ wkh odvw vhfwlrq frqwdlqv d glvfxvvlrq
dqg vxjjhvwlrqv iru ixuwkhu uhvhdufk1

51 D Pxowlohyho LUW Prgho

Wklv vhfwlrq frqwdlqv wkh edvlf sulqflsohv dqg irupxodh ri d pxowlohyho
LUW prgho1 Iru d ghwdlohg lqwurgxfwlrq ri wkh prgho/ vhh Fkdswhu 5 dqg
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61 Lq lwv jhqhudo irup/ Ohyho 4 ri wkh wzr ohyho pxowlohyho prgho frqvlvwv ri
d uhjuhvvlrq prgho/ iru hdfk ri M qhvwlqj Ohyho 5 jurxsv +m @ 4> = = = > M, >
lq zklfk wkh +q� � 4, delolw| yhfwru �� lv prghohg dv d ixqfwlrq ri T
suhglfwru yduldeohv +[��> = = = >['�,=

�� @[��� . h� > +914,

zkhuh h� lv dq +q� � 4, yhfwru ri uhvlgxdov/ wkdw duh dvvxphg wr eh qru0
pdoo| glvwulexwhg zlwk phdq 3 dqg yduldqfh �2L?� 1 Doo T.4 uhjuhvvlrq
sdudphwhuv/ �f� > = = = > �'�> duh wuhdwhg dv ydu|lqj dfurvv Ohyho 5/ dowkrxjk
lw lv srvvleoh wr frqvwudlq wkh yduldwlrq lq rqh ru pruh sdudphwhuv wr }hur1
Wkh udqgrp uhjuhvvlrq sdudphwhuv duh wuhdwhg dv rxwfrphv lq d Ohyho 5
prgho

�� @Z�� . x� > +915,

zkhuh x� lv d yhfwru ri udqgrp h�hfwv dvvxphg qrupdoo| glvwulexwhg
zlwk phdq }hur dqg fryduldqfh W> Z� lv d pdwul{ frqvlvwlqj ri Ohyho 5
fkdudfwhulvwlfv dqg � lv d +V � 4, yhfwru ri �{hg h�hfwv1 Wklv fruuhvsrqgv
zlwk wkh irupxodwlrq ri wkh pxowlohyho LUW prgho lq Fkdswhu 6/ irupxod
+6=7, dqg +6=8, =
Vxssrvh hdfk ri

S
� q� shuvrqv/ odehohg l @ 4> = = = > q�> m @ 4> = = = > M> duh

h{srvhg wr N lwhpv/ odehohg n @ 4> = = = >N= D elqdu| uhvsrqvh \��& @ 4
ru 3 lv uhfrughg1 Ixuwkhupruh lw lv dvvxphg wkdw/ frqglwlrqdoo| rq wkh
lwhp dqg srsxodwlrq sdudphwhuv/ wkh uhvsrqvh \��&> zlwk uhdol}dwlrq |��&>
lv dq lqghshqghqw Ehuqrxool udqgrp yduldeoh/ zlwk suredelolw| ri vxffhvv
s��& @ S +\��& @ 4 m ���> d&> e&, = Wkh qrupdo rjlyh prgho lv xvhg wr prgho
wkh s��&= Wklv ohdgv wr/

s��& @ �+d&��� � e&, > +916,

zkhuh � ghqrwhv wkh vwdqgdug qrupdo fxpxodwlyh glvwulexwlrq ixqf0
wlrq1 Ehorz/ wkh sdudphwhuv ri lwhp n zloo dovr eh ghqrwhg e| �&/
�& @ +d&> e&,

|1 Qrwlfh/ wkh lwhp gl!fxow| lv ghqrwhg e| wkh xvxdo fkrlfh e
zkloh uhjuhvvlrq frh!flhqwv duh ghqrwhg e| �= Wkh wzr sdudphwhu prgho
frqvwlwxwhv d glvfulplqdwru| sdudphwhu d& iru hdfk lwhp n @ 4> = = = >N1
Wkh uhvwulfwlrq d& A 3> n @ 4> = = = >N> dvvxuh wkdw d vwxghqw/ lqgh{hg
lm> zlwk d ehwwhu delolw| ��� kdyh d kljkhu suredelolw| ri jhwwlqj wkh n|�

lwhp fruuhfw1 Wr holplqdwh wkh h�hfw ri jxhvvlqj lq d pxowlsoh fkrlfh
whvw dqrwkhu vhw ri sdudphwhuv/ wkh jxhvvlqj sdudphwhuv/ duh lqwurgxfhg
lq wkh vr fdoohg wkuhh sdudphwhu prgho1 Wkh suredelolw| wkdw d vwxghqw
fruuhfwo| dqvzhuv dq lwhp/ lqgh{hg n/ lv uhsuhvhqwhg dv wkh vxp ri wkh
suredelolwlhv wkdw wkh vwxghqw jxhvvhv dqg jhwv wkh lwhp fruuhfw/ f&> soxv
wkh suredelolw| wkdw wkh vwxghqw grhv qrw jxhvv/ +4� f&, > dqg jhwv wkh
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lwhp fruuhfw/ �+d&��� � e&,> wkdw lv/

S +\��& @ 4 m ���> d&> e&> f&, @ f& . +4� f&,� +d&��� � e&, = +917,

Dq hoderudwh ghvfulswlrq ri erwk prghov fdq eh irxqg lq wkh slrqhhulqj
zrun ri Eluqedxp +4<9;, dqg Orug +4<;3,1 Glvfxvvlrqv dqg olwhudwxuh
uhylhzv duh irxqg lq Mrkqvrq dqg Doehuw +4<<<, dqg ydq ghu Olqghq dqg
Kdpeohwrq +4<<:,1
Irupxodh +9=4, dqg +9=5, gh�qh wkh vwuxfwxudo prgho dqg irupxod +9=6,

ru +9=7, wkh phdvxuhphqw prgho1 Mrlqwo|/ wklv gh�qhv d pxowlohyho LUW
prgho zklfk zloo eh hvwlpdwhg xvlqj VHP1

61 Wkh VHP Dojrulwkp

Wkh HP +h{shfwdwlrq0pd{lpl}dwlrq, dojrulwkp lv d zhoo0nqrzq ds0
surdfk iru frpsxwlqj pd{lpxp olnholkrrg hvwlpdwlrq lq d zlgh ydulhw|
ri vlwxdwlrqv +vhh/ Ghpsvwhu/ Odlug/ ) Uxelq/ 4<::,1 Qrwdeo|/ pdq| lq0
frpsohwh gdwd sureohpv fdq eh kdqgohg zlwk wkh HP dojrulwkp1 Dovr/
odwhqw yduldeoh prghov dqg udqgrp sdudphwhu prghov wxuq rxw wr eh
vroydeoh e| HP zkhq wkh| duh irupxodwhg dv plvvlqj ydoxh sureohpv1
Lq vslwh ri lwv pdq| dsshdolqj ihdwxuhv/ wkh HP dojrulwkp kdv vhyhudo
gudzedfnv1 Iru h{dpsoh/ lw fdq frqyhujh wr orfdo pd{lpd ru vdggoh
srlqwv ri wkh orj0olnholkrrg ixqfwlrq dqg lwv olplwlqj srvlwlrq lv riwhq
vhqvlwlyh wr vwduwlqj ydoxhv1 Lq vrph prghov/ wkh frpsxwdwlrq ri wkh H0
vwhs lqyroyhv kljk glphqvlrqdo lqwhjudwlrqv1 Wkhuhiruh/ wkh H0vwhs fdq
eh frpsxwdwlrqdoo| gl!fxow1
VHP +Fhohx{ ) Glherow/ 4<;8, surylghv dq dowhuqdwlyh wr HP1 Sdu0

wlfxoduo|/ lq vlwxdwlrqv zkhuh lqihuhqfh edvhg rq frpsohwh gdwd lv hdv|/
exw dovr lq fdvhv zkhuh HP lv lqwudfwdeoh ru zkhuh wkh H0vwhs lqyroyhv
kljk glphqvlrqdo lqwhjudwlrqv1
Wkh edvlf lghd xqghuo|lqj VHP lv wr lpsxwh plvvlqj gdwd zlwk sodx0

vleoh ydoxhv dqg wkhq xsgdwh sdudphwhuv rq wkh edvlv ri wkh frpsohwh0
gdwd1 Wkh VHP dojrulwkp frqvlvwv ri wzr vwhsv1 Wkh V0vwhs jhqhudwhv d
frpsohwh0gdwd vdpsoh e| gudzlqj plvvlqj gdwd/ jlyhq wkh revhuyhg gdwd
dqg d fxuuhqw hvwlpdwh ri wkh sdudphwhuv1 Dw wkh P0vwhs/ wkh pd{l0
pxp olnholkrrg hvwlpdwh ri wkh sdudphwhuv lv frpsxwhg/ edvhg rq wkh
frpsohwh0gdwd1 Wkh hqwluh surfhgxuh lv lwhudwhg d vx!flhqw qxpehu ri
wlphv1
Xqghu vshfl�f frqglwlrqv/ wkh duud| ri hvwlpdwhv fruuhvsrqglqj wr hdfk

gudz ri svhxgr0frpsohwh gdwd irupv d Pdunry fkdlq wkdw frqyhujhv wr
d vwdwlrqdu| glvwulexwlrq +Ls/ 4<<7,1 Wkh phdq ri wklv vwdwlrqdu| glv0
wulexwlrq lv forvh wr wkh pd{lpxp olnholkrrg hvwlpdwh dqg lwv yduldqfh
uh hfwv wkh lqirupdwlrq orvv gxh wr plvvlqj gdwd +Glherow ) Ls/ 4<<9,1
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71 Pd{lpxp Olnholkrrg Hvwlpdwlrq

Ohw \ eh wkh revhuyhg udqgrp vdpsoh1 Wkh ydoxhv ri wkh Ohyho 4 dqg
Ohyho 5 h{sodqdwru| yduldeohv duh nqrzq/ ghqrwhg dv/ [ dqgZ> uhvshf0
wlyho|1 Wkh prgho kdv sdudphwhuv �> �> Ohyho 4 uhjuhvvlrq frh!flhqwv
�> Ohyho 5 uhjuhvvlrq frh!flhqwv � dqg yduldqfh frpsrqhqwv �2 dqg W1
Wkh revhuyhg ru lqfrpsohwh0gdwd olnholkrrg ri wkh sdudphwhuv ri lqwhuhvw
lv jlyhq e|
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zkhuh s +|�� m ��� >�, lv wkh LUW prgho/ irupxod +9=6, > vshfli|lqj wkh sure0
delolw| ri wkh revhuylqj uhvsrqvh sdwwhuq |�� dv d ixqfwlrq ri wkh delolw|
sdudphwhu ��� dqg wkh lwhp sdudphwhuv �= Ixuwkhu/ j

�
��� m �� > �

2
�
lv wkh

ghqvlw| ri ��� dqg k
�
�� m �>W

�
lv wkh ghqvlw| ri ��= Wkh pdujlqdo olnh0

olkrrg hqwdlov d pxowlsoh lqwhjudo ryhu ��� dqg �� = Frpsxwdwlrq ri wzr
glphqvlrqdo lqwhjudov vx!fhv1 Dq HP dojrulwkp lv hdvlo| lpsohphqwhg
lq fdvh doo glvfulplqdwlrq sdudphwhuv duh htxdo/ wkdw lv/ lq fdvh wkh phd0
vxuhphqw huuru prgho lv wkh Udvfk prgho +Udxghqexvk ) Vdpsvrq/
4<<<,1 Wkh suredelolw| prgho lv wkhq d phpehu ri wkh uhjxodu h{srqhq0
wldo idplo| ri glvwulexwlrqv1 Wkh ohvvhu uhvwulfwlyh LUW prgho/ zkhuh wkh
glvfulplqdwlrq sdudphwhuv pd| gl�hu shu lwhp/ lv zlgho| dssolfdeoh exw
hvwlpdwlqj wkh sdudphwhuv ehfrphv pruh gl!fxow1 Wklv sureohp ri lqwh0
judwlrq dqg pd{lpl}dwlrq uhodwhv wr wkh hvwlpdwlrq ri d udqgrp0h�hfwv
prgho iru ruglqdo gdwd dqg wr wkh el0idfwru ixoo lqirupdwlrq idfwru dqdo|0
vlv prgho +Jleerqv ) Erfn/ 4<;:> Jleerqv ) Khghnhu/ 4<<5> Khghnhu )
Jleerqv/ 4<<7,1 Khghnhu dqg Jleerqv +4<<7, xwlol}hg d Jdxvv0Khuplwh
txdgudwxuh wr qxphulfdoo| lqwhjudwh ryhu wkh glvwulexwlrq ri udqgrp hi0
ihfwv1 Ilvkhu*v phwkrg zdv xvhg wr surylgh wkh vroxwlrq wr wkh olnholkrrg
htxdwlrq1 Wkh qxphulfdo lqwhjudwlrq lv ihdvleoh lq wkhvh sureohpv1 Wkh
vroxwlrq fdq lqyroyh vxppdwlrq ryhu d odujh qxpehu ri srlqwv zkhq wkh
qxpehu ri udqgrp h�hfwv lv lqfuhdvhg/ wklv frxog d�hfw wkh sdudphwhu
hvwlpdwhv1
Dq dowhuqdwlyh dssurdfk lv wkh vwrfkdvwlf HP dojrulwkp zklfk fdq

kdqgoh wkhvh sureohpv dqg dovr ixuwkhu ghyhorsphqwv ri wkh pxowlohyho
prgho wr wkuhh ru pruh ohyhov dqg pruh frpsoh{ LUW prghov/ lqfoxglqj
d jxhvvlqj sdudphwhu1 Wkh olnholkrrg vkrxog eh gh�qhg dv d ixqfwlrq ri
wkh frpsohwh0gdwd lq vxfk d zd| wkdw d vlpsohu olnholkrrg pd{lpl}dwlrq
frxog eh shuiruphg li wkh frpsohwh0gdwd zhuh revhuyhg1 Wkhuhiruh/ dv0
vxph wkdw wkhuh h{lvwv d frqwlqxrxv odwhqw yduldeoh wkdw xqghuolhv hdfk
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elqdu| uhvsrqvh1 Wkh odwhqw yduldeohv ��� duh uhodwhg wr wkh revhuyhg
uhvsrqvhv/ \��&> ri d shuvrq/ lqgh{hg lm/ rq dq lwhp/ lqgh{hg n= Wklv
revhuydwlrq \��& fdq eh lqwhusuhwhg dv dq lqglfdwru wkdw d frqwlqxrxv
yduldeoh zlwk qrupdo ghqvlw| lv deryh ru ehorz }hur1 Wklv yduldeoh lv
ghqrwhg dv ]��& zlwk uhdol}dwlrq }��&> lw iroorzv wkdw

]��& @ d&��� � e& . %��&> +919,

zlwk %��& q Q +3> 4, dqg \��& @ L +]��& A 3, = Khuh/ L +=, lv dq lqglfdwru
yduldeoh wdnlqj wkh ydoxh rqh li lwv dujxphqw lv wuxh dqg }hur rwkhuzlvh1
Wkh odwhqw yduldeoh vwuxfwxuh |lhogv d prgho wkdw lv htxlydohqw wr wkh
qrupdo rjlyh prgho1 Wklv dssurdfk iroorzv wkh surfhgxuh ri Doehuw
+4<<5, dqg Mrkqvrq dqg Doehuw +4<<<,1 Wkh frpsohwh0gdwd olnholkrrg lv
jlyhq e|

oS
�
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�
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�
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s +}�� m ��� >�, j
�
��� m ��> �
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�68
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�
�� m �>W

�
> +91:,

zkhuh s +}�� m ��� >�, uhsuhvhqw wkh LUW prgho zklfk lv qrupdoo| glv0
wulexwhg dffruglqj wr irupxod +9=9,1 Wkh pd{lpl}dwlrq ri +9=:, ehfrphv
hdvlo|/ zklfk zloo eh vkrzq ehorz/ gxh wr wkh idfw wkdw wkh frpsohwh0gdwd
olnholkrrg frqvlvwv ri d surgxfw ri qrupdo ghqvlwlhv1 Lq wkh h{srqhqwldo
idplo| fdvh wkh vwrfkdvwlf HP hvwlpdwhv frqyhujh wr wkh pd{lpxp olnh0
olkrrg hvwlpdwhv e| R +4@q, +Glherow ) Ls/ 4<<8,1 Lw pxvw eh srlqwhg
rxw wkdw wkh VHP dojrulwkp surylghv rqo| frqyhujhqfh lq glvwulexwlrq
dqg qrw d srlqwzlvh hvwlpdwru/ olnh HP1 Wklv fdq eh rewdlqhg e| dyhu0
djlqj d vx!flhqw qxpehu ri vxffhvvlyh lwhudwlrqv gxulqj wkh hvwlpdwlrq
surfhgxuh1 Wkh ydoxhv jhqhudwhg e| vwrfkdvwlf HP dw wkh P0vwhs/ fruuh0
vsrqglqj wr hdfk gudz ri wkh frpsohwh0gdwd/ irup d Pdunry fkdlq zlwk
d vwdwlrqdu| glvwulexwlrq zklfk lv dssur{lpdwho| fhqwhuhg dw wkh pd{0
lpxp olnholkrrg hvwlpdwhv1 Wkh vhtxhqfh ri srlqwv uhsuhvhqwv d vhw ri
jrrg jxhvvhv/ fdoohg wkh sodxvleoh uhjlrq/ zlwk uhvshfw wr ydulrxv sodx0
vleoh ydoxhv ri wkh plvvlqj gdwd1 Xvxdoo|/ wkh phdq ri wklv vwdwlrqdu|
glvwulexwlrq lv frqvlghuhg dv dq hvwlpdwh iru wkh sdudphwhuv1 Exw lq wkh
sodxvleoh uhjlrq/ wkh srlqw zlwk wkh odujhvw revhuyhg orj0olnholkrrg frxog
dovr eh frqvlghuhg dv dq hvwlpdwh iru wkh sdudphwhuv/ wklv uhtxluhv wkh
h{wud h�ruw ri hydoxdwlqj wkh revhuyhg orj0olnholkrrg lq hyhu| lwhudwlrq
+Glherow ) Ls/ 4<<8,1

81 Lpsohphqwdwlrq ri wkh VHP Dojrulwkp

Wkh pxowlohyho LUW prgho fdq eh vhw xs dv d plvvlqj gdwd sureohp e|
gh�qlqj � dqg � dv xqrevhuyhg yduldeohv1 Wkh pdlq lqwhuhvw lv hvwlpdw0
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lqj wkh lwhp sdudphwhuv/ �/ wkh uhjuhvvlrq frh!flhqwv rq Ohyho 5/ �/ dqg
wkh yduldqfh rq Ohyho 4 dqg Ohyho 5/ �2 dqg W> uhvshfwlyho|1 Wkh VHP
surfhgxuh/ iru fxuuhqw ydoxhv ri wkh sdudphwhuv �> �> �2 dqg W> frp0
sohwhv wkh revhuyhg gdwd e| gudzlqj svhxgr0frpsohwh gdwd/ dqg wkhq
frpsxwhv wkh pd{lpxp olnholkrrg hvwlpdwhv ri wkh sdudphwhuv edvhg
rq wkh frpsohwhg gdwd1 Wkh �uvw vwhs lq lpsohphqwlqj VHP lv fuhdw0
lqj svhxgr0frpsohwh gdwd1 Khqfh/ vdpsohv iurp wkh mrlqw glvwulexwlrq
ri �>� m \> �2>�>W duh uhtxluhg1 Gluhfwo| gudzlqj d vdpsoh iurp wklv
mrlqw frqglwlrqdo glvwulexwlrq lv gl!fxow1 Lw wxuqv rxw wr eh hdvlhu wr
xvh wkh Jleev vdpsohu +h1j1/ vhh/ Jhoidqg ) Vplwk/ 4<<3> Jhpdq ) Jh0
pdq/ 4<;7, wr vlpxodwh lqghshqghqw gudzv iurp wkh mrlqw frqglwlrqdo
glvwulexwlrq ri � dqg �= Wkhuhiruh/ lqwurgxfh d frqwlqxrxv odwhqw ydul0
deoh vwuxfwxuh wkdw xqghuolhv hdfk elqdu| uhvsrqvh/ irupxod +9=9, = D
vdpsoh iurp ]>�>� m \>�> �2>�>W lv rewdlqhg e| gudzlqj iurp wkh
glvwulexwlrqv s +} m |>�>�, > s

�
� m }>�>�> �2

�
dqg s

�
� m �> �2>�>W

�
1 Wkh

sursrvhg Jleev vdpsohu frqvlvwv ri wkuhh vwhsv1
Iluvw/ frqvlghu wkh glvwulexwlrq ri s +} m |>�> �, = Wklv frqglwlrqdo glv0

wulexwlrq ri wkh odwhqw yduldeohv ] jlyhq �>�>\ iroorzv iurp irupxod
+9=9, = Iru wkh wkuhh sdudphwhu qrupdo rjlyh prgho/ irupxod +9=7, > frq0
vlghu udqgrp yduldeohv Y��& vxfk wkdw Y��& @ 4 li d vwxghqw/ lqgh{hg lm/
nqrzv wkh fruuhfw dqvzhu wr lwhp n dqg Y��& @ 3 li wkh vwxghqw grhv qrw
nqrz wkh fruuhfw dqvzhu wr lwhp n= Wkh yduldeohv ]��&> irupxod +9=9, >
duh uhodwhg wr wkh yduldeohv Y��&= Wkdw lv/ vhyhudo fdvhv dulvh ghshqglqj
rq wkh ydoxh ri \��&1 Vxssrvh wkdw \��& @ 3> wkhq Y��& @ 3 dqg ]��& ? 3=
Qh{w/ li \��& @ 4 dqg Y��& @ 3> wkhq ]��& A 3= Rwkhuzlvh li \��& @ 4 dqg
]��& ? 3> wkhq Y��& @ 4= Wkh Jleev vdpsolqj surfhgxuh fdq eh h{whqghg
wr rewdlq d vdpsoh iurp wkh glvwulexwlrq ri wkh xqghuo|lqj glfkrwrprxv
odwhqw yduldeohv ]��& dqg Y��& +Eìjxlq/ 5333> Mrkqvrq ) Doehuw/ 4<<<,1
Vhfrqg/ wkh delolw| sdudphwhu �> jlyhq svhxgr0frpsohwh gdwd ]/ dqg

hvwlpdwhv ri
�
�>�> �2

�
duh lqghshqghqw dqg glvwulexwhg dv d pl{wxuh ri

qrupdo glvwulexwlrqv1 Iurp +9=4, dqg +9=9, lw iroorzv wkdw/

s
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��� m }��>�>��> �

2
�
2 s +}�� m ���>�, s

�
��� m �� > �

2
�

2 h{s

�
�4
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�
��� � e����2� h{s��4

5�2
�
��� �[����

�2�
zlwk

e��� @ Sg
&'� d& +}��& . e&,Sg

&'� d
2
&

>

dqg y @
�Sg

&'� d
2
&

�3�
= Lw iroorzv gluhfwo| iurp vwdqgdug Ed|hvldq uhvxowv

iru qrupdoo| glvwulexwhg revhuydwlrqv dqg d qrupdo sulru +h1j1/ vhh/ Er{
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) Wldr/ 4<:6> Olqgoh| ) Vplwk/ 4<:5, wkdw

��� m ]�� >�>��> �
2
q Q

#e���@y .[����@�
2

4@y . 4@�2
>

4

4@y . 4@�2

$
= +91;,

Qrwlfh wkdw wkh srvwhulru phdq lv d frpsrvlwh hvwlpdwru> dv wkh vdpsolqj
yduldqfh y ri e��� lqfuhdvhv/ wkh uhodwlyh dprxqw ri zhljkw sodfhg rq wkh
sulru phdq/ [����/ lqfuhdvhv1
Wklug/ wkh ixoo| frqglwlrqdo glvwulexwlrq ri �� hqwdlov d qrupdo sulru

lqgxfhg e| wkh Ohyho 5 prgho dqg qrupdoo| glvwulexwhg revhuydwlrqv ��� >
wkdw lv/
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��� = Wkxv

�� m ��> �
2>�>W q Q +Gg>G, > +91<,

zkhuh 	� @ �2
�
[|
�[�

�3�
/ g @ 	3��

e�� .W3�Z�� dqg yduldqfh frp0

srqhqw G @
�
	3�� .W3�

�3�
1 Li [�> m @ 4> = = = > M> grhv qrw kdyh d

ixoo froxpq udqn/ [|
�[� kdv qr lqyhuvh dqg wkh ohdvw vtxduhv hvwlpd0

wru/ e��> lv qrw wkh xqltxh vroxwlrq wr wkh qrupdo htxdwlrqv1 Ehvlghv/ li

[|
�[� > zkhq lq wkh irup ri d fruuhodwlrq pdwul{/ lv qrw qhduo| d xqlw

pdwul{/ wkh ohdvw vtxduhv hvwlpdwhv duh vhqvlwlyh wr huuruv1 Hvwlpdwhv
ghshqglqj rq d jhqhudol}hg lqyhuvh ri [|

�[� duh qrw dq hvwlpdwru iru �
ehfdxvh lw ghshqgv hqwluho| rq zkdw jhqhudol}hg lqyhuvh lv xvhg lq rewdlq0
lqj wkh hvwlpdwru +Vhduoh/ 4<:4,1 Hvwlpdwlrq ri �� edvhg rq wkh pdwul{�
[|
�[� . nL'n�

�
> n � 3 udwkhu wkdq rq [|

�[� kdv ehhq irxqg wr eh d

surfhgxuh wkdw fdq khos wr flufxpyhqw wkh gl!fxowlhv dvvrfldwhg zlwk
wkh xvxdo ohdvw vtxduhv hvwlpdwhv +Krhuo ) Nhqqdug/ 4<:3,1
Dw hdfk vwhs/ wkh ixoo| frqglwlrqdo glvwulexwlrqv ri ] dqg � duh frq0

vlghuhg dw wkh ohyho ri shuvrqv/ vdpsohv duh gudzq iru l @ 4> = = = > q� >
m @ 4> = = = > M= Wkh uhjuhvvlrq frh!flhqwv rq Ohyho 4 duh vdpsohg iru hdfk
jurxs m1 Hyhqwxdoo|/ dq lqghshqghqw vdpsoh +]>�>�, lv rewdlqhg diwhu
vx!flhqw gudzv iurp wkh vhtxhqwldoo| xsgdwhg ixoo| frqglwlrqdo glvwul0
exwlrqv1
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Lq fdvh ri qrupdo frpsrqhqwv/ d pruh h!flhqw dowhuqdwlyh ri xsgdw0
lqj lv d eorfn Jleev xsgdwh +Jhopdq/ Fduolq/ Vwhuq/ ) Uxelq/ 4<<8>
Krehuw ) Jh|hu/ 4<<;> Urehuwv ) Vdkx/ 4<<: ,1 Lq wkdw fdvh/ doo ri wkh
qrupdo frpsrqhqwv duh xsgdwhg vlpxowdqhrxvo|1 Lq rughu wr xvh wklv
eorfn Jleev vdpsohu/ wkh ghqvlw| ri �>� m ]> �> �2>�>W lv qhhghg1 Wuhdw
wkh uhjuhvvlrq rq wkh uhjuhvvlrq sdudphwhuv/ �/ rq Ohyho 4 dv M +T. 4,
sulru cgdwd srlqwv*1 Wkh mrlqw ixoo| frqglwlrqdo glvwulexwlrq ri ��>��
fdq eh ghgxfhg iurp wkh zhljkwhg olqhdu uhjuhvvlrq ri crevhuydwlrqv* ]W�
rq

�
�� >��

�
> xvlqj ch{sodqdwru| yduldeohv* [W

� dqg cyduldqfh pdwul{* 	W� >
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Wkh sursrvhg Jleev vdpsohu vdpsohv vxffhvvlyho| iurp +9=9, dqg
+9=43, xqwlo dq lqghshqghqw vdpsoh +]>�>�, kdv ehhq rewdlqhg1 Wkdw lv/
xqwlo frqyhujhqfh ri wkh Jleev vdpsohu kdv rffxuuhg1 Wklv frpsohwhv wkh
vwrfkdvwlf V0vwhs ri wkh VHP dojrulwkp1 Wkh dwwdlqhg svhxgr0frpsohwh
gdwd +]>�>�, lv wkhq xvhg wr hvwlpdwh

�
�> �2>�>W

�
1 Wkhuhiruh/ wkh P0

vwhs hqwdlov frpsxwlqj wkh hvwlpdwhv ri
�
�> �2>�>W

�
=

Ehfdxvh wkh lwhp0sdudphwhuv ghshqg rqo| rq wkh odwhqw gdwd ] dqg
wkh delolw| sdudphwhuv/ �> dffruglqj wr +9=9, > lw iroorzv wkdw

]& @
�
� �4

�
�& . %&>

zkhuh ]& @ +]��&> = = = > ]?��&> = = = > ]?aa&,
| dqg %& @ +%��&> = = = > %?aa&,

| lv
d udqgrp vdpsoh iurp Q +3> 4,1 Wkhuhiruh/h�& @

�
K|K

�3�
K|}&> +9144,

zlwk K @
�
� �4

�
1 Wkh h� vwdqgv iru dq hvwlpdwh ri wkh lwhp sd0

udphwhuv edvhg rq wkh svhxgr0frpsohwh gdwd +]>�>�, = Wkh hvwlpdwh
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h{foxvlyho| edvhg rq wkh revhuyhg gdwd duh pdunhg zlwk d kdw1 Wkh
vdph qrwdwlrq zloo eh xvhg iru wkh rwkhu sdudphwhuv1
Wkh hvwlpdwru ri wkh yduldqfh rq Ohyho 4/ �2> iroorzv gluhfwo| iurp wkh

uhjuhvvlrq ri � rq [> zlwk � dv uhjuhvvlrq frh!flhqwv1 Wkxv/

h�2 @ 4

Q

a[
�'�

?�[
�'�

�
��� �[����

�2
> +9145,

zklfk lv wkh pd{lpxp olnholkrrg hvwlpdwru ri �2 jlyhq � dqg �=
Wkh Ohyho 5 prgho iru vfkrro m fdq eh zulwwhq dv

�� @Z�� . x� > +9146,

zlwk H +x�, @ 3/ H
�
x�x

|
�

�
@ W1 Ehfdxvh +9=46, lv d qrupdo olqhdu

prgho jlyhq uhjuhvvlrq frh!flhqwv �� lw iroorzv wkdw wkh jhqhudol}hg ohdvw
vtxduhv hvwlpdwru ri � lv

h� @

3C a[
�'�

Z|
�
hW3�Z�

4D3�
a[
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Z|
�
hW3��� = +9147,

Olnhzlvh lw iroorzv wkdw wkh hvwlpdwru ri W lv

hW @
4

M

a[
�'�

�
�� �Z�h�� ��� �Z�h��| = +9148,

Qrwlfh wkdw dq Lwhudwlyh Jhqhudol}hg Ohdvw Vtxduhv dojrulwkp +Jrogvwhlq/
4<<8, lv qhhghg wr frpsxwh erwk hvwlpdwhv lq irupxod +9=47, dqg +9=48, =
Lq frqfoxvlrq/ wkh dojrulwkp wr hvwlpdwh doo sdudphwhuv lqyroyhv lwhu0

dwlqj wzr vwhsv1 Dw wkh V0vwhs/ wkh plvvlqj gdwd duh vdpsohg/ jlyhq wkh
revhuyhg gdwd dqg d fxuuhqw hvwlpdwh ri wkh sdudphwhuv1 Khuh wkh V0vwhs
lv pdgh xs ri irupxod +9=9, dqg +9=43,1 Zlwk xvh ri wkh Jleev vdpsohu d
svhxgr0frpsohwh vdpsoh lv gudzq1 Dw wkh P0vwhs/ wkh plvvlqj gdwd duh
lpsxwhg wr hvwlpdwh doo sdudphwhuv/ vhh irupxod +9=44, > +9=45, > +9=47,
dqg +9=48,1
Hyhqwxdoo|/ sodxvleoh ydoxhv ru hvwlpdwhv iurp wkh P0vwhs/ edvhg rq

wkh dxjphqwhg gdwd iurp wkh V0vwhs/ duh xvhg lq wkh hvwlpdwlrq ri wkh
sdudphwhuv ri lqwhuhvw1 Wkhuhiruh/ gh�qh wkh sdudphwhuv ri lqwhuhvw
� @

�
�> �2>�>W

�
= Wkh duud| ri srlqwv jhqhudwhg e| VHP duh d Pdunry

fkdlq/ ghqrwhg e|
qh�E6�

> h�2E6�> h�E6�> hWE6�>p 5 Q
r

@
qh�E6�

>p 5 Q
r
>

zkhuh p ghqrwhv wkh lwhudwlrq qxpehu1 Xqghu vrph frqglwlrqv/ +Ls/

4<<7,/ wkh vhtxhqfh
qh�E6�

r
lv dssur{lpdwho| vwdwlrqdu|1 Wkdw lv/ wkh



453 PXOWLOHYHO LUW= D ED\HVLDQ SHUVSHFWLYH

vwdwlrqdu| glvwulexwlrq ri
qh�E6�

r
grhv qrw fkdqjh dvp wdnhv rq gl�huhqw

ydoxhv1 Dv qrwhg deryh/ xvxdoo|/ wkh phdq ri wkh vwdwlrqdu| glvwulexwlrq
lv frqvlghuhg dv dq hvwlpdwh ri �= Wkdw lv/ diwhu d exuq0lq shulrg ri Pf

lwhudwlrqv/

e� @
�e�> e�2> e�> eW� @

4

P �Pf

�[
6'�fn�

�h�E6�
> h�2E6�> h�E6�> hWE6�

�
=

+9149,

Hdfk vwhs ri wkh VHP dojrulwkp lqfrusrudwhv d vwrfkdvwlf vwhs/ zklfk
suhyhqwv wkh vhtxhqfh iurp ehlqj lpprelol}hg qhdu d vdggoh srlqw1 Df0
fruglqjo|/ VHP grhv qrw whuplqdwh lq dq| vwdwlrqdu| srlqw1
Dv qrwhg deryh/ dqrwkhu hvwlpdwru iru wkh sdudphwhuv fdq dovr eh

ghulyhg iurp wkh ydoxhv lq wkh sodxvleoh uhjlrq/ jhqhudwhg dw hdfk P0
vwhs1 Wklv hvwlpdwru iurp wkh vwrfkdvwlf HP lwhudwhv lv wkh srlqw zlwk
wkh odujhvw revhuyhg orj0olnholkrrg/ irupxod+9=8,/

�W @ duj pd{
�$6$�

o +� m |, = +914:,

Rewdlqlqj wklv srlqw uhtxluhv wkh fdofxodwlrq ri wklv lqfrpsohwh orj0
olnholkrrg lq hyhu| lwhudwlrq ri wkh vwrfkdvwlf HP dojrulwkp1 Jdxvv0
Khuplwh txdgudwxuh fdq eh xvhg wr fduu| rxw wkh lqwhjudwlrq ryhu wkh
sdudphwhuv +�>�, = Lw lv dovr srvvleoh wr frpsxwh wkh lqfrpsohwh olnhol0
krrg yld wkh h{shfwhg frpsohwh olnholkrrg/ wkdw lv/

o +� m |, @ H ^oS +� m |>]W,` @

]
|
oS +� m |>}W, n +}W m |>�, g}W> +914;,

zkhuh ]W uhsuhvhqw wkh dxjphqwhg gdwd +]>�>�, dqg n +}W m |>�, lv wkh
ghqvlw| ri wkh plvvlqj gdwd frqglwlrqdo rq wkh revhuyhg gdwd1 Lq wklv
fdvh/ frpsxwlqj �W yld +9=4;, lqyroyhv d kljkhu glphqvlrqdo lqwhjudwlrq
dqg lv frqvhtxhqwo| frpsxwdwlrqdo pruh ghpdqglqj1 D urxjk phwkrg
dv Prqwh Fduor lqwhjudwlrq ri +9=4;, lv udwkhu gl!fxow ehfdxvh lw qhhgv
lqghshqghqw vdpsohv ri wkh dxjphqwhg gdwd ]W dw hyhu| lwhudwlrq1 Wkh
srlqw lq wkh sodxvleoh uhjlrq zklfk pd{lpl}hv wkh revhuyhg olnholkrrg lv
dq dssur{lpdwlrq ri wkh dfwxdo pd{lpxp olnholkrrg hvwlpdwru uhodwhg
wr wkh revhuyhg olnholkrrg/ irupxod +9=8, = Iru d vx!flhqw qxpehu ri
vwrfkdvwlf HP lwhudwhv/ wkdw lv/ iru d vx!flhqw qxpehu ri srlqwv lq wkh
sodxvleoh uhjlrq jhwv �W forvh wr wkh pd{lpxp olnholkrrg hvwlpdwru1 Wklv
srlqw fdq dovr eh xvhg wr fkhfn zkhwkhu wkh vwrfkdvwlf HP hvwlpdwru/e�> dssur{lpdwhv wkh pd{lpxp olnholkrrg hvwlpdwru ri irupxod +9=8, =
Wkh yduldqfhv ri wkh hvwlpdwruv duh hvwlpdwhg e| wkh lqyhuvh ri wkh

revhuyhg lqirupdwlrq pdwul{ hydoxdwhg dw � @ e�> irupxod +9=49, > ru dw
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wkh srlqw zlwk wkh odujhvw revhuyhg olnholkrrg � @ �W> irupxod +9=4:,1
Wkh revhuyhg lqirupdwlrq pdwul{ lv hdvlo| frpsxwhg xvlqj Orxlv lghq0
wlw| zklfk uhodwhv wkh revhuyhg0gdwd olnholkrrg dqg wkh frpsohwh0gdwd
olnholkrrg +Orxlv/ 4<;5,/ wkdw lv
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g�g�|
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�
g2oS +�> }W,

g�g�|
m |
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� fry�

�
�
goS +�>}W,

g�
m |

�
> +914<,

zkhuh wkh h{shfwdwlrq lv wdnhq zlwk uhvshfw wr n +}W m |>�, = Wkh uljkw0
kdqg vlgh ri +9=4<, lv frpsxwhg zlwk dxjphqwhg gdwd vdpsohv jhqhudwhg

lqghshqghqwo| iurp n +}W m |>�, zkhuh � lv �{hg dw e� ru �W=

91 VHP lq Frpsdulvrq zlwk wkh Jleev Vdpsolqj
Dssurdfk

Lw vhhpv zruwkzkloh wr frpsduh wklv lpsohphqwdwlrq ri VHP zlwk d
ixoo| frqglwlrqdo ghfrpsrvlwlrq ri wkh Jhoidqg dqg Vplwk*v +4<<3, Jleev
vdpsolqj/ ghvfulehg lq Ir{ dqg Jodv +5334,1 Gh�qh wkh dxjphqwhg gdwd
]W @ +]>�>�, dqg wkh sdudphwhuv ri lqwhuhvw dv �1 Wklv Jleev vdpsohu
jhqhudwhv vdpsohv iurp wkh iroorzlqj srvwhulru glvwulexwlrq/

s +� m |, @

] ]
s +� m }W>|, s

�
}W m ��>|

�
g}Ws

�
�� m |

�
g��= +9153,

Lq idfw/ wkh ghvfulehg Jleev vdpsohu jhqhudwhv vdpsohv iurp wkh pdujlqdo
srvwhulru glvwulexwlrqv ri sdudphwhuv �> �2>� dqg W> lqfoxglqj sulruv iru
wkh sdudphwhuv1 Wkhuh duh wzr qdwxudo hvwlpdwhv iru � iroorzlqj iurp
irupxod +9=53, +vhh/ Ohkpdqq ) Fdvhood/ 4<<;/ ss1 58:,=

e�e @ 4

P

�[
6'�

�E6� +9154,

e�6 @
4

P

�[
6'�

H
�
� m |>}WE6�

�
= +9155,

Khuh/ e�e lv fdoohg wkh hpslulfdo hvwlpdwru +Olx/ Zrqj/ ) Nrqj/ 4<<7,1

Wkh hvwlpdwru e�6 zklfk lv riwhq hdv| wr frpsxwh dvvxplqj wkdw wkh frq0
glwlrqdo ghqvlw| s +� m }W>|, lv vlpsoh/ lv fdoohg wkh pl{wxuh hvwlpdwru1
Ilqdoo|/ wkh iroorzlqj gl�huhqfh fdq eh qrwl�hg ehwzhhq wkhvh hvwlpdwhv1
Wkh VHP hvwlpdwh/ irupxod +9=49, > dqg wkh pl{wxuh hvwlpdwh uhvxow0
lqj iurp wkh Jleev vdpsohu fdofxodwhv wkh phdqv ri wkh h{shfwdwlrqv
ri wkh sdudphwhuv jlyhq wkh svhxgr0frpsohwh gdwd/ zkhuhdv wkh hpslu0
lfdo hvwlpdwh uhvxowlqj iurp wkh Jleev vdpsohu fdofxodwhv wkh phdqv ri
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wkh pdujlqdo srvwhulru glvwulexwlrqv ri wkh sdudphwhuv1 Olx hw do1 +4<<7,
vkrzhg wkdw wkh pl{wxuh hvwlpdwru lv dozd|v ehwwhu lq wklv vlwxdwlrq/ l1h1/
lw kdv d vpdoohu yduldqfh wkdq wkh hpslulfdo hvwlpdwru1 Wkdw lv/ wkh pl{0
wxuh hvwlpdwru kdv d vpdoohu yduldqfh dwwulexwdeoh wr wkh Jleev vdpsohu
lq hvwlpdwlqj wkh srvwhulru phdq1 Wkh srvwhulru yduldqfhv dqg fuhglelolw|
lqwhuydov duh hvwlpdwhg iurp wkh vdpsohg ydoxhv rewdlqhg iurp wkh Jleev
vdpsohu1 Ehfdxvh wkh srvwhulru ghqvlw| ri � jlyhq ]W>\ frqwdlqv d sulru
iru � lq irupxod +9=53, > lw iroorzv wkdw wkh pl{wxuh hvwlpdwh/ irupxod
+9=55, > gl�huv iurp wkh VHP hvwlpdwh/ irupxod +9=49, = Pruhryhu/ wkh
gl�huhqfhv ehwzhhq wkh vdpsolqj vfkhphv zloo fdxvh gl�huhqw hvwlpdwhv1

:1 D Gxwfk Sulpdu| Vfkrro Odqjxdjh Whvw

Wr frpsduh wkh VHP dojrulwkp zlwk wkh PFPF dojrulwkp/ d gdwdvhw
iurp d Gxwfk sulpdu| vfkrro odqjxdjh whvw zdv dqdo|}hg1 D pxowlohyho
LUW prgho zdv hvwlpdwhg zlwk wkh VHP dojrulwkp dqg wkh Jleev vdp0
sohu1 Ixuwkhupruh/ d frpsdulvrq zdv pdgh zlwk d klhudufklfdo prgho
xvlqj revhuyhg vfruhv1

Wklv uhvhdufk surmhfw hqwdlohg lq lqyhvwljdwlqj zkhwkhu vfkrrov wkdw
sduwlflsdwh lq wkh fhqwudo sulpdu| vfkrro ohdylqj whvw lq wkh Qhwkhuodqgv
rq d uhjxodu edvlv shuirup ehwwhu wkdq vfkrrov wkdw gr qrw sduwlflsdwh
rq d uhjxodu edvlv1 Wkh sxslov ri <: vfkrrov zhuh jlyhq d odqjxdjh
whvw iru judgh ; vwxghqwv1 Lq wklv dqdo|vlv/ 57 lwhpv ghvljqhg e| wkh
Qhwkhuodqgv Qdwlrqdo Lqvwlwxwh iru Hgxfdwlrqdo Phdvxuhphqw +Flwr, zhuh
xvhg1 Wkhvh lwhpv zhuh wdnhq iurp d vwdqgdugl}hg Flwr whvw xvhg lq prvw
Gxwfk vfkrrov dw judgh ;/ fdoohg wkh sulpdu| vfkrro ohdylqj whvw1 Wkh
wrwdo qxpehu ri sxslov iru zklfk gdwd zhuh dydlodeoh zdv 54891 Vfkrrov
sduwlflsdwlqj lq wkh Flwr whvw +:5 vfkrrov, rq d uhjxodu edvlv duh fdoohg
wkh Flwr vfkrrov1 Wkh uhpdlqlqj 58 vfkrrov zloo eh fdoohg wkh qrq0Flwr
vfkrrov1

Wzr vwxghqwv* fkdudfwhulvwlfv zhuh xvhg dv d suhglfwru iru wkh vwxghqwv*
dfklhyhphqw= vrflr0hfrqrplf vwdwxv +VHV, dqg d qrq0yhuedo lqwhooljhqfh
whvw +LVL,1 Wkh VHV lv edvhg rq irxu lqglfdwruv= wkh hgxfdwlrq dqg rffx0
sdwlrq ri wkh sduhqwv1 Qrq0yhuedo lqwhooljhqfh zdv phdvxuhg lq judgh :
e| xvlqj wkuhh sduwv ri dq lqwhooljhqfh whvw1 Wkh suhglfwruv LVL dqg VHV
zhuh qrupdoo| vwdqgdugl}hg1 D suhglfwru odehohg Hqg htxdohg 4 li wkh
vfkrro sduwlflsdwhv lq wkh vfkrro ohdylqj whvw/ dqg htxdov 3 li wklv lv qrw
wkh fdvh1 D frpsohwh ghvfulswlrq ri wkh gdwd fdq eh irxqg lq +Grroddug/
4<<</ ss1 8:,1 Wkh vdph suhglfwruv zhuh xvhg dv lq wkh gdwd0vhw ri
Fkdswhu 61 Exw lq wklv vwxg| wkh ghshqghqw yduldeoh fruuhvsrqghg wr d
odqjxdjh whvw lqvwhdg ri d pdwk whvw1
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Wkh vwuxfwxudo prgho xvhg lq wkh dqdo|vlv lv jlyhq e|/

��� @ �f� . ��LVL�� . �2VHV�� . h�� +9156,

�f� @ �ff . �f�Hqg� . xf�

�� @ ��f
�2 @ �2f>

zkhuh h�� y Q
�
3> �2

�
dqg xf� y Q

�
3> �2

�
= Wkh wzr0sdudphwhu qrupdo

rjlyh prgho zdv xvhg dv wkh phdvxuhphqw prgho1
Wkh iroorzlqj surfhgxuh zdv xvhg wr rewdlq lqlwldo hvwlpdwhv1 Lql0

wldo ydoxhv ri wkh lwhp sdudphwhuv zhuh frpsxwhg xvlqj Elorj0PJ +]l0
przvnl/ Pxudnl/ Plvohy|/ ) Erfn/ 4<<9,1 D glvwlqfw delolw| glvwulexwlrq
zdv xvhg iru hyhu| vxejurxs m1 Wkhq wkh PFPF surfhgxuh e| Doehuw
+4<<5, iru hvwlpdwlqj wkh qrupdo rjlyh prgho zdv uxq1 Dv wkh Jleev
vdpsohu kdg uhdfkhg frqyhujhqfh wkh phdqv ri wkh vdpsohg ydoxhv ri
+]>�> �, zhuh frpsxwhg1 Dq HP dojrulwkp zdv xvhg iru hvwlpdwlqj�
�> �2>�>W

�
zlwk wkh e� +vhh/ iru lqvwdqfh Eu|n ) Udxghqexvk/ 4<<5,1

Wkh qxpehu ri lwhudwlrqv qhfhvvdu| wr uhdfk frqyhujhqfh ri wkh VHP
dojrulwkp fdqqrw eh hydoxdwhg vlpso| lq d jhqhudo vhwwlqj1 Iru wkh Gxwfk
sulpdu| ohdylqj whvw ghvfulehg deryh/ 8> 333 lwhudwlrqv zhuh �hqrxjk�
lq wkh vhqvh wkdw diwhu d exuq0lq shulrg ri 4> 333 lwhudwlrqv d vxevwdq0
wldo lqfuhdvh lq wkh qxpehu ri lwhudwlrqv glg qrw shuwxue wkh ydoxhv ri
hujrglf dyhudjhv1 Dgglwlrqdoo|/ dw hyhu| lwhudwlrq 58 Jleev vdpsolqj
vwhsv zhuh wdnhq wr jhqhudwh dq lqghshqghqw vdpsoh ri wkh svhxgr0
frpsohwh gdwd1 Wkh gl�huhqfhv lq wkh uhvxowv zhuh qhjoljleoh zkhq udqj0
lqj wkhvh Jleev vdpsolqj vwhsv ehwzhhq 53 wr :81 Wkh ixoo| frqglwlrqdo
ghfrpsrvlwlrq ri Jleev vdpsolqj dv lq Fkdswhu 6 zdv uxq iru 53> 333
lwhudwlrqv/ zlwk d exuq0lq shulrg ri 8> 333 lwhudwlrqv1 Qrq0lqirupdwlyh
sulruv zhuh xvhg iru wkh sdudphwhuv lq wkh Jleev vdpsolqj lpsohphq0
wdwlrq1 D qrq0lqirupdwlyh sulru iru wkh gl!fxow| dqg glvfulplqdwlrq
sdudphwhu/ lqvxulqj wkdw hdfk lwhp zloo kdyh d srvlwlyh glvfulplqdwlrq
lqgh{/ dqg dvvxplqj lqghshqghqfh ehwzhhq wkh lwhp gl!fxow| dqg glv0
fulplqdwlrq sdudphwhu ohdgv wr wkh vlpxowdqhrxv qrqlqirupdwlyh sulru
s +�, b

Tg
&'� L +d& A 3, = D xqlirup sulru zdv sodfhg rq wkh �{hg h�hfwv

dqg rq wkh yduldqfh frpsrqhqwv/ wkdw lv/ s +�, b f> s
�
�2
�
b 4@�2 dqg

s
�
�2
�
b 4@�2=

Iluvw/ wkh sdudphwhu hvwlpdwhv ri wkh phdvxuhphqwv prgho duh frq0
vlghuhg/ diwhu wkdw/ wkh sdudphwhu hvwlpdwhv ri wkh vwuxfwxudo prgho dqg
ixuwkhu lpsolfdwlrqv ri wkhvh hvwlpdwhv duh frqvlghuhg1
Lq Wdeoh 914 dqg Wdeoh 915/ wkh hvwlpdwhv ri wkh lwhp sdudphwhuv uh0

vxowlqj iurp wkh Jleev vdpsohu zlwk wkh pl{wxuh hvwlpdwru dqg wkh VHP
dojrulwkp duh jlyhq1 Wkh VHP dojrulwkp surgxfhv wzr hvwlpdwruv/ wkh
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Wdeoh 9141 Sdudphwhu hvwlpdwhv ri wkh glvfulplqdwlrq sdudphwhu zlwk VHP dqg wkh
Jleev vdpsohu1

VHP Jleev Vdpsohu
phdq pd{

Lwhp @ vg @ vg @ svg FL

� �HDS �f.D �H�S �f.e �.He �f.e df�SeSc f�b�Ho
2 �SDe �fSS �S�b �fSe �Db. �fS� df�eHDc f�.2eo
� �b2H �fHS ��f�H �fHD �H.f �fbS df�SbHc ��f.�o
e �SSH �fD. �S�� �fSe �S2H �fDb df�D2fc f�.D�o
D ���DH �fHS ��fDH �fH. ��fHb �fbb df�bfSc ��2bSo
S ���bf �fH. ���SD �fHD ��fb. �fb� df�b2.c ��2bfo
. �2b. �fD2 �2Hf �fDS �2SD �fe2 df��HSc f��D�o
H ��eDe �f.2 ��eeD �f.e ��ef. ��22 d���HSc ��SS�o
b �bSH �f.2 �Hbe �f.e �b�� �f.H df�.S.c ��f.Ho

�f �b.2 �f.� �b�2 �f.2 �b�f �f.H df�.SDc ��f.�o
�� �b2. �fH� �HeD �fH2 �HeD �fHe df�Sb�c ��f2Do
�2 ��f�b �f.D �bH� �f.D �bSf �fHH df�.bSc ���e�o
�� �.�H �fSf �SD2 �fS� �SbS �fSe df�D.Hc f�H�fo
�e ����2 �f.S ��fe. �f.D ��fDD �fb2 df�HHHc ��2Dfo
�D �.eS �fS2 �SH� �fS2 �SbH �fSS df�D.Dc f�H��o
�S �DS2 �fDD �D.� �fD� �D2D �fD� df�e2.c f�S�2o
�. �SHD �fDH �Se� �fD. �Se. �fS� df�D��c f�..Do
�H ��fe2 �fS2 �bSe �fS2 ��f�� �fH. df�HDfc ���bDo
�b ���.e �fH� ��fDf �fHe ��fHe ��f. df�HHHc ���feo
2f �b.. �f.� �HHe �f.2 �b�e �fH2 df�.Sec ��fH�o
2� �b.� �fHf �HbH �fHf �HH� �f.D df�.e�c ��f�.o
22 �bDD �f.� �bfb �f.2 �Hb� �fH2 df�.e�c ��fS2o
2� ����� �fS� �bH2 �fS� ��fH� �fHb df�b�Sc ��2SDo
2e � f � f � f d�c �o

phdq ri wkh vwdwlrqdu| glvwulexwlrq/ irupxod +9=49, > odehohg xqghu wkh
froxpq phdq/ dqg wkh srlqw fruuhvsrqglqj wr wkh odujhvw revhuyhg olnh0
olkrrg/ irupxod +9=4:, > odehohg xqghu wkh froxpq pd{1 Wkh pxowlohyho
LUW prgho zdv lghqwl�hg e| �{lqj wzr lwhp0sdudphwhuv/ khuh/ d2e @ 4
dqg e2e @ 3=
Wkh froxpqv odehohg vg suhvhqw wkh vwdqgdug ghyldwlrqv ri wkh hvwl0

pdwhv uhvxowlqj iurp wkh VHP dojrulwkp xvlqj Orxlv lghqwlw|/ irupxod
+9=4<,1 Lq wklv dssolfdwlrq/ 433 vdpsohv ri +]>�>�, zhuh rewdlqhg wr
frpsxwh wkh revhuyhg lqirupdwlrq pdwul{1 Xqolnh wkh VHP hvwlpdwhv duh
wkh hvwlpdwhv uhvxowlqj iurp wkh Jleev vdpsohu fdofxodwhg lq d Ed|hvldq
iudphzrun1 Wkhuhiruh wkh srvwhulru vwdqgdug ghyldwlrqv ri wkh sdudp0
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Wdeoh 9151 Sdudphwhu hvwlpdwhv ri wkh gl!fxow| sdudphwhu zlwk VHP dqg wkh Jleev
vdpsohu1

VHP Jleev Vdpsohu
phdq pd{

Lwhp M vg M vg M svg FL

� 3�22. �feb 3�2D. �feD 3�2Db �fee d3��e�c3��SHo
2 3��Sb �feD 3��bf �feS 3��b. �f�H d3�2SSc3���bo
� 3�He� �feH 3�H�S �fe� 3�H.f �fD� d3�bS�c3�.SSo
e ���2 �fe2 ���D �fe2 ���� �fef d�2e�c ��bSo
D 3�2H� �fD� 3�2He �fD2 3���2 �fDS d3�e�ec3��bDo
S �.fH �fDb �.�� �fDb �SS� �fSf d�DD�c �.bfo
. �e.D �fe� �eee �fe2 �eDH �f�� d�effc �D2�o
H 3�fHS �feH 3�f.2 �fee 3��fb �fSb d3�2�ec �f�Do
b �eH� �feb �eSH �fD� �eDD �fD� d��S2c �DSfo

�f ��ff �fe. �fHf �feD �f.� �feb d3�f�Sc ��.So
�� 3�eD� �fDf 3�eDe �fDf 3�eH. �feH d3�D.ec3��HHo
�2 3�222 �feH 3�2f. �fDf 3�2eb �fD� d3��e2c3��e�o
�� ��D2 �fe� ��2� �fe� ���� �fe2 d�fDSc �2�Ho
�e �fD2 �feb �f�� �feb �f2S �fDD d3�f.2c ��e2o
�D 3�feD �fe� 3�f.H �fe� 3�fS. �fe� d3��e2c �f2fo
�S �2�S �fe� �2�� �fe2 ��bH �f�D d����c �2.�o
�. �2e� �fe� �22� �fe2 �22S �fef d��D2c ��fbo
�H ��Sf �fe� ��2S �fee ��e. �fDe d�febc �2Dbo
�b 3�DD. �fD2 3�Db� �fDf 3�DbD �fDS d3�SbHc3�e.So
2f 3��2e �f.e 3���2 �fSH 3��De �feb d3�2eec3�fD�o
2� �2Hb �fDe �2Db �fDD �2ee �feH d��DSc ��eSo
22 3��.. �feS 3�2�2 �feS 3�2fD �feH d3�2b�c3��fDo
2� ��bb �fe� ��De �fe� ��He �fDD d�fH�c �2bbo
2e f f f f f f dfc fo

hwhuv duh ghqrwhg e| svg1 Ixuwkhu/ wkh sdudphwhu hvwlpdwhv uhvxowlqj
iurp wkh Jleev vdpsohu duh wkh srvwhulru phdqv1 Lw fdq eh vhhq wkdw wkh
VHP hvwlpdwhv ri wkh lwhp sdudphwhuv duh forvh wr wkh pl{wxuh hvwlpdwhv
uhvxowlqj iurp wkh Jleev vdpsohu1 Frq�ghqfh lqwhuydov duh xvhg wr frp0
sduh wkh xqfhuwdlqw| derxw wkh sdudphwhu hvwlpdwhv lq uhodwlrq wr wkh
gl�huhqw hvwlpdwruv1 Wkh Ed|hvldq dqdorjxh ri d iuhtxhqwlvw frq�ghqfh
lqwhuydo lv xvxdoo| uhihuuhg wr dv d fuhglelolw| lqwhuydo1 Lq wkh Ed|hvldq
iudphzrun wkh fhqwudo srvwhulru fuhglelolw| lqwhuydov duh fdofxodwhg dv
frq�ghqfh uhjlrqv iru wkh sdudphwhuv1 Wkh <8( fhqwudo srvwhulru fuhgl0
elolw| lqwhuydov duh jlyhq xqghu wkh froxpq odehohg FL1 Doo VHP hvwlpdwhv
duh zhoo zlwklq wkh frpsxwhg fhqwudo srvwhulru fuhglelolw| lqwhuydov1 Qr0
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Wdeoh 9161 Sdudphwhu hvwlpdwhv ri wkh pxowlohyho prgho zlwk wkh Jleev vdpsohu/
vwrfkdvwlf HP/ dqg KOP xvlqj vxp vfruhv1

VHP Jleev Vdpsohu KOP
phdq pd{

Il{hg Sdu1 vg Sdu1 vg Sdu1 svg FL Sdu1 vg
H�hfwv

�
ff

���e �2fe ��eb ��b. ��2. �2fS d3�f.ec �.2bo ��S� �fee
�
f�

�2S2 �2�. �2.� �22D �2.. �2�S d3��H�c �.efo �22� �fD�
�
�f

��He �f�e ��bS �f�� ��be �f�H d��Sfc �2��o ��DS �f�f
�
2f

��DH �f�e ��SH �f�e ��SH �f�. d���Sc �2feo ��2. �f��

Udqgrp Sdu1 vg Sdu1 vg Sdu1 svg FL Sdu1
H�hfwv

j �e2� �f2f �e�b �f2� �eeD �f2. d��H.c �DfSo �ee�
� �22� �f�f �2�S �ffb �2be �f2. d�222c ��bfo ��b�

wdeoh/ wkh srvwhulru vwdqgdug ghyldwlrqv duh/ lq doprvw doo fdvhv/ odujhu
wkdq wkh vwdqgdug ghyldwlrqv uhodwhg wr wkh VHP hvwlpdwhv1 Pruh gh0
wdlohg lqirupdwlrq frqfhuqlqj wklv srlqw zloo eh surylghg odwhu1
Wdeoh 916 suhvhqwv wkh uhvxowv ri hvwlpdwlqj wkh �{hg h�hfwv dqg udq0

grp frpsrqhqwv ri wkh prgho zlwk wkh Jleev vdpsohu dqg vwrfkdvwlf
HP1 Wkh pdlq uhvxow ri wkh dqdo|vlv lv wkdw frqglwlrqdoo| rq VHV dqg
LVL/ wkh Flwr vfkrrov shuirup ehwwhu wkdq wkh qrq0Flwr vfkrrov1 Wkh
�{hg h�hfw/ �f�> prghov wkh frqwulexwlrq ri sduwlflsdwlqj lq wkh vfkrro
ohdylqj h{dp wr wkh delolw| ohyho ri wkh vwxghqwv yld lwv lq xhqfh rq wkh
lqwhufhsw �f�1 Wklv lqwhufhsw �f� lv gh�qhg dv wkh h{shfwhg dfklhyhphqw
ri d vwxghqw lq vfkrro m zkhq frqwuroolqj iru VHV dqg LVL1 Wkxv d srvl0
wlyh ydoxh ri �f� lqglfdwhv d srvlwlyh h�hfw ri sduwlflsdwlqj lq wkh vfkrro
ohdylqj h{dp wr wkh vwxghqwv* delolwlhv1 Ixuwkhu/ wkhuh lv d kljko| vlj0
ql�fdqw dvvrfldwlrq ehwzhhq wkh Ohyho 4 suhglfwruv LVL dqg VHV dqg wkh
delolw| ri wkh vwxghqwv1 Reylrxvo|/ vwxghqwv zlwk kljk LVL dqg VHV vfruhv
shuirup ehwwhu wkdq vwxghqwv zlwk orzhu vfruhv1 Wkh uhvlgxdo yduldqfh
iru wkh vfkrro0ohyho/ �f> lv wkh yduldqfh ri wkh dfklhyhphqw ri vwxghqwv
lq vfkrro m> �f�> durxqg wkh judqg phdq/ �ff> zkhq frqwuroolqj iru VHV
dqg LVL1 Reylrxvo|/ wkh xvh ri d pxowlohyho prgho lv mxvwl�hg/ ehfdxvh
d vxevwdqwldo sursruwlrq ri wkh yduldwlrq lq wkh rxwfrph dw wkh vwxghqw
ohyho zdv ehwzhhq wkh vfkrrov1
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Wkh �{hg dqg udqgrp h�hfwv duh jhqhudoo| txlwh wkh vdph iru wkh
VHP dqg wkh Jleev vdpsolqj hvwlpdwhv/ h{fhsw iru wkh Ohyho 5 yduldqfh/
� 1 Wkh vljql�fdqw gl�huhqfh ehwzhhq wkh Ohyho 5 yduldqfh0hvwlpdwhv uh0
vxowv lq gl�huhqw lqwudfodvv fruuhodwlrq frh!flhqwv1 Wkh sursruwlrq ri
yduldqfh lq delolw| dffrxqwhg iru e| jurxs0phpehuvkls/ diwhu frqwuro0
olqj iru wkh Ohyho 4 suhglfwru yduldeohv lv =678 dffruglqj wr wkh VHP
yduldqfh0hvwlpdwhv dqg =663 dffruglqj wr wkh VHP yduldqfh0hvwlpdwhv
zklfk pd{lpl}hv wkh revhuyhg olnholkrrg1 Wklv frh!flhqw lv =6<; lq fdvh
ri wkh yduldqfh0hvwlpdwhv uhvxowlqj iurp wkh Jleev vdpsohu1 Dv dq dggl0
wlrqdo fkhfn wkh �{hg h�hfwv dqg yduldqfh frpsrqhqwv duh dovr hvwlpdwhg
iurp wkh revhuyhg vfruhv xvlqj KOP iru zlqgrzv +Eu|n/ Udxghqexvk/
) Frqjgrq/ 4<<9,1 Iru frpsdudwlyh sxusrvhv/ wkh xqzhljkwhg vxpv ri
wkh lwhp uhvsrqvhv zhuh uhvfdohg vxfk wkdw wkhlu phdq dqg yduldqfh zhuh
htxdo wr wkh phdq dqg yduldqfh ri wkh srvwhulru hvwlpdwhv ri wkh delolw|
sdudphwhuv/ uhvshfwlyho|1 Wkh vwdqgdug ghyldwlrqv ri wkh KOP hvwlpdwhv
duh jlyhq xqghu wkh froxpq odehohg vg1 Wkh hvwlpdwh ri wkh Ohyho 5 ydul0
dqfh frpsrqhqw lv vpdoohu lq wkh KOP dqdo|vlv zkhuhdv wkh hvwlpdwh
ri � lv doprvw vlplodu lq frpsdulvrq wr wkh rwkhu hvwlpdwhv1 Wkh lqwu0
dfodvv fruuhodwlrq frh!flhqw frqvlvwlqj ri wkhvh yduldqfh frpsrqhqwv/ lv
=634/ zklfk lv vpdoohu wkdq wkh hvwlpdwhv ri wkh lqwudfodvv fruuhodwlrq
frh!flhqw iurp wkh VHP dssurdfk1 Ixuwkhupruh/ wkh hvwlpdwhv ri wkh
�{hg h�hfwv duh vpdoohu h{fhsw iru wkh pdlq h�hfw/ �ff= Lq frqfoxvlrq/
wkh pxowlohyho LUW dqdo|vlv/ hvwlpdwhg zlwk wkh Jleev vdpsohu dqg VHP/
phdvxuhv d juhdwhu yduldqfh ehwzhhq vwxghqwv* delolwlhv zklfk uhvxowv lq
d odujhu vfkrro0ohyho h�hfw1 Ixuwkhu/ d vkdushu glvwlqfwlrq lq vwxghqwv*
dfklhyhphqwv lv dwwdlqhg1

Wkh vwdqgdug ghyldwlrqv ri wkh VHP hvwlpdwhv duh odujhu wkdq wkh
vwdqgdug ghyldwlrqv ri wkh hvwlpdwhv uhvxowlqj iurp wkh dqdo|vlv lq KOP
xvlqj revhuyhg vfruhv1 Reylrxvo|/ wkh hvwlpdwhv uhvxowlqj iurp KOP duh
edvhg rq wkh revhuyhg vfruhv/ zklfk uhvxowv lq pruh dffxudwh hvwlpdwhv/
wkdw lv/ wkh KOP dqdo|vlv grhv qrw wdnh wkh xqfhuwdlqw| ri wkh delolw|
sdudphwhu lqwr dffrxqw1 Lw fdq eh vhhq iurp Wdeohv 914 wr 916 wkdw wkh
vwdqgdug ghyldwlrqv uhodwhg wr wkh vwrfkdvwlf HP hvwlpdwhv duh vpdoohu/
lq prvw fdvhv/ wkdq wkh srvwhulru vwdqgdug ghyldwlrqv1 Wklv revhuydwlrq
zdv dovr pdgh lq Fkdswhu 6 dqg Jodv/ Zdlqhu dqg Eudgorz +5333,1 Lw
vhhpv wkdw wkh vpdoohu vl}h ri wkh vwdqgdug ghyldwlrqv lq wkh iuhtxhqwlvw
iudphzrun lv uhodwhg wr wkh idfw wkdw wkh| duh edvhg rq dq dv|pswrwlf
dssur{lpdwlrq wkdw grhv qrw wdnh wkh vnhzqhvv lqwr dffrxqw1

Ilqdoo|/ Iljxuh 914 vkrzv wkh sodxvleoh uhjlrq ri wkh yduldqfh frpsr0
qhqwv1 Wkh uhjlrq ri lqwhuhvw frqwdlqv wkh sdudphwhu hvwlpdwhv ri +�> �, >
rewdlqhg dw hyhu| lwhudwlrq ri wkh vwrfkdvwlf HP dojrulwkp1 Wkh prvw
fhqwudo srlqw/ wkdw lv wkh phdq ri +�> �,/ fruuhvsrqg wr wkh vwrfkdvwlf
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Iljxuh 9141 Sodxvleoh uhjlrq iru Ejc ��/ jhqhudwhg e| wkh vwrfkdvwlf HP dojrulwkp1

HP hvwlpdwh ri +�> �, > irupxod +9=49, = Wkh srlqw zlwk wkh odujhvw re0
vhuyhg orj0olnholkrrg/ irupxod +9=4:, > olhv lq wkh flufoh forvh wr wkh phdq1
Wkh srlqwv zlwklq wkh flufoh uhsuhvhqw hvwlpdwhv ri +�> �, zlwk kljk re0
vhuyhg orj0olnholkrrg ydoxhv/ wkdw lv/ wkh fruuhvsrqglqj orj0olnholkrrg ydo0
xhv duh forvh wr hdfk rwkhu dqg wkhuhiruh forvh wr wkh kljkhvw revhuyhg
orj0olnholkrrg1 Wklv looxvwudwhv wkh jhqhudo lghd ehklqg vwrfkdvwlf HP1
Wkh sdudphwhuv ri lqwhuhvw duh hvwlpdwhg e| wdnlqj wkh phdq ryhu doo
srlqwv zlwklq wkh sodxvleoh uhjlrq/ zkhuh doo srlqwv fruuhvsrqg wr kljk
revhuyhg orj0olnholkrrg ydoxhv1 Dv d uhvxow/ wklv hvwlpdwh olhv forvh wr
wkh pd{lpxp olnholkrrg hvwlpdwh/ zklfk lv fkhfnhg e| frpsxwlqj wkh
revhuyhg orj0olnholkrrg dw hyhu| lwhudwlrq1
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;1 Glvfxvvlrq

Lq wklv fkdswhu/ d vwrfkdvwlf HP dojrulwkp lv xvhg wr hvwlpdwh wkh sd0
udphwhuv ri d pxowlohyho LUW prgho1 Dv phqwlrqhg/ wkh pxowlohyho LUW
prgho kdv vhyhudo dgydqwdjhv/ e| wuhdwlqj wkh ghshqghqw delolw| sdudp0
hwhuv dv odwhqw yduldeohv lq d pxowlohyho prgho dqg xvlqj dq LUW prgho
wr prgho wkhvh yduldeohv1 Dowkrxjk gluhfw sdudphwulf lqihuhqfh lv kdug
ehfdxvh wkh olnholkrrg ixqfwlrq lv yhu| frpsoh{/ pd{lpxp olnholkrrg
hvwlpdwhv fdq eh rewdlqhg zlwk wkh vwrfkdvwlf HP dojrulwkp1

Wkh xvh ri d VHP dojrulwkp iru hvwlpdwlqj wkh sdudphwhuv ri d pxo0
wlohyho LUW prgho kdv vhyhudo dsshdolqj ihdwxuhv1 Iluvw/ wkh dojrulwkp
lv hdv| wr lpsohphqw1 Vhfrqg/ dowkrxjk wkh dprxqw ri frpsxwdwlrq lq0
yroyhg fdq eh surklelwlyh/ wkh VHP dojrulwkp fdq kdqgoh wkh qxphulfdo
lqwhjudwlrqv qhhghg dovr lq fdvhv zlwk pruh wkdq wzr ohyhov1 Pruhryhu/
wkhuh duh qr olplwdwlrqv wr wkh qxpehu ri sdudphwhuv ru wkh qxpehu ri
h{sodqdwru| yduldeohv1 Lw pxvw eh uhpdunhg wkdw PPO ru Ed|hv prgho
hvwlpdwlrq surfhgxuhv duh srvvleoh exw uhtxluh wkh fdofxodwlrq ri wzr0
glphqvlrqdo lqwhjudov lq wkh fdvh ri wzr ohyhov1 Wkh lpsohphqwdwlrq ri
wkh Jleev vdpsohu dovr kdv qr olplwdwlrqv wr wkh qxpehu ri ohyhov +Ir{
) Jodv/ 5334,1 Pruhryhu/ rwkhu phdvxuhphqw huuru prghov fdq eh xvhg
wr prgho wkh odwhqw delolw| sdudphwhuv1

Wkh frpsdulvrq zlwk wkh Jleev vdpsohu vkrzhg wkdw erwk phwkrgv
hvwlpdwh wkh sdudphwhuv e| vdpsolqj wkh plvvlqj gdwd1 VHP shuirupv
gluhfw lqihuhqfh edvhg rq wkh svhxgr0frpsohwh gdwd zkhuhdv wkh Jleev
vdpsohu vdpsohv wkh hqwluh srvwhulru glvwulexwlrqv ri wkh sdudphwhuv1
Erwk phwkrgv jdyh doprvw vlplodu uhvxowv1 Lw pxvw eh srlqwhg rxw wkdw
wkh gl�huhqfhv ehwzhhq wkh vwdqgdug ghyldwlrqv dqg wkh srvwhulru vwdq0
gdug ghyldwlrqv qhhgv ixuwkhu uhvhdufk1

Wkh frqyhujhqfh ri wklv lpsohphqwdwlrq ri wkh dojrulwkp lv khog xs
wkurxjk wkh Jleev vdpsolqj surfhgxuh iru vdpsolqj wkh svhxgr0frpsohwh
gdwd1 Wkh frqyhujhqfh lv vshhghg xs e| wkh eorfn Jleev vdpsohu/ exw
d ixuwkhu lpsuryhphqw frxog eh wkh xvh ri dqrwkhu vdpsolqjv0whfkqltxh
wr vdpsoh doo svhxgr0frpsohwh gdwd dw rqfh1 Jhqhudo whfkqltxhv iru
vlpxodwlqj gudzv gluhfwo| iurp wkh wdujhw ghqvlw| dv uhmhfwlrq vdpsolqj
ru lpsruwdqfh vdpsolqj +Jhopdq hw do1/ 4<<8, frxog lpsuryh wkh udwh
ri frqyhujhqfh1 Ixuwkhupruh/ wkh qxpehu ri lwhudwlrqv qhhghg wr jhw d
vwdeoh hvwlpdwh frxog eh uhgxfhg1

Dsshqgl{ 91D= Jhrphwulf Frqyhujhqfh ri VHP

Lq wklv vhfwlrq/ lw zloo eh vkrzq wkdw wkh frqyhujhqfh ri wkh VHP
dojrulwkp/ ghvfulehg deryh/ ghshqgv rq wkh frqyhujhqfh ri wzr Pdunry
fkdlqv1 Ehfdxvh ri wkh qhvwhg vwuxfwxuh ri wkh dojrulwkp/ lw lv vkrzq wkdw
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wkh frqyhujhqfh ri rqh Pdunry fkdlq fdq eh ghgxfhg iurp wkh frqyhu0
jhqfh ri dqrwkhu Pdunry fkdlq/ zklfk uhvxowv lq wkh frqyhujhqfh ri wkh
VHP dojrulwkp1 Iluvw/ wkh Pdunry fkdlq iruphg e| wkh lpsxwhg svhxgr0
frpsohwh gdwd dw hdfk lwhudwlrq lv frqvlghuhg1 Vhfrqg/ wkh Pdunry fkdlq
iruphg e| wkh hvwlpdwhv ri wkh sdudphwhuv dw hdfk lwhudwlrq zloo eh re0
vhuyhg1 D frqvhtxhqfh ri wklv dssurdfk lv wkdw lw fdq eh vkrzq wkdw
VHP lv vlplodu wr Gdwd Dxjphqwdwlrq +Wdqqhu ) Zrqj/ 4<;:,1
Dv deryh/ gh�qh ]W @ +]>�>�, >

�
]WE6�

�
@
�
]WEf�>]WE��> = = =

�
lv d vh0

txhqfh ri udqgrp yduldeohv zlwk wkh Pdunry surshuw|/ wkdw lv/ wkh ixwxuh
ri wkh surfhvv lv lqghshqghqw ri wkh sdvw jlyhq rqo| lwv suhvhqw ydoxh1
Wkhuhiruh/

�
]WE6�

�
lv d Pdunry fkdlq frqwdlqlqj wkh udqgrp yduldeohv�

]WE6�>p 5 Q
�
zkhuh ]W wdnhv rq ydoxhv }W/ lq U?1 Wkh suredelolvwlf

prwlrq ri wkh fkdlq
�
]WE6�

�
lv gh�qhg e| d wudqvlwlrq +suredelolw|, nhu0

qho1 Wkh Jleev vdpsohu/ dv ghvfulehg deryh/ gh�qhv d vwrfkdvwlf surfhvv
zlwk wudqvlwlrq nhuqho +Jleev nhuqho,/ dv gh�qhg lq irupxodh +9=9, > +9=;,
dqg +9=<, >

N
�
}WE6�>}WE6n��

�
@ i

�
}E6n�� m �E6�>h� �}E6�>�E6�

�
>|
�

i
�
�E6n�� m }E6n��>�E6�> h�2 ��E6�>�E6�

��
i
�
�E6n�� m �E6n��> h� ��E6�

�
> hW��E6�

��
> +91D14,

zkhuh h� �}E6�>�E6�
�
lv wkh pd{lpxp olnholkrrg hvwlpdwh ri � edvhg rq�

}E6�>�E6�
�
> iru wkh rwkhu sdudphwhuv wkh vdph qrwdwlrq dssolhv1 Lq wkh

vhtxho/ wkh sdudphwhuv
�
�> �2>�>W

�
duh zulwwhq dv �=

Khuh/ frqyhujhqfh ri d fkdlq lv frqvlghuhg lq whupv ri lwv wudqvlwlrq
suredelolwlhv1 Frqyhujhqfh kdv rffxuuhg li wkh fkdlq

�
]WE6�

�
kdv uhdfkhg

d vwdeoh ru vwdwlrqdu| vwdwh1 Wkdw lv/ wkh vwurqjhvw irup ri vwdelolw|/ wkh
ghqvlw| ri ]WE6� grhv qrw fkdqjh dv p wdnhv rq gl�huhqw ydoxhv1 E|
gh�qlwlrq wkhuh h{lvwv d wdujhw ru vwdwlrqdu| ghqvlw| ri ]W jlyhq wkh gdwd
\ dqg wkh sdudphwhuv �= Fohduo|/

� +}W m �>|, @ i
�
}>�>� m �> �2>�>W>|

�
>

lv wkh vwdwlrqdu| ghqvlw| ri wkh fkdlq
�
]WE6�

�
= Wklv ghqvlw| lv lqyduldqw

ehfdxvh lw vdwlv�hv

� +}W m �>|, @

]
N +{> }W,� +{ m �>|,g{> +91D15,

zklfk vwhpv iurp irupxod +9=D=4, = Wklv lqyduldqw ghqvlw| lv lpsruwdqw
ehfdxvh lw gh�qhv wkh vwdwlrqdu| surfhvv/ exw lw dovr gh�qhv wkh orqj
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whup ru hujrglf ehkdylru ri wkh fkdlq1 Ixuwkhupruh/ lw wxuqv rxw wkdw
wkh lwhudwhg nhuqhov/ irupxod +9=D=4, > frqyhujh wr wklv lqyduldqw ghqvlw|1
Wklv fdq eh vhhq dv iroorzv1 Wkh suredelolw| wkdw wkh fkdlq dw { zloo eh
lq wkh vhw D diwhu p wudqvlwlrqv lv gh�qhg dv/

S
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]WE6� 5 D m ]WEf� @ {

�
@

]
�

N6 +{> }W,g}W= +91D16,

Wkxv/ diwhu lq�qlwh pdq| lwhudwlrqv/

S
�
]W 5 D m ]WEf� @ {
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@ olp
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N6 +{>}W, g}W

@ olp
6<"

]
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]
N63� +{>z,N +z> }W,gzg}W

@

]
�

]
� +}W m �>|,N +z> }W,gzg}W

@

]
�

� +}W m �>|,g}W= +91D17,

Wklv iroorzv iurp irupxod +9=D=5, dqg +9=D=6, = Khuh/ lw zloo eh vkrzq
wkdw qrw rqo| wkh frqyhujhqfh ri lwhudwhg nhuqhov wr wkh lqyduldqw glvwul0
exwlrq lv jxdudqwhhg/ exw wkdw dovr lqirupdwlrq fdq eh jlyhq rq wkh udwh
ri frqyhujhqfh ri wkh frqvlghuhg Pdunry fkdlqv1 Wkhuhiruh/ wzr gh�ql0
wlrqv zloo eh jlyhq wkdw surylghv lqirupdwlrq rq wkh udwh ri frqyhujhqfh
+vhh/ h1j1/ Ph|q ) Wzhhglh/ 4<<6> Wlhuqh|/ 4<<7,1

$ju�A�|�NA U�U���� +Jhrphwulf Hujrglflw|, D Pdunry fkdlq/ zlwk d

wudqvlwlrq nhuqho N6 +{> =, dqg lqyduldqw glvwulexwlrq �> lv jhrphwulfdoo|

hujrglf li wkhuh h{lvwv d qrqqhjdwlyh uhdo0ydoxhg ixqfwlrq F dqg frqvwdqw

� A 4 vxfk wkdw

nN6 +{> =,� �n|� � F +{, �36

iru doo {=

Khuh/ n=n|� lv wkh wrwdo yduldwlrq qrup/

n�n|� @ vxs
�aU?

� +D,� lqi
�aU?

� +D, >

zklfk phdvxuhv wkh gl�huhqfh ehwzhhq wzr suredelolw| glvwulexwlrqv1
Wkh qh{w gh�qlwlrq jlyhv d vwurqjhu irup ri hujrglflw| wkdw frpsuhkhqgv
jhrphwulf hujrglflw|1

$ju�A�|�NA U�U���4 +Xqlirup Hujrglflw|, D Pdunry fkdlq/ zlwk d

wudqvlwlrq nhuqho N6 +{> =, dqg lqyduldqw glvwulexwlrq �> lv xqlirupo|
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hujrglf li wkhuh h{lvwv d frqvwdqw F ?4 dqg � A 4 vxfk wkdw

nN6 +{> =,� �n� � F�36>

zkhuh n=n� lv gh�qhg dv wkh O�0qrup/nin� @
U
mi +�,mg�=

Li wkh Pdunry fkdlq lv xqlirupo| hujrglf/ wkh p0vwhs wudqvlwlrq sure0
delolwlhv frqyhujhv/ zlwk d xqlirupo| jhrphwulf udwh wr wkh vwdwlrqdu|
glvwulexwlrq ri wkh Pdunry fkdlq1 Ph|q dqg Wzhhglh +4<<6/ ss1 6<8,
jdyh frqglwlrqv xqghu zklfk d Pdunry fkdlq lv xqlirupo| hujrglf1 Wkhvh
frqglwlrqv zloo eh glvfxvvhg khuh wr suryh wkdw wkh Pdunry fkdlq

�
]WE6�

�
lv xqlirupo| hujrglf1 Doo sduwv ri wkh vsdfh fdq eh uhdfkhg e| wkh Pdunry
fkdlq/ qr pdwwhu zkdw vwduwlqj srlqw/ dv d uhvxow ri wkh vwulfw srvlwlylw| ri
wkh Jdxvvldq glvwulexwlrqv jlyhq e| irupxod +9=D=4, = Wkhuhiruh/

�
]WE6�

�
zlwk lqyduldqw glvwulexwlrq � lv luuhgxfleoh1 Wkhuh duh qr vshfl�f sru0
wlrqv ri wkh vwdwh vsdfh zklfk fdq rqo| eh ylvlwhg dw fhuwdlq uhjxoduo|
vsdfhg wlphv/ wkxv wkh fkdlq lv dshulrglf1 Vlqfh N

�
}WE6�>}WE6n��

�
lv

dovr frqwlqxrxv dqg wkh ]WE6�*v wdnh ydoxhv lq d frpsdfw vsdfh/
�
]WE6�

�
lv xqlirupo| hujrglf1 Dv d uhvxow/ diwhu d exuq0lq shulrg/ ]WE6� lv glv0
wulexwhg dffruglqj wr wkh vwdwlrqdu| ghqvlw| �=
Wkh frqyhujhqfh ri wkh VHP dojrulwkp fdq eh ghvfulehg dv wkh lw0

hudwlyh dfwlrq ri wzr gxdo Pdunry nhuqhov +Glherow ) Urehuw/ 4<<7,1
Wkh �uvw Pdunry fkdlq lv ghvfulehg deryh1 Wkh vhfrqg Pdunry fkdlq lv
iruphg e| lwhudwlrqv ri sdudphwhu hvwlpdwhv xvlqj wkh lpsxwhg gdwd dw
hdfk lwhudwlrq1 Lw zloo eh vkrzq wkdw wkh vhfrqg Pdunry fkdlq frqyhujhv
ehfdxvh ri wkh frqyhujhqfh ri wkh �uvw fkdlq

�
]WE6�

�
= Wkdw lv/ lw zloo eh

vkrzq wkdw wklv vhfrqg Pdunry fkdlq lv jhrphwulfdoo| hujrglf e| phdqv
ri wkh xqlirup hujrglflw| ri wkh �uvw Pdunry fkdlq1
Iluvwo|/ wkh nhuqho dqg vwdwlrqdu| ghqvlw| ri wklv vhfrqg fkdlq duh re0

wdlqhg1 Wklv lv grqh xvlqj wkh sulqflsohv ri Gdwd Dxjphqwdwlrq1 Dv d
uhvxow/ lw lv vkrzq wkdw wklv lpsohphqwdwlrq ri wkh VHP dojrulwkp lv d
vshfldo fdvh ri wkh Gdwd Dxjphqwdwlrq dojrulwkp1 Vhfrqgo|/ wkh frq0
yhujhqfh ri wkh vhfrqg Pdunry fkdlq lv suryhq zlwk xvh ri wkh dfklhyhg
irupxodh ri wkh nhuqho dqg vwdwlrqdu| glvwulexwlrq1
Wkh VHP dojrulwkp frqvlvwv ri vdpsolqj svhxgr0frpsohwh gdwd ]W @

+]>�>�, jlyhq wkh gdwd dqg dq hvwlpdwh ri wkh sdudphwhuv/ vd|/ h�� @�h��> h��2> h� �> hW�� > dqg hvwlpdwlqj wkh sdudphwhuv h� @
�h�> h�2> h�> hW�1 Lw lv

vkrzq wkdw jlyhq ]W @ +]>�>�, lw lv hdv| wr fdofxodwh h�> xvlqj irupxodh
+9=44, > +9=45, > +9=47, dqg +9=48,1 Iurp wklv lw fdq eh vhhq wkdw wkh lwhu0
dwlyh VHP dojrulwkp lqgxfhv vdpsohv ri pd{lpxp olnholkrrg hvwlpdwhv
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zlwk wkh iroorzlqj pdujlqdo glvwulexwlrq=
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�h� 5 D m |
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] ]
L
�h� +|>}W, 5D
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�
�
}W m h��>|� g}W��h�� m |�gh��

+91D18,

zkhuh L +=, lv gh�qhg dv wkh lqglfdwru ixqfwlrq dqg h� +|> }W, uhsuhvhqwv
wkh ixqfwlrqv iru hvwlpdwlqj wkh sdudphwhuv � jlyhq wkh gdwd dqg wkh lp0
sxwhg gdwd1 Vshfl�fdoo|/ iurp irupxodh +9=44, > +9=45, > +9=47, dqg +9=48, >
lw fdq eh vhhq wkdw h� +|>}W, @ H[ ^� m |> }W` > +91D19,

zkhuh wkh h{shfwdwlrq lv wdnhq zlwk uhvshfw wr wkh vwdwlrqdu| glvwulexwlrq
�1
D Prqwh Fduor lpsohphqwdwlrq wr fdofxodwh wkh pxowlsoh lqwhjudov lq

irupxod +9=D=8, lv surylghg e| wkh Gdwd Dxjphqwdwlrq dojrulwkp1 Wr

fdofxodwh �
�h� m |� xvlqj Prqwh Fduor lqwhjudwlrq=

41 Jhqhudwh h��, y �
�h�� m |� > o @ 4> = = = > O=

51 Jhqhudwh/ iru hdfk h��,> ]W,& y �
�
}W m h��,>|� =

Wkhvh wzr vwhsv duh dowhuqdwhg uhshdwhgo|/ vd| N wlphv1 Hyhqwx0

doo|/ fdofxodwh e��h� 5 D m |
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�h� +|> }W, m |> }W,&
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= Vwhs

4 lv grqh e| fdofxodwlqj h�� jlyhq wkh lpsxwhg }W dqg wkh gdwd | xvlqjh� +|>}W, +vhh/ Ohkpdqq ) Fdvhood/ 4<<;/ ss1 5<4,1 Vwhs 5 lv grqh yld
wkh Jleev vdpsohu gh�qhg lq wkh vr0fdoohg V0vwhs ri wkh VHP dojrulwkp1
Qrwlfh/ wklv hqwluh surfhgxuh lv wkh VHP dojrulwkp ghvfulehg lq wkh iru0
phu vhfwlrq li O @ 41 Ixuwkhupruh/ Wdqqhu dqg Zrqj +4<;:, qrwh wkdw
wklv dojrulwkp zloo zrun hyhq li O @ 41 Wkhuhiruh/ wklv lpsohphqwdwlrq
ri wkh VHP dojrulwkp lv suryhq wr eh dq lpsohphqwdwlrq ri wkh Gdwd
Dxjphqwdwlrq dojrulwkp ri Wdqqhu dqg Zrqj +4<;:,1

Irupxod +9=D=8, dqg +9=D=9, vkrzv wkdw �
�h� m |� lv wkh lqyduldqw

vwdwlrqdu| ghqvlw| ri wkh Pdunry fkdlq
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Wklv gh�qhv wkh prwlrq ri wkh fkdlq
qh�E6�

r
> wkdw lv/ wkh suredelolvwlf

prwlrq iurp h�E6�
@ h�� wr vwdwh h�E6n��

@ h�= Wkh hvwlpdwru iru � lv
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� m |> }WE6�

l
@

4

P
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+91D1<,

li wkh Pdunry fkdlq frqyhujhv1 Qrwlfh wkdw wkh h{shfwdwlrq lv wdnhq zlwk
uhvshfw wr wkh vwdwlrqdu| glvwulexwlrq �= Wkh ghvfulehg lwhudwlrq vfkhph
lv qhhghg wr fdofxodwh wkh phdq ri wklv frqglwlrqdo h{shfwdwlrq ri � jlyhq
wkh svhxgr0frpsohwh gdwd1 Fohduo|/ wkh sursrvhg hvwlpdwru lv htxlydohqw
wr wkh VHP hvwlpdwru/ irupxod +9=49,1

Xqghu uhjxodulw| frqglwlrqv rq NW
�h��> h�� wkh Gdwd Dxjphqwdwlrq

dojrulwkp frqyhujhv/ +Wdqqhu ) Zrqj/ 4<;:,1 Lq wklv vhfwlrq/ d gl�huhqw
dssurdfk lv xvhg wr hvwdeolvk wkh frqyhujhqfh ri wkh dojrulwkp1 Dv d
uhvxow/ d jhrphwulf frqyhujhqfh lv ghulyhg/ zklfk jxdudqwhhv idvw frqyhu0
jhqfh wr wkh pdujlqdo glvwulexwlrqv ri wkh frqglwlrqdo h{shfwdwlrq ri wkh
sdudphwhuv jlyhq wkh svhxgr0frpsohwh gdwd1
Wkh pdlq surshuwlhv ri wkh fkdlq

�
]WE6�

�
fdq eh wudqvihuuhg wr wkh

fkdlq
qh�E6�

r
ehfdxvh ri d gxdolw| sulqflsoh +Glherow ) Urehuw/ 4<<7,1
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Wkh jhrphwulf frqyhujhqfh ri
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Iurp irupxod +9=D=44, iroorzv wkh jhrphwulf frqyhujhqfh ri
qh�E6�

r
eh0

fdxvh ri wkh xqlirup frqyhujhqfh ri
�
]WE6�

�
= Dovr/ Olx +4<<4, suryhg

wkh jhrphwulf udwh ri frqyhujhqfh ri wkh Gdwd Dxjphqwdwlrq dojrulwkp
xqghu plog frqglwlrqv1 Ilqdoo|/ Glherow dqg Urehuw +4<<7, vkrzhg wkh
jhrphwulf udwh ri frqyhujhqfh ri wkh Gdwd Dxjphqwdwlrq dojrulwkp iru
hvwlpdwlrq ri �qlwh pl{wxuh glvwulexwlrqv zlwk xvh ri d gxdolw| sulqflsoh1





Hslorjxh

Pxowlohyho prghov duh riwhq xvhg lq wkh dqdo|vlv ri klhudufklfdo vwuxf0
wxuhg gdwd ehfdxvh ghshqghqflhv ehwzhhq gl�huhqw ohyhov duh surshuo|
ghvfulehg zlwkrxw zdvwlqj dq| lqirupdwlrq1 D surshu vshfl�fdwlrq ri d
prgho vkrxog dovr lqfoxgh wkh phdvxuhphqw huuru ri wkh yduldeohv1 Iru
h{dpsoh/ lq vfkrro h�hfwlyhqhvv uhvhdufk/ vwxghqwv* delolwlhv ru ghjuhh ri
vnloov duh dqdo|}hg lq uhodwlrq wr vfkrro fkdudfwhulvwlfv1 Vwxghqwv* delo0
lwlhv dqg fhuwdlq vfkrro fkdudfwhulvwlfv fdqqrw eh revhuyhg gluhfwo| dqg
duh phdvxuhg xvlqj whvwv ru txhvwlrqqdluhv1 Wkhvh phdvxuhphqwv fdq0
qrw eh pdgh zlwkrxw dq huuru1 Lq wklv wkhvlv/ d prgho lv lqwurgxfhg iru
ghdolqj zlwk phdvxuhphqw huuru lq erwk wkh ghshqghqw dqg lqghshqghqw
yduldeohv ri d vwuxfwxudo pxowlohyho prgho1
D fodvvlfdo wuxh vfruh prgho dqg dq lwhp uhvsrqvh wkhru| prgho duh

sursrvhg wr prgho phdvxuhphqw huuru1 Wkh frpelqdwlrq ri d pxowlohyho
prgho zlwk rqh ru pruh odwhqw yduldeohv prghohg e| d fodvvlfdo wuxh vfruh
prgho ru dq lwhp uhvsrqvh wkhru| prgho lv fdoohg d pxowlohyho wuxh vfruh
prgho ru d pxowlohyho LUW prgho/ uhvshfwlyho|1 Lq Fkdswhu 5/ wkh h�hfwv
ri phdvxuhphqw huuru rq wkh hvwlpdwlrq ri wkh sdudphwhuv ri d pxowlohyho
prgho duh dqdo|}hg xvlqj wkh pxowlohyho wuxh vfruh prgho1 Lw lv vkrzq
wkdw dwwhqxdwhg sdudphwhu hvwlpdwhv duh rewdlqhg li wkh phdvxuhphqw
huuru lq wkh pdqlihvw yduldeohv lv ljqruhg1 Prgholqj wkh phdvxuhphqw
huuru e| d fodvvlfdo wuxh vfruh prgho ru dq lwhp uhvsrqvh wkhru| prgho
ohdgv wr glvdwwhqxdwhg sdudphwhu hvwlpdwhv1 Wkh h�hfwv ri phdvxuhphqw
huuru duh dovr vkrzq zlwk d vlpxodwlrq vwxg|1
Vkulqndjh hvwlpdwruv duh xvhg wr hvwlpdwh wkh udqgrp uhjuhvvlrq fr0

h!flhqwv1 Wkh vkulqndjh hvwlpdwruv duh eldvhg exw kdyh d phdq vtxduhg
huuru wkdw lv ohvv wkdq wkh phdq vtxduhg huuru ri wkh ohdvw vtxduhv hv0
wlpdwru1 Ixuwkhu uhvhdufk lv qhhghg wr lqyhvwljdwh wkh uhodwlrqvkls eh0
wzhhq wkh dprxqw ri glvdwwhqxdwlrq dqg eldv ri wkh sdudphwhu hvwlpdwhv1
Dovr/ dowhuqdwlyh zd|v ri vkulqndjh frxog ohdg wr hvwlpdwruv zlwk d orzhu

46:
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phdq vtxduhg huuru1 Iru h{dpsoh/ hvwlpdwlqj d udqgrp uhjuhvvlrq frh!0
flhqw ri jurxs m zlwk vkulqndjh wrzdugv revhuyhg yduldeohv uhodwhg wr wkh
fkdudfwhulvwlfv ri vfkrro m frxog eh h{whqghg e| vkulqndjh wrzdugv wkh
revhuyhg yduldeohv uhodwhg wr wkh fkdudfwhulvwlfv ri doo M vfkrrov1 Wklv
grxeoh vkulqndjh hvwlpdwru frxog ohdg wr d orzhu phdq vtxduhg huuru1

Lq Fkdswhu 6/ d Pdunry fkdlq Prqwh Fduor hvwlpdwlrq surfhgxuh lv gh0
vfulehg wr hvwlpdwh wkh sdudphwhuv ri d vwuxfwxudo pxowlohyho prgho zkhuh
d odwhqw ghshqghqw yduldeoh lv phdvxuhg e| wkh qrupdo rjlyh prgho1 Lw
lv vkrzq wkdw wkh hydoxdwlrq ri wkh pxowlsoh lqwhjudov qhhghg wr vroyh wkh
hvwlpdwlrq htxdwlrqv lq dq PPO iudphzrun/ duh dyrlghg e| xvlqj wkh
Jleev vdpsohu1 Phdvxuhphqw huuruv duh wdnhq lqwr dffrxqw dqg sulru
nqrzohgjh frxog eh lqfrusrudwhg wr uhvwulfw sdudphwhuv ru wr lqfrusr0
udwh nqrzohgjh iurp suhylrxv uhvhdufk1 Wkh Jleev vdpsohu lv hdvlo|
lpsohphqwhg exw uhtxluhv d orw ri lwhudwlrqv1 Ixwxuh uhvhdufk vkrxog
irfxv rq rwkhu vdpsolqj whfkqltxhv ru d pruh h!flhqw lpsohphqwdwlrq
ri wkh Jleev vdpsohu wr uhgxfh wkh dprxqw ri lwhudwlrqv1 Lw vkrxog eh
lqyhvwljdwhg zkhwkhu frpelqlqj dq h!flhqw lpsohphqwdwlrq ri wkh eorfn
Jleev vdpsohu zlwk wkh Phwursrolv0Kdvwlqjv dojrulwkp zrxog ohdg wr d
uhgxfwlrq lq wkh uhtxluhg qxpehu ri lwhudwlrqv1 Wkdw lv/ lqvwhdg ri vdp0
solqj sdudphwhuv iurp wkhlu frqglwlrqdo glvwulexwlrqv/ vdpsoh sdudph0
whuv iurp wkh vlpxowdqhrxv glvwulexwlrq xvlqj dq h!flhqw dssur{lpdwlrq/
iurp zklfk vdpsolqj lv srvvleoh1

Lw lv vkrzq lq Fkdswhu 7 wkdw wkh Jleev vdpsohu fdq dovr eh xvhg wr
hvwlpdwh wkh vwuxfwxudo pxowlohyho prgho zkhuh vrph ri wkh h{sodqdwru|
yduldeohv duh prghohg e| dq lwhp uhvsrqvh wkhru| prgho ru d fodvvlfdo
wuxh vfruh prgho1 Wkh Ed|hvldq irupxodwlrq ri wkh pxowlohyho LUW prgho
uhvxowv lq d vwudljkwiruzdug prgho lghqwl�fdwlrq1 Wkh prgho lv lghqwl�hg
e| �{lqj hdfk odwhqw delolw| vfdoh1 Wkh pxowlohyho wuxh vfruh prgho qhhgv
sulru nqrzohgjh derxw wkh yduldqfh frpsrqhqwv iru lghqwl�fdwlrq ri wkh
prgho1 Zlwk d vlpxodwlrq vwxg| dqg d uhdo gdwd h{dpsoh lw lv vkrzq
wkdw wkh uhtxluhg sulru nqrzohgjh kljko| d�hfwv wkh sdudphwhu hvwlpdwhv1
Ixuwkhu/ wkh pxowlohyho LUW prgho kdv d orzhu phdq vtxduhg huuru wkdq
wkh pxowlohyho wuxh vfruh prgho1 Fruuhfwlqj iru phdvxuhphqw huuru zlwk
wkh qrupdo rjlyh prgho uhvxowv lq pruh yduldqfh ri wkh sdudphwhu hvwl0
pdwhv exw ohvv eldv dqg d ehwwhu �w ri wkh prgho1 Xvlqj revhuyhg vfruhv/
lqvwhdg ri prgholqj wkh odwhqw yduldeohv e| dq LUW prgho ru d fodvvlfdo
wuxh vfruh prgho/ dozd|v ohdg wr d orzhu phdq vtxduhg huuru1 Pruh uh0
vhdufk lv qhhghg wr h{sodlq wkh gl�huhqfhv ehwzhhq wkh LUW prgho dqg
wkh fodvvlfdo wuxh vfruh prgho dv phdvxuhphqw prghov1 Wklv lqfoxghv/
vshfli|lqj jxlgholqhv iru fkrrvlqj wkh fodvvlfdo wuxh vfruh prgho ru dq
LUW prgho dv d phdvxuhphqw prgho/ dqg vshfli|lqj frqglwlrqv xqghu
zklfk wkh LUW prgho uhvxowv lq d ehwwhu �w ri wkh prgho1
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Lq wkh �uvw fkdswhuv ri wkh wkhvlv lw lv dvvxphg wkdw wkh pxowlohyho
LUW prgho lv fruuhfw1 Lq Fkdswhu 8/ dwwhqwlrq lv irfxvhg rq dqdo|}0
lqj uhvlgxdov/ ghwhfwlqj rxwolhuv/ whvwlqj khwhurvfhgdvwlflw| dw Ohyho 4/
dqg fkhfnlqj wkh vhqvlwlylw| ri wkh sulru glvwulexwlrqv1 Lw lv vkrzq wkdw
Ed|hvldq odwhqw uhvlgxdov kdyh vwdqgdug qrupdo pdujlqdo glvwulexwlrqv
zklfk fdq eh xvhg wr dvvhvv wkh h{wuhphqhvv ri wkh uhdol}hg pdujlqdo
glvwulexwlrqv1 Udr0Eodfnzhoolvhg hvwlpdwruv duh ghulyhg iru wkh Ed|hvldq
odwhqw uhvlgxdov dw wkh lwhp ohyho1 Dovr/ whvwv iru ghwhfwlqj rxwolhuv dqg
iru khwhurvfhgdvwlflw| dw Ohyho 4 duh hdvlo| frpsxwhg dv d e|0surgxfw ri
wkh Jleev vdpsohu1
Wkh pxowlohyho LUW prgho lv vshfl�hg zlwk surshu sulruv wr lqvxuh wkdw

wkh srvwhulru glvwulexwlrqv duh surshu1 Wkh frpsdulvrq zlwk wkh xvh ri
lpsurshu sulruv vkrzv qr gl�huhqfhv1 Ixuwkhu/ vpdoo fkdqjhv lq wkh
sulru vshfl�fdwlrqv gr qrw uhvxow lq pdmru gl�huhqfhv lq wkh sdudphwhu
hvwlpdwhv1 Dv dq dgydqwdjh/ wkh Ed|hv idfwru lv zhoo0gh�qhg xvlqj surshu
sulruv1 Lq vrph fdvhv/ vdpsolqj iurp wkh frqglwlrqdo glvwulexwlrqv lv
gl!fxow zkhq surshu sulruv duh xvhg1 Wkhq/ wkh Phwursrolv0Kdvwlqjv
dojrulwkp lv xvhg wr rewdlq vdpsohv iurp wkh frqglwlrqdo glvwulexwlrqv1
Wkh frqyhujhqfh ri wkh dojrulwkp lv kljko| ghshqghg rq wkh sursrvdo
glvwulexwlrqv1 Pruh uhvhdufk qhhgv wr eh grqh derxw wkh vshfl�fdwlrq ri
wkh sdudphwhuv ri wkh sursrvdo glvwulexwlrq wr hvwdeolvk dq dffhswdeoh
frqyhujhqfh udwh1
Ehvlghv wkh Ed|hvldq PFPF hvwlpdwlrq surfhgxuh iru hvwlpdwlqj wkh

sdudphwhuv ri d pxowlohyho LUW prgho rwkhu surfhgxuhv pd| uhvxow lq
sdudphwhu hvwlpdwhv zlwk d vpdoohu phdq vtxduhg huuru1 Lq Fkdswhu 9/
d vwrfkdvwlf HP dojrulwkp lv lpsohphqwhg uhvxowlqj lq hvwlpdwhv forvh
wr wkh pd{lpxp olnholkrrg hvwlpdwhv1 Ixuwkhu uhvhdufk frxog irfxv rq
wkh gl�huhqfhv ehwzhhq wkh sdudphwhu hvwlpdwhv uhvxowlqj iurp VHP/
wkh Jleev vdpsohu/ dqg hvwlpdwhv iurp rwkhu surfhgxuhv olnh pdujlqdo
pd{lpxp olnholkrrg +PPO, ru Ed|hv prgdo hvwlpdwlrq xvlqj Jdxvv0
Khuplwh txdgudwxuh1 Lq wklv frpsdulvrq/ wkh phdq vtxduhg huuru ri
wkh gl�huhqw hvwlpdwhv/ dqg wkh dprxqw ri frpsxwhu wlph dqg sulru
nqrzohgjh vkrxog eh wdnhq lqwr dffrxqw wr vshfli| wkh dgydqwdjhv ri wkh
gl�huhqw hvwlpdwlrq phwkrgv1
Pruh uhvhdufk lv qhhghg wr ghyhors d vwdwlvwlfdo frpsxwhu sdfndjh

iru kdqgolqj phdvxuhphqw huuruv1 Wkh Ed|hvldq dssurdfk lv frpsxwhu
lqwhqvlyh dqg uhtxluhv dq h!flhqw lpsohphqwdwlrq1 Exw wkh vwdwlvwlfdo
lqihuhqfh fdq eh yhu| plvohdglqj zkhq wkh phdvxuhphqw huuru lv ljqruhg
dqg wkh odfn ri surjudpv lpshghv wkh xvh ri prgholqj phdvxuhphqw huuru
zlwklq d vwuxfwxudo pxowlohyho prgho1





Vdphqydwwlqj

Gdwd eh}lwwhq yddn hhq klîudufklvfkh ri jhqhvwh vwuxfwxxu1 Yrru0
ehhoghq klhuydq }lmq gdwd dinrpvwlj xlw hhq hqtxhwh zdduelm uhvsrq0
ghqwhq jhnrsshog }lmq ddq hhq lqwhuylhzhu/ orqjlwxglqdoh gdwd zdduelm
phhughuh revhuydwlhv shu lqglylgx ehvfklneddu }lmq/ hq wrhwv uhvxowdwhq
ydq vwxghqwhq elqqhq nodvvhq hq vfkrohq1 Ydqdi ehjlq mduhq wdfkwlj lv hu
hhq nodvvh ydq prghoohq rqwzlnnhog/ gh pxowlqlyhdx prghoohq/ glh uhnh0
qlqj krxgw phw gh jhqhvwh vwuxfwxxu ydq gh gdwd hq glh gh prjholmnkhlg
elhgw rp yhunoduhqgh yduldehohq wh lqfrusruhuhq rs yhuvfkloohqgh qlyhdxv1
Whyhqv lv hu vshfldolvhhugh vriwzduh rqwzlnnhog yrru khw dqdo|vhuhq ydq
pxowlqlyhdx gdwd phw ehkxos ydq hhq pxowlqlyhdx prgho1
Yrrudo lq rqghuzlmvh�hfwlylwhlwvrqghu}rhn zrugw khw pxowlqlyhdx pr0

gho yhho jheuxlnw1 Klhuphh zrughq gh h�hfwhq ydq khw rqghuzlmv rs
lqglylgxhoh ohhusuhvwdwlhv ehsddog/ whuzlmo jhfrqwurohhug zrugw yrru uh0
ohydqwh dfkwhujurqgnhqphunhq ydq ohhuolqjhq/ nodvvhq hq vfkrohq1 Gh
yhu}dphogh pxowlqlyhdx gdwd ehvwddq xlw/ rqghu dqghuh/ wrhwv uhvxowdwhq/
dfkwhujurqgnhqphunhq/ hq vfkrro0 hq nodvnhqphunhq1 Ehsddogh nhq0
phunhq }rdov/ vrflr0hfrqrplvfkh nhqphunhq hq nodvvh0jurrwwh }lmq gluhfw
revhuyhhueddu1 Hljhqvfkdsshq dov ohhusuhvwdwlhv hq vrfldoh yddugljkhghq
}lmq qlhw gluhfw revhuyhhueddu hq zrughq ddqjhgxlg dov odwhqwh yduldeh0
ohq1 Lq sudnwlmn/ zrughq gh qlhw gluhfw revhuyhhueduh nhqphunhq jhvfkdw
rs edvlv ydq hhq ddqwdo yudjhq/ rrn zho lwhpv jhqrhpg1 Klhuelm zrughq
gh jhpddnwh phhwirxwhq ryhuljhqv yddn jhqhjhhug1
Lq glw surhivfkuliw zrugw hhq qlhxz prgho jhòqwurgxfhhug yrru khw

dqdo|vhuhq ydq pxowlqlyhdx gdwd zdduelm uhnhqlqj zrugw jhkrxghq phw
phhwirxwhq lq jhrevhuyhhugh dikdqnholmnh hq yhunoduhqgh yduldehohq1 Rq0
ghu}rfkw zrugw ri gh phhwirxwhq lqyorhg kheehq rs yhughuh dqdo|vhv hq
gdduxlw yrruwyorhlhqgh frqfoxvlhv1 Whyhqv zrugw rqghu}rfkw ri khw jh0
euxln ydq hhq phhwprgho +hhq lwhp uhvsrqvh prgho f1t1 hhq LUW prgho,
hu wrh ohlgw gdw gh jhvfkdwwh sdudphwhuv jhfruuljhhug zrughq yrru phhw0
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irxwhq lq jhrevhuyhhugh yduldehohq1 Hu zrugw hhq vfkdwwlqjv0surfhgxuh
rqwzlnnhog yrru khw vlpxowddq vfkdwwhq ydq dooh sdudphwhuv lq khw prgho1
Yhughu zrugw khw LUW prgho yhujhohnhq phw khw nodvvlhnh whvw wkhrulh
prgho dov phhwprgho1 Klhurqghu yrojw hhq vdphqydwwlqj ydq gh jh0
qrhpgh dvshfwhq hq jhudssruwhhugh frqfoxvlhv1

Hhq phhwprgho lv hhq prgho yrru gh uhodwlh wxvvhq gh jhrevhuyhhugh
yduldehohq hq gh phwlqj ydq hhq +odwhqwh, frqvwuxfw1 Phhwprghoohq zru0
ghq yrrudo jheuxlnw rp hhq vfkdwwlqj wh nulmjhq ydq gh ehwurxzeddukhlg
ydq gh phwlqj1 Lq gh nodvvlhnh whvwwkhrulh rqghuvfkhlgw phq gh jhre0
vhuyhhugh hq zduh/ qlhw gluhfw revhuyhhueduh wrwddo vfruh rs hhq wrhwv1
Hhq qdghho ydq gh nodvvlhnh whvwwkhrulh lv gdw gh gh�qlwlh hq vfkdwwlqj ydq
ehwurxzeddukhlg phhvwdo srsxodwlhdikdqnholmn lv1 Lwhp uhvsrqvh wkhrulh
vwhow qlhw gh wrhwvvfruh fhqwuddo pddu gh lwhpv hq gh dqwzrrughq rs gh
lwhpv1 Hhq lwhp uhvsrqvh wkhrulh prgho ehvfkulmiw gh vdphqkdqj wxvvhq
gh odwhqwh yddugljkhlg hq khw dqwzrrugjhgudj rs hhq yhu}dpholqj lwhpv1
LUW nrpw whjhprhw ddq gh hhughu jhqrhpgh qdghohq ydq nodvvlhnh whvw0
wkhrulh rpgdw ehwurxzeddukhlg klhu frqglwlrqhho rs gh zddugh ydq gh
odwhqwh yduldehoh jhgh�qlhhug lv/ zddugrru gh vfkdwwlqj ydq gh ehwurxz0
eddukhlg ydq hhq lqglylgxhoh phwlqj qlhw phhu ydq gh yhugholqj ydq gh
odwhqwh yduldehoh krhiw di wh kdqjhq1 Gdduqddvw khhiw khw dov yrrughohq/
rqghu dqghuh/ gh vfkhlglqj ydq gh lwhp prhlolmnkhlg hq gh odwhqwh yd0
uldehoh/ hq gh wrhsdveddukhlg lq rqyroohgljh ghvljqv1 Gh frpelqdwlh ydq
hhq pxowlqlyhdx prgho phw odwhqwh yduldehohq jhprghoohhug phw hhq lwhp
uhvsrqvh wkhrulh prgho zrugw khw pxowlohyho LUW prgho jhqrhpg1 Khw
nodvvlhnh whvw wkhrulh prgho dov phhwprgho uhvxowhhuw lq khw pxowlohyho
zduh vfruh prgho1

Lq krrigvwxn wzhh zrugw ddqjhwrrqg gdw khw qhjhuhq ydq phhwirxwhq
lq gh jhrevhuyhhugh dikdqnholmnh hq2ri yhunoduhqgh yduldehohq ydq hhq
pxowlqlyhdx prgho ndq ohlghq wrw hhq rq}xlyhukhlg lq gh sdudphwhu vfkdw0
wlqjhq1 Gdduqddvw zrugw ddqjhwrrqg gdw gh yduldqwlh lq gh dikdqnholmnh
yduldehoh ddq}lhqolmn wrhqhhpw1 Phw ehkxos ydq hhq vlpxodwlh vwxglh zru0
ghq gh h�hfwhq ydq phhwirxwhq jhòooxvwuhhug1 Gh jhvfkdwwh sdudphwhuv
jhfruuljhhug phw ehkxos ydq gh ehlgh phhwprghoohq zrughq yhujhohnhq
phw jhvfkdwwh sdudphwhuv rs edvlv ydq vrp vfruhv1 Phw qdph gh vfkdw0
wlqjhq ydq gh yduldqwlh whuphq zlmnhq ydq honddu di1 Gh jhvfkdwwh sdud0
phwhuv/ jhfruuljhhug phw hhq wzhh sdudphwhu LUW prgho/ oljjhq khw
glfkwvw elm gh zhunholmnh sdudphwhuv1

Gh lqwudnodvvh fruuhodwlh frî!flhqw lv hhq pddw yrru gh sursruwlh yd0
uldqwlh ydq gh dikdqnholmnh yduldehoh yhunoddug grru yduldehohq rs jurhsv0
qlyhdx1 Gh yhuvfkloohq lq jhvfkdwwh yduldqwlhv ohlghq wrw jurwh yhuvfkloohq
lq vfkdwwlqjhq ydq gh lqwudnodvvh fruuhodwlh frî!flhqw1 Lq krrigvwxn
gulh lv hhq pxowlohyho LUW prgho jhdqdo|vhhug zdduelm gh dikdqnholmnh
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odwhqwh yduldehoh ydq hhq pxowlqlyhdx prgho jhprghoohhug lv phw hhq
LUW prgho1 Hhq vlpxodwlh vwxglh oddw rqghu phhu }lhq gdw gh lqwud0
nodvvh fruuhodwlh frî!flhqw dizlmnw ydq gh jhvlpxohhugh zddugh zdqqhhu
jhrevhhuyhhugh vfruhv jheuxlnw zrughq1 Phw glw pxowlohyho LUW prgho
}lmq whyhqv gh xlwnrpvwhq ydq hhq FLWR uhnhqwrhwv jhdqdo|vhhug1 Gh
yhunoduhqgh yduldehohq kheehq hhq jurwhu h�hfw rs gh uhnhqyddugljkhlg
zdqqhhu gh phhwirxwhq jhprghoohhug zrughq phw hhq LUW prgho1 Gh
yddugljkhghq jhvfkdw phw khw pxowlohyho LUW prgho glvfulplqhuhq gh
ohhuolqjhq ehwhu/ khwjhhq whyhqv ohlgw wrw hhq jurwhu jurhsvh�hfw1

Lq krrigvwxn ylhu }lmq hhq ri phhughuh yhunoduhqgh yduldehohq lq hhq
pxowlqlyhdx prgho jhprghoohhug phw hhq wzhh sdudphwhu LUW prgho
hq khw nodvvlhnh whvw wkhrulh prgho1 Gh prghoohq }lmq phw ehkxos ydq
hhq vlpxodwlh vwxglh hq hhq uhnhqwrhwv phw honddu yhujhohnhq1 Gdduelm
lv gh jhplgghogh nzdgudwlvfkh irxw +PVH, wxvvhq gh jhrevhuyhhugh hq
yrruvshogh vfruhv jhîydoxhhug1 Khw pxowlohyho LUW prgho phw dooh odwhqwh
yhunoduhqgh yduldehohq jhprghoohhug phw khw wzhh sdudphwhu LUW prgho
uhvxowhhuw lq gh nohlqvwh PVH zddugh1

Khw pxowlohyho LUW prgho lv hhqyrxglj wh lghqwl�fhuhq grru gh vfkddo
ydq gh odwhqwh yduldehohq ydvw wh ohjjhq1 Gh lghqwl�fdwlh ydq khw pxowl0
ohyho zduh vfruh prgho yhuhlvw d sulrul lqirupdwlh ryhu gh yduldqwlh ydq
gh phhwirxw1 Gh}h yduldqwlh lv prhlolmn wh vfkdwwhq/ hq gh}h vfkdwwlqj
khhiw lqyorhg rs gh vfkdwwlqjhq ydq gh ryhuljh sdudphwhuv1

Gh vwdqgddug vfkdwwlqjvphwkrgh yrru lwhp uhvsrqvh wkhrulh prghoohq
lv �Pdujlqdo Pd{lpxp Olnholkrrg�1 Khw vlpxowddq vfkdwwhq ydq dooh
sdudphwhuv ydq hhq pxowlohyho LUW prgho phw gh}h phwkrgh lv sur0
eohpdwlvfk ddqjh}lhq hu yhho phhuyrxgljh lqwhjudohq xlwjhuhnhqg prhwhq
zrughq1 Vwdqgddug phwkrghq vfklhwhq klhulq wh nruw/ ri nxqqhq vohfkwv
jhghhowholmnh gh nodvvh ydq pxowlohyho LUW prghoohq vfkdwwhq1 Phw ehkxos
ydq uhfhqw rqwzlnnhogh whfkqlhnhq/ Pdunry fkdlq Prqwh Fduor +PFPF,/
nxqqhq gh sdudphwhuv zho vlpxowddq zrughq jhvfkdw1 Lq krrigvwxn gulh
hq ylhu zrughq lpsohphqwdwlhv jhjhyhq zdduelm odwhqwh yduldehohq lq hhq
pxowlqlyhdx prgho jhprghoohhug zrughq phw khw LUW prgho hq phw khw
nodvvlhnh whvw wkhrulh prgho1 Vlpxodwlh vwxglhv odwhq }lhq gdw gh sdud0
phwhuv phw ehlgh phhwprghoohq ehkrruolmn qdxznhxulj jhvfkdw nxqqhq
zrughq1 Gh vfkdwwlqjvphwkrgh lv  h{leho hq elhgw prjholmnkhghq rp dq0
ghuh phhwphwkrghq wh jheuxlnhq zddugrru hhq uhdolvwlvfkh pdqlhu ydq
prghoohuhq prjholmn lv1 Ddq gh dqghuh ndqw lv gh phwkrgh wlmguryhqg/
pddu phw gh wrhqhphqgh frpsxwhu vqhokhlg olmnw glw lq gh wrhnrpvw jhhq
revwdnho phhu wh }lmq1

Phw gh}h Ed|hvlddqvh vfkdwwlqjvphwkrgh zrughq gh jhplgghoghq ydq
gh d srvwhulrul yhugholqjhq ydq gh sdudphwhuv jheuxlnw dov vfkdwwhuv1
Lq krrigvwxn }hv zrugw hhq dqghuh vfkdwwlqjvsurfhgxuh jheuxlnw rp gh
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phhvw ddqqhpholmnh vfkdwwhu wh ehsdohq1 Gh}h phwkrgh ohyhuw yhujholmn0
eduh vfkdwwlqjhq yrru gh sdudphwhuv rs1
Khw pxowlohyho LUWprgho ehydw hhq ddqwdo ddqqdphv glh jhfrqwurohhug

prhwhq zrughq1 Khw wrhwvhq ydq gh}h yhuvfkloohqgh ddqqdphv ydq khw
pxowlohyho LUW prgho yhuhlvw qrj yhho rqghu}rhn1 Krrigvwxn ylmi oddw
hhq ddqwdo dvshfwhq }lhq pddu lv jhhqv}lqv yroohglj1 Hu zrugw ddqgdfkw
ehvwhhg ddq khw dqdo|vhuhq ydq gh uhvlgxhq hq gh jheuxlnwh sulruv/ khw
ehsdohq ydq xlwvfklhwhuv/ hq khw wrhwvhq rs khwhurvfhgdvwlflwhlw1 Ed|h0
vlddqvh uhvlgxhq kheehq yhuvfkloohqgh pdujlqdoh yhugholqjhq hq }lmq
klhugrru prhlolmn wh yhujholmnhq1 Glw lq whjhqvwhoolqj wrw gh Ed|hvlddqvh
odwhqwh uhvlgxhq glh hhq vwdqgddug qrupdoh yhugholqj kheehq hq gluhfw
yhujholmneddu }lmq1 Lq krrigvwxn ylmi }lmq vfkdwwhuv yrru gh}h odwhqwh
uhvlgxhq dijhohlg1 Whyhqv }lmq irupxohv dijhohlg rp xlwvfklhwhuv wh nxq0
qhq lghqwl�fhuhq1 Gh uhvlgxhq hq xlwvfklhwhuv }lmq hhqyrxglj wh ehuhnh0
qhq wlmghqv gh vfkdwwlqjvsurfhgxuh1 Lq krrigvwxn gulh hq ylhu }lmq qlhw0
lqirupdwlhyh sulruv jheuxlnw yrru khw dqdo|vhuhq ydq gh gdwd vhwv1 Gh}h
sulruv }lmq yddn rqhljhqolmn/ rpgdw gh lqwhjuddo ryhu kxq grphlq qlhw
jholmn ddq ììq lv1 Glw khhiw dov qdghho gdw gh jhuhodwhhugh d srvwhulrul
yhugholqjhq rrn rqhljhqolmn nxqqhq }lmq1 Lq krrigvwxn ylmi lv ddqjhwrrqg
gdw khw jheuxln ydq qlhw0lqirupdwlhyh hljhqolmnh sulruv ohlgw wrw qdjhqrhj
gh}hoigh xlwnrpvwhq1
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Kdoo1

Glherow/ M1/ ) Urehuw/ F1S1 +4<<7,1 Hvwlpdwlrq ri �qlwh pl{wxuh glvwul0
exwlrqv wkurxjk Ed|hvldq vdpsolqj1 Mrxuqdo ri wkh Ur|do Vwdwlvwlfdo
Vrflhw|/ Vhulhv E/ 89/ 69606:81

Grroddug/ V1 +4<<<,1 Vfkrrov lq fkdqjh ru vfkrrov lq fkdlqv1 Xqsxeolvkhg
grfwrudo glvvhuwdwlrq/ Xqlyhuvlw| ri Wzhqwh/ Wkh Qhwkhuodqgv1

Ir{/ M10S1/ ) Jodv/ F1D1Z1 +5334,1 Ed|hvldq hvwlpdwlrq ri d pxowlohyho
LUW prgho xvlqj Jleev vdpsolqj1 Sv|fkrphwulnd/ 99/ 59<05;91

Iuhhgpdq/ O1V1/ Fduuroo/ U1M1/ ) Zd{/ \1 +4<<4,1 Hvwlpdwlqj wkh uhodwlrq
ehwzhhq glhwdu| lqwdnh rewdlqhg iurp d irrg iuhtxhqf| txhvwlrqqdluh
dqg wuxh dyhudjh lqwdnh1 Dphulfdq Mrxuqdo ri Hslghplrorj|/ 467/ 6430
6531

Ixoohu/ Z1D1 +4<;:,1 Phdvxuhphqw huuru prghov1 Qhz \run/ Q\= Mrkq
Zloh| ) Vrqv/ Lqf1

Jhoidqg/ D1H1/ Kloov/ V1H1/ Udflqh0Srrq/ D1/ ) Vplwk/ D1I1P1 +4<<3,1
Looxvwudwlrq ri Ed|hvldq lqihuhqfh lq qrupdo gdwd prghov xvlqj Jleev
vdpsolqj1 Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/ ;8/ <:50
<;81



47; PXOWLOHYHO LUW= D ED\HVLDQ SHUVSHFWLYH

Jhoidqg/ D1H1/ ) Vplwk/ D1I1P1 +4<<3,1 Vdpsolqj0edvhg dssurdfkhv wr
fdofxodwlqj pdujlqdo ghqvlwlhv1 Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Dv0
vrfldwlrq/ ;8/ 6<;073<1

Jhopdq/ D1 +4<<8,1 Lqihuhqfh dqg prqlwrulqj frqyhujhqfh1 LqZ1U1 Jlonv/
V1 Ulfkdugvrq/ ) G1M1 Vslhjhokdowhu +Hgv1,/ Pdunry Fkdlq Prqwh
Fduor lq sudfwlfh +ss1 4640476,1 Orqgrq= Fkdspdq ) Kdoo1

Jhopdq/ D1/ Fduolq/ M1E1/ Vwhuq/ K1V1/ ) Uxelq/ G1E1 +4<<8,1 Ed|hvldq
gdwd dqdo|vlv1 Orqgrq= Fkdspdq ) Kdoo1

Jhopdq/ D1/ Phqj/ [10O1/ ) Vwhuq/ K1V1 +4<<9,1 Srvwhulru suhglfwlyh
dvvhvvphqw ri prgho �wqhvv yld uhdol}hg glvfuhsdqflhv1 Vwdwlvwlfd Vlqlfd
9/ :660;3:1

Jhpdq/ V1/ ) Jhpdq/ G1 +4<;7,1 Vwrfkdvwlf uhod{dwlrq/ Jleev glvwulex0
wlrq/ dqg wkh Ed|hvldq uhvwrudwlrq ri lpdjhv1 LHHH Wudqvdfwlrqv rq
Sdwwhuq Dqdo|vlv dqg Pdfklqh Lqwhooljhqfh/ 9/ :540:741

Jleerqv/ U1G1/ ) Erfn/ U1G1 +4<;:,1 Wuhqg lq fruuhodwhg sursruwlrqv1
Sv|fkrphwulnd/ 85/ 44604571

Jleerqv/ U1G1/ ) Khghnhu/ G1U1 +4<<5,1 Ixoo0lqirupdwlrq el0idfwru dqdo0
|vlv1 Sv|fkrphwulnd/ 8:/ 75607961

Jlonv/ Z1U1 +4<<9,1 Ixoo frqglwlrqdo glvwulexwlrqv1 Lq Z1U1 Jlonv/ V1
Ulfkdugvrq/ ) G1M1 Vslhjhokdowhu +Hgv1,/ Pdunry Fkdlq Prqwh Fduor
lq sudfwlfh +ss1 :80;;,1 Orqgrq= Fkdspdq ) Kdoo1

Jodv/ F1D1Z1/ Zdlqhu/ K1/ ) Eudgorz H1W1 +5333,1 PPO dqg HDS hv0
wlpdwlrq lq whvwohw0edvhg dgdswlyh whvwlqj1 Lq Z1M1 ydq ghu Olqghq
) F1D1Z1 Jodv +Hgv1,/ Frpsxwhul}hg dgdswlyh whvwlqj= Wkhru| dqg
sudfwlfh +5:405;:,1 Ervwrq PD= Noxzhu Dfdghplf Sxeolvkhuv1

Jrogvwhlq/ K1 +4<;9,1 Pxowlohyho pl{hg olqhdu prgho dqdo|vlv xvlqj lwhu0
dwlyh jhqhudol}hg ohdvw vtxduhv1 Elrphwulnd/ :6/ 760891

Jrogvwhlq/ K1 +4<;<,1 Prghov iru pxowlohyho uhvsrqvh yduldeohv zlwk dq
dssolfdwlrq wr jurzwk fxuyhv1 Lq U1G1 Erfn +Hg1,/ Pxowlohyho dqdo|vlv
ri hgxfdwlrqdo gdwd +ss1 43:0458,1 Vdq Glhjr/ FD= Dfdghplf Suhvv/
Lqf1

Jrogvwhlq/ K1 +4<<8,1 Pxowlohyho vwdwlvwlfdo prghov +5qg hg1,1 Orqgrq=
Hgzdug Duqrog1

Jrogvwhlq/ K1 +4<<:,1 Phwkrgv lq vfkrro h�hfwlyhqhvv uhvhdufk1 Vfkrro
H�hfwlyhqhvv dqg Vfkrro Lpsuryhphqw/ ;/ 69<06<81

Jrogvwhlq/ K1/ Udvedvk/ M1/ Sohzlv/ L1/ Gudshu/ G1/ Eurzqh/ Z1/ \dqj/
P1/ Zrrgkrxvh/ J1/ ) Khdo|/ P1 +4<<;,1 D xvhu*v jxlgh wr POzlQ1
Orqgrq/ Pxowlohyho Prghov Surmhfw/ Lqvwlwxwh ri Hgxfdwlrq/ Xqlyhuvlw|
ri Orqgrq1

Kdpeohwrq/ U1N1/ ) Vzdplqdwkdq/ K1 +4<;8,1 Lwhp uhvsrqvh wkhru|=
Sulqflsohv dqg dssolfdwlrqv1 Ervwrq= Noxzhu Qlmkr� Sxeolvklqj1
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Khghnhu/ G1U1/ ) Jleerqv/ U1G1 +4<<7,1 D udqgrp0h�hfwv ruglqdo uh0
juhvvlrq prgho iru pxowlohyho dqdo|vlv1 Elrphwulfv/ 83/ <660<771

Krehuw/ M1S1/ ) Jh|hu/ F1M1 +4<<;,1 Jhrphwulf hujrglflw| ri Jleev dqg
eorfn Jleev vdpsohuv iru d klhudufklfdo udqgrp h�hfwv prgho1 Mrxuqdo
ri Pxowlyduldwh Dqdo|vlv/ 9:/ 74707631

Krhuo/ D1H1/ ) Nhqqdug/ U1Z1 +4<:3,1 Ulgjh uhjuhvvlrq= Eldvhg hvwlpd0
wlrq iru qrqruwkrjrqdo sureohpv1 Whfkqrphwulfv/ 45/ 8809:1

Kripdq/ U1K1/ ) Ervnhu/ U1M1 +4<<<,1 Gh vfkdnhov lq zhhu vdphq qddu
vfkrro= hhq rqghu}rhn qddu gh yhurqghuvwhogh nhwhqvwuxfwxxu ydq khw
ZVQV0ehohlg1 Gh Olhu= Dfdghplvfk Erhnhq Fhqwuxp1

Krlmwlqn/ K1/ ) Errpvpd/ D1 +4<<8,1 Rq shuvrq sdudphwhu hvwlpdwlrq lq
wkh glfkrwrprxv Udvfk prgho1 Lq J1K1 Ilvfkhu ) L1 Prohqddu +Hgv1,/
Udvfk prghov= irxqgdwlrqv/ uhfhqw ghyhorsphqwv dqg dssolfdwlrqv +ss1
8609;,1 Qhz \run/ Q\= Vsulqjhu1

Krlmwlqn/ K1/ )Prohqddu/ L1Z1 +4<<:,1 D pxowlglphqvlrqdo lwhp uhvsrqvh
prgho= frqvwudlqhg odwhqw fodvv dqdo|vlv xvlqj wkh Jleev vdpsohu dqg
srvwhulru suhglfwlyh fkhfnv1 Sv|fkrphwulnd/ 95/ 4:404;<1

Kr{/ M1M1 +4<<8,1 Dssolhg pxowlohyho dqdo|vlv +5qg hg1,1 Dpvwhugdp= WW0
Sxeolndwlhv1

Kÿwwqhu/ K1M1P1/ ) ydq ghq Hhghq/ S1 +4<<8,1 Wkh pxowlohyho ghvljq=
D jxlgh zlwk dq dqqrwdwhg eleolrjudsk| 4<;304<<61 Zhvwsruw= Juhhq0
zrrg Suhvv1

Ls/ H1K1V1 +4<<7,1 D vwrfkdvwlf HP dojrulwkp lq wkh suhvhqfh ri plvv0
lqj gdwd 0 wkhru| dqg dssolfdwlrqv1 Whfkqlfdo Uhsruw GPV <6034699/
Ghsduwphqw ri Vwdwlvwlfv/ Vwdqirug Xqlyhuvlw|1

Mrkqvrq/ Y1H1/ ) Doehuw/ M1K1 +4<<<,1 Ruglqdo gdwd prgholqj1 Qhz \run/
Q\= Vsulqjhu0Yhuodj/ Lqf1

Ndvv/ U1H1/ ) Udiwhu|/ D1H1 +4<<8,1 Ed|hv idfwruv1 Mrxuqdo ri wkh Dphu0
lfdq Vwdwlvwlfdo Dvvrfldwlrq/ <3/ ::60:<81

Ndvv/ U1H1/ ) Zdvvhupdq/ O1 +4<<9,1 Wkh vhohfwlrq ri sulru glvwulexwlrqv
e| irupdo uxohv1 Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/ <4/
4676046:31

Nuhiw/ L1J1J1/ ) gh Ohhxz/ M1 +4<<;,1 Lqwurgxflqj pxowlohyho prgholqj1
Orqgrq= Vdjh Sxeolfdwlrqv1

Odylqh/ P1/ ) Vfkhuylvk/ P1M1 +4<<<,1 Ed|hv idfwruv= Zkdw wkh| duh dqg
zkdw wkh| duh qrw1 Wkh Dphulfdq Vwdwlvwlfldq/ 86/ 4<04551

Ohkpdqq/ H1O1 +4<;9,1 Whvwlqj vwdwlvwlfdo k|srwkhvhv +5qg hg1,1 Qhz
\run/ Q\= Vsulqjhu0Yhuodj Qhz \run/ Lqf1

Ohkpdqq/ H1O1/ ) Fdvhood/ J1 +4<<;,1 Wkh wkhru| ri srlqw hvwlpdwlrq
+5qg hg1,1 Qhz \run/ Q\= Vsulqjhu0Yhuodj Qhz \run/ Lqf1

Olqgoh|/ G1Y1/ ) Vplwk/ D1I1P1 +4<:5,1 Ed|hv hvwlpdwhv iru wkh olqhdu
prgho1 Mrxuqdo ri wkh Ur|do Vwdwlvwlfdo Vrflhw|/ Vhulhv E/ 67/ 40741
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Olx/ M1 +4<<4,1 Fruuhodwlrq vwuxfwxuh dqg frqyhujhqfh udwh ri wkh Jleev
vdpsohu1 Xqsxeolvkhg grfwrudo glvvhuwdwlrq/ Xqlyhuvlw| ri Fklfdjr/
Fklfdjr/ LO1

Olx/ M1V1/ Zrqj/ K1Z1/ ) Nrqj/ D1 +4<<7,1 Fryduldqfh vwuxfwxuh ri wkh
Jleev vdpsohu zlwk dssolfdwlrqv wr wkh frpsdulvrqv ri hvwlpdwruv dqg
dxjphqwdwlrq vfkhphv1 Elrphwulnd/ ;4/ 5:0731

Orqjirug/ Q1W1 +4<<3,1 YDUFO1 Vriwzduh iru yduldqfh frpsrqhqw dqdo0
|vlv ri gdwd zlwk qhvwhg udqgrp h�hfwv +pd{lpxp olnholkrrg,1 Sulqfh0
wrq/ QM= Hgxfdwlrqdo Whvwlqj Vhuylfh1

Orqjirug/ Q1W1 +4<<6,1 Udqgrp frh!flhqw prghov1 Qhz \run/ Q\= R{0
irug Xqlyhuvlw| Suhvv Lqf1

Orug/ I1P1 +4<;3,1 Dssolfdwlrqv ri lwhp uhvsrqvh wkhru| wr sudfwlfdo whvw0
lqj sureohpv1 Kloovgdoh/ Qhz Mhuvh|= Odzuhqfh Huoedxp Dvvrfldwhv/
Lqf1/ Sxeolvkhuv1

Orug/ I1P1/ ) Qrylfn/ P1U1 +4<9;,1 Vwdwlvwlfdo wkhrulhv ri phqwdo whvw
vfruhv1 Uhdglqj/ PD= Dgglvrq0Zhvoh|1

Orxlv/ W1D1 +4<;5,1 Ilqglqj wkh revhuyhg lqirupdwlrq pdwul{ zkhq xvlqj
wkh HP dojrulwkp1 Mrxuqdo ri wkh Ur|do Vwdwlvwlfdo Vrflhw|/ Vhulhv E/
77/ 55905661

PdfHdfkhuq/ V1Q1/ ) Ehuolqhu/ O1P1 +4<<7,1 Vxevdpsolqj wkh Jleev vdp0
sohu1 Wkh Dphulfdq Vwdwlvwlfldq/ 7;/ 4;;04<31

Pdoolfn/ E1N1/ ) Jhoidqg/ D1H1 +4<<9,1 Vhplsdudphwulf huuruv0lq0ydul
deohv prghov= D Ed|hvldq dssurdfk1 Mrxuqdo ri Vwdwlvwlfdo Sodqqlqj
dqg Lqihuhqfh/ 85/ 63:06541

Pdvrq/ Z1P1/ Zrqj/ J1\1/ ) Hqwzlvoh/ E1 +4<;6,1 Frqwh{wxdo dqdo|vlv
wkurxjk wkh pxowlohyho olqhdu prgho1 Lq V1 Ohlqkdugw +Hg1,/ Vrflrorjlfdo
phwkrgrorj| +ss1 :50436,1 Vdq Iudqflvfr= Mrvvh|0Edvv1

Pdwkvriw/ Lqf1 +4<<<,1 V0Soxv 5333 Surjudpphu*v jxlgh dqg Frpsxwhu
Surjudp1 Vhdwwoh/ ZD= Gdwd dqdo|vlv surgxfwv glylvlrq/ Pdwkvriw1

PfGrqdog/ U1S1 +4<9:,1 Qrqolqhdu idfwru dqdo|vlv1 Sv|fkrphwulf prqr0
judskv/ 481

PfGrqdog/ U1S1 +4<;5,1 Olqhdu yhuvxv qrqolqhdu prghov lq odwhqw wudlw
wkhru|1 Dssolhg Sv|fkrorjlfdo Phdvxuhphqw/ 9/ 6:<06<91

PfGrqdog/ U1S1 +4<<:,1 Qrupdo0rjlyh pxowlglphqvlrqdo prgho1 Lq Z1M1
ydq ghu Olqghq ) U1N1 Kdpeohwrq +Hgv1,/ Kdqgerrn ri prghuq lwhp
uhvsrqvh wkhru| +ss1 58:059<,1 Qhz \run/ Q\= Vsulqjhu1

Phqj/ [10O1 +4<<7,1 Srvwhulru suhglfwlyh s0ydoxhv1 Wkh Dqqdov ri Vwdwlv0
wlfv/ 55/ 4475044931

Ph|q/ V1S1/ ) Wzhhglh/ U1O1 +4<<6,1 Pdunry fkdlqv dqg vwrfkdvwlf vwd0
elolw|1 Orqgrq= Vsulqjhu0Yhuodj1

Plvohy|/ U1M1 +4<;9,1 Ed|hv prgho hvwlpdwlrq lq lwhp uhvsrqvh prghov1
Sv|fkrphwulnd/ 84/ 4::04<81
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Plvohy|/ U1M1/ ) Erfn/ U1G1 +4<;<,1 D klhudufklfdo lwhp0uhvsrqvh prgho
iru hgxfdwlrqdo whvwlqj1 Lq U1G1 Erfn +Hgv1,/ Pxowlohyho dqdo|vlv ri
hgxfdwlrqdo gdwd +ss1 8:0:7,1 Vdq Glhjr= Dfdghplf Suhvv1

Pruulv/ F1Q1 +4<;6,1 Sdudphwhulf hpslulfdo Ed|hv lqihuhqfh= Wkhru| dqg
dssolfdwlrqv +zlwk glvfxvvlrq,1 Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Dv0
vrfldwlrq/ :;/ 7:0981

Pÿoohu/ S1/ ) Urhghu/ N1 +4<<:,1 D Ed|hvldq vhplsdudphwulf prgho iru
fdvh0frqwuro vwxglhv zlwk huuruv lq yduldeohv1 Elrphwulnd/ ;7/ ss 8560
86:1

Pxwkìq/ E1R1 +4<;<,1 Odwhqw yduldeoh prgholqj lq khwhurjhqhrxv srsx0
odwlrqv1 Sv|fkrphwulnd/ 87/ 88:08;81

Pxwkìq/ N1O1/ ) Pxwkìq/ E1R1 +4<<;,1 Psoxv1 Wkh frpsuhkhqvlyh prg0
holqj surjudp iru dssolhg uhvhdufkhuv1 Orv Dqjhohv/ FD= Pxwkìq )
Pxwkìq1

R*Kdjdq/ D1 +4<<8,1 Iudfwlrqdo Ed|hv idfwruv iru prgho frpsdulvrq1
Mrxuqdo ri wkh Ur|do Vwdwlvwlfdo Vrflhw|/ Vhulhv E/ 8:/ <<046;1

Sdw}/ U1M1/ ) Mxqnhu/ E1Z1 +4<<<d,1 D vwudljkwiruzdug dssurdfk wr
Pdunry fkdlq Prqwh Fduor phwkrgv iru lwhp uhvsrqvh prghov1 Mrxuqdo
ri Hgxfdwlrqdo dqg Ehkdylrudo Vwdwlvwlfv/ 57/ 47904:;1

Sdw}/ U1M1/ ) Mxqnhu/ E1Z1 +4<<<e,1 Dssolfdwlrqv dqg h{whqvlrqv ri
PFPF lq LUW= Pxowlsoh lwhp w|shv/ plvvlqj gdwd/ dqg udwhg uh0
vsrqvhv1 Mrxuqdo ri Hgxfdwlrqdo dqg Ehkdylrudo Vwdwlvwlfv/ 57/ 6750
6991

Sdxohu/ G1N1/ Zdnh�hog/ M1F1/ ) Ndvv/ U1H1 +4<<<,1 Wkhru| dqg phwkrgv
0 Ed|hv idfwruv dqg dssur{lpdwlrqv iru yduldqfh frpsrqhqw prghov1
Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/ <7/ 4575045861

Udr/ F1U1 +4<:6,1 Olqhdu vwdwlvwlfdo lqihuhqfh dqg lwv dssolfdwlrqv +5qg
hg1,1 Qhz \run/ Q\= Mrkq Zloh| ) Vrqv/ Lqf1

Udxghqexvk/ V1Z1 +4<;;,1 Hgxfdwlrqdo dssolfdwlrqv ri klhudufklfdo olqhdu
prghov= D uhylhz1 Mrxuqdo ri Hgxfdwlrqdo Vwdwlvwlfv/ 46/ ;804491

Udxghqexvk/ V1Z1/ Eu|n/ D1V1/ Fkhrqj/ \1I1/ ) Frqjgrq/ U1W1/ Mu1
+5333,1 KOP 81 Klhudufklfdo olqhdu dqg qrqolqhdu prgholqj1 Olqfro0
qzrrg/ LO> Vflhqwl�f Vriwzduh Lqwhuqdwlrqdo/ Lqf1

Udxghqexvk/ V1Z1/ ) Vdpsvrq/ U1M1 +4<<<,1 Hfrphwulfv= Wrzdug d vfl0
hqfh ri dvvhvvlqj hfrorjlfdo vhwwlqjv/ zlwk dssolfdwlrq wr wkh v|vwhpdwlf
vrfldo revhuydwlrq ri qhljkerukrrgv1 Vrflrorjlfdo Phwkrgrorj|/ 5</ 40
741

Ulfkdugvrq/ V1 +4<<9,1 Phdvxuhphqw huuru1 Lq Z1U1 Jlonv/ V1 Ulfkdugvrq/
) G1M1 Vslhjhokdowhu +Hgv1,/ Pdunry Fkdlq Prqwh Fduor lq sudfwlfh
+ss1 734074:,1 Orqgrq= Fkdspdq ) Kdoo1

Urehuw/ F1S1/ ) Fdvhood/ J1 +4<<<,1Prqwh Fduor vwdwlvwlfdo phwkrgv1 Qhz
\run/ Q\= Vsulqjhu1
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Urehuwv/ J1R1/ ) Vdkx/ V1N1 +4<<:,1 Xsgdwlqj vfkhphv/ fruuhodwlrq vwuxf0
wxuh/ eorfnlqj dqg sdudphwul}dwlrq iru wkh Jleev vdpsohu1 Mrxuqdo ri
wkh Ur|do Vwdwlvwlfdo Vrflhw|/ Vhulhv E/ 8</ 5<4064:1

Urvqhu/ E1/ Zloohww/ Z1F1/ ) Vslhjhopdq/ G1 +4<;<,1 Fruuhfwlrq ri or0
jlvwlf uhjuhvvlrq uhodwlyh ulvn hvwlpdwhv dqg frq�ghqfh lqwhuydov iru
v|vwhpdwlf zlwklq0shuvrq phdvxuhphqw huuru1 Vwdwlvwlfv lq Phglflqh/
;/ 43840439<1

Uxelq/ G1E1 +4<;4,1 Hvwlpdwlrq lq sdudooho udqgrpl}hg h{shulphqwv1
Mrxuqdo ri Hgxfdwlrqdo Vwdwlvwlfv/ 9/ 6::07331

Uxelq/ G1E1 +4<;7,1 Ed|hvldqo| mxvwl�deoh dqg uhohydqw iuhtxhqf| fdo0
fxodwlrqv iru wkh dssolhg vwdwlvwlfldq1 Wkh Dqqdov ri Vwdwlvwlfv/ 45/
4484044:51

Vfkddomh/ J1E1/ ) Exwwv/ U1D1 +4<<6,1 Vrph h�hfwv ri ljqrulqj fruuh0
odwhg phdvxuhphqw huuruv lq vwudljkw olqh uhjuhvvlrq dqg suhglfwlrq1
Elrphwulfv/ 7</ 45950459:1

Vfkhhuhqv/ M1/ ) Ervnhu/ U1M1 +4<<:,1 Wkh irxqgdwlrqv ri hgxfdwlrqdo
h�hfwlyhqhvv1 R{irug= Shujdprq1

Vhduoh/ V1U1 +4<:4,1 Olqhdu prghov1 Qhz \run/ Q\= Mrkq Zloh| ) Vrqv/
Lqf1

Vhow}hu/ P1K1 +4<<6,1 Vhqvlwlylw| dqdo|vlv iru �{hg h�hfwv lq wkh klhu0
dufklfdo prgho= D Jleev vdpsolqj dssurdfk1 Mrxuqdo ri Hgxfdwlrqdo
Vwdwlvwlfv/ 4;/ 53:05681

Vhow}hu/ P1K1/ Zrqj/ Z1K1/ ) Eu|n/ D1V1 +4<<9,1 Ed|hvldq dqdo|vlv lq
dssolfdwlrqv ri klhudufklfdo prghov= Lvvxhv dqg phwkrgv1 Mrxuqdo ri
Hgxfdwlrqdo dqg Ehkdylrudo Vwdwlvwlfv/ 54/ 464049:1

Vqlmghuv/ W1D1E1/ ) Ervnhu/ U1M1 +4<<<,1 Pxowlohyho dqdo|vlv1 Orqgrq=
Vdjh Sxeolfdwlrqv Owg1

Wdqqhu/ P1D1/ ) Zrqj/ Z1K1 +4<;:,1 Wkh fdofxodwlrq ri srvwhulru glv0
wulexwlrqv e| gdwd dxjphqwdwlrq1 Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo
Dvvrfldwlrq/ ;5/ 85;08831

Wlhuqh|/ O1 +4<<7,1 Pdunry fkdlqv iru h{sorulqj srvwhulru glvwulexwlrqv1
Wkh Dqqdov ri Vwdwlvwlfv/ 55/ 4:3404:951

ydq ghu Olqghq/ Z1M1/ ) Kdpeohwrq/ U1N1 +Hgv1, +4<<:,1 Kdqgerrn ri
prghuq lwhp uhvsrqvh wkhru|1 Qhz \run/ Q\= Vsulqjhu0Yhuodj Qhz
\run/ Lqf1

Zdlqhu/ K1/ Eudgorz/ H1W1/ ) Gx/ ]1 +5333,1 Whvwohw uhvsrqvh wkhru|=
dq dqdorj iru wkh 6so prgho xvhixo lq whvwohw0edvhg dgdswlyh whvwlqj1
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